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Printed Circuit Board (PCB)
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— Complete graph
They are denoted by K, they contain exactly one edge between each pair of distinct
vertices. Number of Edge: n(n-1)/2

[ )
5T IR
s

Y

K, 0 Ks, 3 K, 10 K,, 21 K,,, 66
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— Cycles (ring)

They are denoted by C (n > 3): they consist of n vertices vy, v,, ..., v, and edges {v,, v,},
{vy, v3}, oo, {v,, Vgt and {v,, v, }

o @ @

The cycles C;, C,, C5 & C;

Adv. App. of Al and DT
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— Wheels
They are denoted by W,; they are obtained by adding a vertex to the graphs C, and
connect this vertex to all vertices O
O
R @) O @, @)
@)
O e —a—
O O
@) o 1) )
@ @
The Wheels W;, W, W, & W ® e o
@ @ o
star topology
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— n-cubes

They are denoted by Q,, they are graphs that have vertices representing the

2" bit strings of length n.
Two vertices are adjacent if and only if the bits strings that they represent

differ in exactly one bit position 1(130 151
10 11 101
O O 100g O
010
C(D) C? o) O 011
@) @) @) @)
00 01 000 001
Ql Qz Q3

The n-cube Ql 9 Qz 9 Q3

SIS

Bipartite graph

A simple graph is called bipartite if its vertex set V can be partitioned into 2 disjoint sets

V, and V, such that every edge in the graph connects a vertex in V, and a vertex in V,
(so that no edge in G connects either 2 vertices in V, or 2 vertices in V,).
C, is bipartite, since its vertex set
can be partitioned into the 2 sets V, = {v,,
vy, Vs} and V, = {v,, v, v¢}, and every edge
of C¢ connects a vertex in V; and a vertex in o =
V,. B
The star topology is equivalent to d
a K, , complete bipartite graph _

K; is not bipartite. Why?

Dr. Hasan Ghasemzadeh
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2. .
— Characterization of bipartite graph

e A graph is bipartite if and only if it is possible to color the vertices of
the graph with at most 2 colors so that no 2 adjacent vertices have
the same color

Complete bipartite graphs: they are denoted by K, . Their
vertices set is partitioned into 2 subsets of m and n vertices,
respectively. There is an edge between 2 vertices if and only if one
vertex is in the first subset and the other vertex is in the second
subset.

Adv. App. of Al and DT

PN M
mm

Some complete bipartite graphs
AdvApp. of Atand DT
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Representing Graphs & Graph Isomorphism

e Representing Graph

* Goal: Consists of choosing the most convenient representation
of a graph

* We need to determine whether 2 graphs are isomorphic, this
problem is important in graph theory

— List all the edges of the graph (no multiple edges)

— Use adjacency list, which specifies the vertices that are adjacent
to each vertex of the graph

Adv. App. of Al and DT

Representing Graphs & Graph Isomorphism (9.3) (cont.)

Use adjacency lists to describe this simple graph.

O b
aQ O ¢
eQ Od
Vertex Adjacent vertices

Solution: . b, c. e

b a

C a,d,e

d C, e

e a,cd

Adv. App. of Al and DT
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Representing Graphs & Graph Isomorphism (9.3) (cont.)

* Adjacency matrices

— To simplify computation, graphs can be represented using
matrices

* Adjacency matrix
* Incident matrix

— The adjacency matrix is defined as A = [a;] such that

ajj

{1 if {v;,v; }isanedge of G

0 otherwise

Adv. App. of Al and DT

Representing Graphs & Graph Isomorphism (9.3) (cont.)

Use a adjacency matrix to represent this graph:

a b
Solution We order the vertices a, b, c, d.
The matrix representing this graph is
€. & € €4
a=v, |0 1 1 1 C d

b=v, 1010
c=vy (1 1 0 0
d=v, 100 0_

Adv. App. of Al and DT
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Representing Graphs & Graph Isomorphism (9.3) (cont.)

In case of pseudographs , the adjacency matrix is not a binary matrix
but is formed of elements that represent the number of edges
between 2 vertices

Use an adjacency matrix to represent this pseudograph:

a0 Ob

€, € € €4
do o) a=v, [0 3 0 2]
b=v, (3 0 1 1
c=vy (0 1 1 2

d&=v, |21 20

C

Solution The adjacency matrix using the ordering of
vertices a, b, ¢, d is:

Adv. App. of Al and DT

Representing Graphs & Graph Isomorphism (9.3) (cont.)

