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Abstract—This paper presents a new pricing function for
noncooperative power control game in a single cell CDMA data
network. Considering a utility function for each terminal, the
purpose of power control in wireless data networks is to maximize
network utility. In the proposed game, the pricing function is
a linear function of the terminal’s Signal to Interference plus
Noise Ratio (SINR). We first prove that the new game is a
supermodular game and then we show the strategy space of the
new game is such that it is possible to reach better equilibrium
point compared to pricing function based on terminal’s power.
Simulation results show that the game with the proposed pricing
function can improve the utility and power consumption of the
terminals at equilibrium.

I. INTRODUCTION

Wireless networks are influenced by time varying channel
due to effects such as multipath fading, shadowing, and path
losses. A general strategy to combat these effects is through
the dynamic allocation of resources based on the states of the
user channel [1].

Transmitter power is one of these resources that need to
be assigned dynamically. The purpose of Power Control (PC)
algorithms is to determine each user power level to provide
Quality of Service (QOS) requirements, without causing un-
necessary interference for others as well as using the minimum
power to extend the battery life of mobile nodes.

Current PC algorithms for wireless telephone networks are
used to maximize the number of conversations that can achieve
a certain QOS simultaneously. The QOS requirement for
cellular telephone systems is usually indicated by a minimum
Signal to Interference plus Noise Ratio (SINR), to provide
acceptable subjective speech quality at the receiver [2]. Based
on this requirement, efficient and distributed power control al-
gorithms have been developed for wireless telephone networks
(31, [4].

The QOS objective for data networks differs from the one
for telephone networks. Despite the voice communication,
which is delay sensitive and error tolerable up to a threshold,
the data communication is error sensitive and delay tolerable.
The QOS objective for data network users is indicated by
a utility function. The Utility function is a measure of the
satisfaction the user receives because of its decisions [2].

It is known that the current distributed algorithms for
telephone networks are not efficient for data networks due
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to the natural differences in the utility functions for voice
and data applications [2]. Therefore, development of new PC
algorithms is required. The aim of PC algorithms for wireless
data networks is to maximize the network utilization, which
may be constrained by a minimum utility for each user. The
network utilization is the sum of all individual users’ utility.

This modeling approach for PC based on utility functions,
is called economic modeling. Game theory is the analytical
framework, which is used for the analysis of these models.
Game theory can be used for analyzing the interaction of
some decision makers with conflicting objectives. Another
reason that makes the game theory an appealing tool for PC
problem is that it is based on distributed solutions, which is
an important factor for any PC algorithm to be scalable and
easily implementable [5].

Therefore, PC can be modeled as a noncooperative game
when each user interacts with other users to maximize its
own utility function. This game settles at Nash equilibrium if
one exists. However, the Nash equilibrium is not an efficient
equilibrium point because of the selfish decisions by each user.

In [2] it is shown that the Nash equilibrium point for
PC game is not a Pareto efficient solution for PC in data
networks in spite of wireless telephone networks i.e. there
are other solutions that produce higher utility for at least one
user, without decreasing of any other user utility. Specifically,
the uplink power control for a single cell CDMA system is
examined and it is shown that if all terminals reduce their
powers by a same factor, all terminals achieve higher utility.

The mechanism that proposed in [2] to reduce the terminal
powers is called pricing. In a PC game with pricing each
terminal decides on its power level to maximize the difference
of its utility and the current price which is broadcasted in the
network. In fact pricing is used to guide users’ behavior toward
a more efficient equilibrium point.

This idea is matured in [6], where a distributed algorithm
that guarantees the convergence to Pareto dominant equilib-
rium point is proposed based on supermodular game theorems.
Specifically, a pricing function which is a linear function of the
transmit power is considered. Each terminal runs the Terminal
Algorithm and maximizes the difference between the utility
and pricing function in the modified strategy space, while the
price is updated at the base station by the Network Algorithm



and announce to all terminals.

Designing the rules of the game is proposed in [7] as an
alternative method to motive individual users to adapt a social
behavior and enhance the system performance.

In this paper, we propose a new pricing mechanism for
the power control game. In the proposed game, the pricing
function is a linear function of the current SINR instead
of being a linear function of power suggested in [6]. We
first prove that the new game is a supermodular game and
then we show that the strategy space of the new game is
extended relative to the one in [6]. Therefore, we can expect
of achieving a better equilibrium point in running the game
with the new proposed pricing function. Simulation results
show that the new game can reach a better equilibrium point.
Another interesting feature of this new pricing function is that
it considers users channel condition in the pricing function.
This restricts terminals with bad channel condition to interfere
too much for others.

The rest of the paper is organized as follows. In section II,
we describe the system model and problem statement in the
framework of noncooperative game theory. In section III the
required theorems of supermodular game theory is presented
and the linear pricing function of [6] is stated. The proposed
pricing function is presented in section IV and it is proved
that the new game is also supermodular in the strategy space
that is computed analytically. Simulation results of both
pricing function and discussion on the advantages of the new
pricing function is presented in section V.

II. SYSTEM MODEL AND BACKGROUND

Consider a single-cell CDMA system with N stationary
users. The path gain from user j to the base station is denoted
by h;. h; depends on the user’s distance to the base station,
d; and the path loss model. Considering a simple propagation

model with propagation exponent 4, h; is given by h; = %,
where K is a constant. ’
The SINR of user j is given by:
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Where W is the available spread-spectrum bandwidth [Hz],
R is the bit rate [b/s], UJZ is the AWGN power at the receiver
of terminal j [W] and (pi,...,pn) is the power vector of
users [W]. R; is effective interference at the base station for
user j.

The utility function of each user assuming non-coherent
FSK modulation is denoted by u; and is given by [2]:
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Where M is the total number of bits per packet and K is

a system dependent constant. As given by (1),(2) the utility

function of each user is dependent on its power p; and the
power vector of the other users p_;.

When the PC problem is formulated as a noncooperative
power control game (NPG), each user maximizes its own
utility in a distributed fashion. This game is expressed as [6]:

NPG : max u;(pj, P_;) forallj e N
pj € F; 3)

where P; = [0 D] is the strategy space of user j and paq
is the maximum allowable power at the terminal transmitter.

NPG has unique Nash equilibrium point and at this point
all terminals reach a common target SINR, 7 that depends on
system parameters [6]. This solution is similar to the solution
of distributed SINR balancing algorithms that is used in
telephone networks [3].

III. PRICING AND SUPERMODULAR GAMES

The Nash equilibrium point of NPG is inefficient because
of the self-optimizing behavior of the users that can degrade
the performance of the system. This inefficiency of Nash
equilibrium point for power control game has proved in [2],
where it is shown analytically that if all users of the system
decrease their power by a factor, the utility of all terminals
will be increased.

Pricing is a tool that is used to encourage the users to
use system resources more efficiently. In an efficient pricing
mechanism, decentralized decisions are compatible with the
overall system performance. The noncooperative power control
game with pricing (NPGP) is formulated as [6]:

NPGP : max uj(p;,p_;) = u;(p) — ¢;j(pj; P—;)

p; € P; forallje N &)

Where ¢; : p—R™ is the pricing function of user j and for
linear pricing, we have c;(p;,p_;) = cp;.

The main problem about this new game is about the
existence of equilibrium point. The new utility function wu;
is not concave in p;. Therefore, the theorem, which is used
for convergence of the NPG, cannot be used here. The super-
modular game theory is the tool that is proposed in [6] for the
analysis of this game. We briefly express some definitions and
main theorems, which are required in the analysis of the new
proposed pricing function in the next section.

Lemma 1: If f is twice continuously differentiable, then f
has increasing differences in (x,t) if and only if gjg - > 0 for
all x,t

If f has increasing differences, then the set of maximizers
z(t) is increasing in ¢ in the sense that both the highest
and lowest maximizers will not decrease if ¢ increases. This
result is known as Topkis’s Theorem [8]. Payoff functions
in a supermodular game must have increasing differences in
(si,5_;) where s; and s_; represent the action of user 7 and
other users.

Definition 1: The game (S1,Sa,..., S U1, ug,. .., up) is
a supermodular game if for all i: (1) S; is a compact subset




of R, (2) u; is upper semi-continuous in s;,s_;, (3) u; has
increasing differences in (s;,s_;) [8].