* |ncidence matrices

— Let G = (V,E) be an undirected graph.

— Incidence matrices are defined by the matrix
M = [m;] such that

{1 if edge e is incident with vertex v;

0 otherwise

Adv. App. of Al and DT
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Representing Graphs & Graph Isomorphism (9.3) (cont.)
Using an incidence matrix, represent the
following undirected graph: v, Vie, v
(O @) @)
€y £
el e3 5
C1€2C63€46C5C CV>4 Vs
vi [1 1000 0]
Solution: V2 |00 1101
v, (000011
v, |[101000
ve L010110]
Adv. App. of Al and DT
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Parallel Edges and Loop

Parallel Edges Represented by the
same pair of vertices.

Loop

Edges that connect a vertex to
itself.

Simple Graphs

Graphs without parallel edges
and without loops.

Degree of a Vertex

Number of edges incident on the
vertex (deg(v,) = 2, deg(vs) = 3)

Adv. App. of Al and DT 27

Length of walk=4
(Number of edges)

Sequence P = (vy,e,,Vq,....e,, V), € = (Vi.1,V))

Vo/ (VOIV4)I V4/ (V4IV2)I V2/ (V2IV5)I V5/ (V51V4)l V4
Adv. App. of Al and DT 28
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Length of a Walk
G =(V, E)

l:E=» R

Sum of lengths of all edges: %, I(e;)
Length of above walk = 4+2+5-2+4 =13

Adv. App. of Al and DT

29

G=(V,E)

Sequence P = (vy,e,,Vy,..,€, V), € = (Vi1 V)
Vertices vg,v;,...,v, are distinct

Adv. App. of Al and DT

30
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Directed Graphs (Digraphs)

‘n’ vertices or nodes V
Y ‘m’ arcs A: ordered pairs from V

— ™\

Connected by an arc a = (u,v).

‘v, is the inneighbor of ‘v,’
‘v, is the outneighbor of ‘v’

Adv. App. of Al and DT 32

Dr. Hasan Ghasemzadeh 16



K. N. Toosi University of Technology 6/19/2026

Parallel Arcs

D =(V, A)

Represented by the same ordered pair of vertices.

Adv. App. of Al and DT 33

Simple Graphs
D=(V,A)

Graphs without parallel arcs and without loops.

Adv. App. of Al and DT 34
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Underlying Undirected Graph

D =(V, A)

Graphs obtained by ignoring orientation of arcs.

Adv. App. of Al and DT 35

Underlying Undirected Graph
G=(V,E)

Graphs obtained by ignoring orientation of arcs.

Adv. App. of Al and DT 36
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Indegree of a Vertex

D =(V, A)

Number of arcs entering the vertex.
indeg(v,) = 1, indeg(v,) = 1, indeg(v,) = 2, ...

Adv. App. of Al and DT 37

Outdegree of a Vertex

D=(V,A)

Number of arcs leaving the vertex.
outdeg(v,) = 1, outdeg(v,) = 1, outdeg(v,) = 2, ...

Adv. App. of Al and DT 38
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The Shortest Path Problem

Find the shortest path from sto t

Length of path =
Y Length of arcs

Adv. App. of Al and DT 40
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1) Breadth-First Search (BFS) =

Breadth-first Search

‘5wwwcxs&w,,boTraw‘5u~wtwlul}w@)&meT,;\\,wBFs (.,,,jf\n
L‘J‘}w@ oslazu! (Queue)m&,bl{
BFS "'b}“'@gg"")]’ j“ M\ch\ 41«.0\3)36‘}6\.&&‘)6&4 45\9;-‘)‘ u\a}ww)‘.\j J})}ijuuﬂ‘)

oyl :})@WQ\;)Jm\(mm\(wj,wm)bumw

45@\4,;Ladb:\.buWfbwugjab;q))g,x‘_;ud\;):