In this definition S; is the strategy space and wu; is the
payoff function of user ¢. According to this definition, in a
supermodular game each player’s best response function is
increasing in the actions of other players.

Theorem 1: The set of Nash equilibria of a supermodular
game is nonempty and has a greatest and least element [8].
Supermodular games have some useful properties. In a class
of these games, there is a parameter in the payoff functions
that none of the users have control over e.g. in NPGP the
price that is broadcasted by the base station is a parameter
that affect all utilities and no user has control over it.

Definition 2: A supermodular game is indexed by t if each
player payoff function is indexed by ¢t € T', some ordered set,
and for all 4, u;(s;, s_;,t) has increasing differences in (s;, t)

[8].

The Nash equilibrium points of these games have a useful
property given by theorem 2.

Theorem 2: If G is a supermodular game indexed by ¢, the
largest and smallest Nash equilibria are increasing in ¢ [8].
This theorem shows how the equilibria of such a game shifts
when a parameter affect the marginal returns to actions.

The main result of [6] is the following theorem.

Theorem 3: The NPGP is a supermodular game over the
strategy space [Djmin Pmaz), Where pjmin is computed such
that vjmin > 2In M.

This result is derived by applying definitions (1) and (2)
to the game and satisfying the sufficient conditions. Based on
theorem (3), two algorithms are proposed in [6], which should
run in terminals and base station to reach the new equilibrium
in the NPGP.

In the Terminal Algorithm, each terminal computes and
applies the minimum power in the modified strategy space
i.e. Yjmin > 21n M, that maximized its priced utility function
with the price that is broadcasted by the base station. In the
Network Algorithm, the base station gets the current utility
values for all j at the equilibrium with the most recent
advertised price. Then the base station checks to see if all
utilities are increased compared to the previous advertised
price. If the result is true, the network algorithm increments
the price ¢ := ¢+ Ac and announces this price to all terminals.

The algorithm terminates when one terminal experiences a
decrease in its utility function due to the increase in the pricing
factor. The final price value is called cpest. As the results of [6]
shows, this pricing mechanism has a significant improvement
in increasing the network utility and decreasing the power level
of all terminals.

Experiments show that the terminal with the worst path
gain is the first terminal that experiences the decrease in
the utility function. In other words at the termination of the
algorithm, the terminal that is farthest to the base station reach

its minimum SINR, 7,5, = 21n M. Further improvement in
the network utility is possible beyond cp.s:. However, the
supermodularity and existence of the equilibrium point is
not guaranteed. Our motivation for the new pricing function
is to overcome this restriction such that the game remains
supermodular and the strategy space of the game is extended
and a lower required bound for SINR is resulted.

IV. THE PROPOSED PRICING FUNCTION

The idea of the new pricing function is a pricing function,
which is based on current SINR of each user instead of the
current power of user. This pricing function can consider
each terminal channel condition implicitly. Therefore, the
proposed pricing function has the form ¢;(p;, p_;) = ;-

Proposition 1: The NPGP with the new pricing
function is a supermodular game over the strategy
space  [Pjmin Pmaz), Where pjmin, 1is computed such

that vjmin > —21n (ﬁ + ]‘;i&) and K3 is a constant related

to the constant K5 in (2) by K3 = %-

Proof: We should show that the new strategy space is a
sufficient condition for the game to be supermodular according
to the definitions (1) and (2). First, we check if the new
utility function w;(p;, p_;,c) has the increasing differences
property in (pj, ¢). Changing the variable ¢ = —¢, 10 match the
definition (2), and taking derivative we have gpfaj ;= R%_ >0
for all j. We now find the sufficient condition for the new
utility function to have the increasing differences in (p;, p;)
for all ¢ # j. Taking derivative and simplifying the result we
have:
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Note that the condition 7jmin > 2InM, resulted if the
expression inside the bracket is greater that zero, is an
upper bound solution for this inequality and the inequality
is hold for smaller <;,,;, because of the positive constant
c. To find a closed form solution for this inequality, we
note that at the boundary, the first term will be negative,
therefore at worst case we can substitute ;. in the term
(1 — e=57)M=2c=5% by 2In (M — 1) because this term
is increasing in «; € [0 2In(M — 1)]. Substituting v; =
2In(M — 1) we obtain (1 — e=5%)M=2e=5% < ]f[jl.
Therefore, it is sufficient to solve the inequality

K — By KoMe™!
01— Me = Ko= """
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This yields the condition
1 cR;
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Therefore, the minimum required SINR for each terminal
decreases for the proposed pricing function and we can hope



TABLE I
PARAMETER VALUES USED IN SIMULATION

1e8;
M, number of bits per frame 80
W, spread spectrum bandwidth 10%Hz g 1e7;
R, bit rate 10%bit/sec 3
o2, AWGN power at the receiver 5 x 10~ 5Watt % 1e6l
K .097 £
Ko 8000 g
S 1e5;
2
E‘ —A—linear pricing based on power

-
o
B

to reach better equilibrium point. In addition, the minimum —k~linear pricing based on SINR

required SINR for each terminal is different and depends on
the effective interference at the receiver of terminal that can 1e3

1e2 1e3
be calculated easily. distance between base station and terminal (meters)

—6—no pricing

The larger the effective interference of a terminal, the lower
is the minimum required SINR in the game. Therefore, this
pricing function considers terminal channel condition in its
pricing function. Terminals with good channel condition en-
counter lower prices. This is consistent with the opportunistic
idea which express that the network efficiency and throughput
is improved when terminals with bad channel conditions [ pricing based on power
receives smaller SINR [9] —*— linear pricing based on SINR

Another interesting point that we find in simulations is 1e~1| ~°7 No pricing
that the new pricing function encourages farther terminals to
reduce their power more rapidly compared to the closer ones.
The reason is that decreasing in the denominator of (1) is
greater for these terminals in two consecutive pricing values
when all terminals reduce their powers. This speeds up the
convergence of the Network Algorithm with less iteration on
updating pricing value c. tedk

Fig. 1. Terminals utility at equilibrium for NPG, NPGP with power pricing
function and NPGP with SINR pricing function

ok

-
(]
|

1e-3p

eqilibrium powers (watt)

V. SIMULATION RESULTS 1e2 1e3
distance between base station and terminal (meters)

We consider a single cell CDMA  system
with N = 9 stationary users. The distance of
the terminals to base station is given by d =
[200 300 400 500 700 800 900 1000 1100]meters.

Table I summarized other simulation parameters like the

Fig. 2. Terminals power at equilibrium for NPG, NPGP with power pricing
function and NPGP with SINR pricing function

setup that is used in [2]. TABLE II

Fig.1 and Fig.2 show the utility and power of terminals FINAL SINR OF TERMINALS
at equilibrium for NPG, NPGP with linear pricing based on
power and NPGP with linear pricing based on SINR. These Terminal Final SINR Final SINR
simulations show an improvement in utility and power with the # with power pricing || with proposed pricing
proposed pricing function. Running NPG, the final SINR of 1 13.6 132
all terminals are the same and equal to 12.24. Table 2 shows 2 125 132
the SINR of terminals at the end of the network algorithm. 3 12.4 123
This table shows that the NPGP with linear pricing based on 4 12.4 11.6
power terminates where the terminal #9 reach the minimum 5 12.1 10.2
allowable SINR of 21n80 = 8.76. However, the NPGP with 6 11.7 8.9
linear pricing based on SINR passes this point and at the end 7 10.9 8.3
of the algorithm the SINR of the last three terminals is smaller 8 9.5 8.1
than 8.76. Therefore, it can reach a better equilibrium point 9 8.7 7.8

by restricting the minimum required SINR for terminals with
bad channel conditions.



VI. CONCLUSION

Resource allocation problems like PC can be modeled
as a noncooperative game. In these games, each terminal
interacts with other to achieve its own goal. Usually this
behavior of terminals for maximizing their own utility yields
an inefficient equilibrium point. Pricing is a mechanism that is
used to encourage terminals to use resources more efficiently.
This paper proposed a linear pricing function based on each
terminal SINR that can achieve this goal. Simulation results of
this pricing function compared to linear pricing based on each
terminal’s power, show an improvement in utility and power
consumption of the system.
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