UAL M ‘C"“ 9 e.:Lw
el
O3 DS 3 s o ol S

r Initialize [ D =\ e
Queue Q | :::::e ‘ No For each neighbor v Mark v visited
Enqueue source s a0 ofu Enqueue v
= )
\__ Marksvisited ) =)
Yes
Ll Colre Sl Sty 2

o o S o] slaes
| La sl | é
IR0y s J§ (5] (O(V+E)) éud‘; BE GLU:"‘"" (3

s

¢S bl 055 L5k« Osb
Adv. App. of Al and DT 41
Outline
S5
dlf E'!
Sz O Sl 5
IS Cg GBI F
Gag o $OL (LS (o 59501
* Breadth-first Search
* Dijkstra’s Method
* Bellman-Ford Method
* Floyd-Warshall Method
* A* (A-Star) Method
* Johnson Method
* Bidirectional )BFS( Method
* Genetic Algorithm (GA)
* Ant Colony Optimization (ACO)
Adv. App. of Al and DT 42

Dr. Hasan Ghasemzadeh

21



K. N. Toosi University of Technology

6/19/2026

Dijkstra’s Method
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2) Dijkstra's Method
— (A

Set dist[s]=0 T
All other dist=
Unvisited set = V

[

| Select unvisited
1 node u with
| minimum dist

dist{u]+w(u,v)
< dist[v] ?

Update
| dist{v] = dist[u] + w(u,v)
= = |

-

Ll e Sls S o LY
Y L33 L 1) s o Fol S «gloslr gl s <GPS
e gl S ey AS i) i sbass s Heap W(O(E\log V)) (&5 5SS
Sl T8 Sy o 13055 JosJem slaptn
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* Dijkstra’s Method
* Bellman-Ford Method
* Floyd-Warshall Method
* A* (A-Star) Method
* Johnson Method
* Bidirectional )BFS( Method
* Genetic Algorithm (GA)
* Ant Colony Optimization (ACO)
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Bellman-Ford Method
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3) Bellman-Ford Method
Set dist[s]=0 Fo each edge Update
Start Al other dist= R""“'%‘ G " www distfv] = dist[u] + w
G t = = = \ /
Check all ed, —— =

[ again l:' gp::l: Any update? > \E‘:e %Ei)
L il Ss St 313
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Floyd-Warshall Method
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A* (A-Star) Method
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Add vertex q with 0-weight

v

Run Bellman-Ford from q

*

Negative cycle?

NG

all done~"
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End

. ‘\ gs’l“::“:"i ‘) 6““ N3%)
| e

Johnson Method

53 bl ik et e FoUSST BL S Ol 025 S
Bellman- ¢l 1 b lawl .ol ol 1 b oS5 5 65,5 slacsl

3 s g e b 0S5 e B ST e s a0 1, AL 0 sFord
Floyd- & cs (255 ool 258 00 Ll 128015 o 5SS Wl e
w‘fvcﬂ)lﬂ.«wg{)jLSLAJ‘;LS‘jwarShall

N

\V“‘o
v

Reweight edges: w' =w + h

J

Remove q lf-‘}‘ v.il:u @L‘) L.SSJ:’-&T!« bﬁ)\f
l 555 sl £ gl
‘wtﬂ LQJ:MM:-’ d- Aot Silwosls

Frcding o (O(VE + V2log V)) <5 3 &5 sl

\

Run Dijkstra with w' ‘

[ /
7
Store distances

Adv. App. of Al and DT 49

Start
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Expand forward one level

]
Intersection in visited? Ho

Yes / Ho

Expand backward one level

|
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Bidirectional (BFS) Method
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Start

l

Init random population

|

Evaluate fitness

C Y

Stop condition?

N

Yes No

Return best solution Selection
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\
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Genetic Algorithm (GA)
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Ant Colony Optimization (ACO)

e 2 oSS 8l 5 L g ), 5108550 G517 02, S
,xf@cjfa\,féwuawéu%m.@m,frw
S G s L1 o s (il O30 3 0l b (Sl e (535
LSS 53 LT Obasl Jlazst 5 S o 8Ly (6 2 O g0
oo 2y Wty g0 Comar c0le3 S5 bl o 2531 (ke

5 Ga0W 5 (gl Jils 53 i) cpl o555 0 | Ko 4 (5o e
el 03 51 38 58 Sl (55 5 S5l

Adv. App. of Al and DT 52

Dr. Hasan Ghasemzadeh

26



K. N. Toosi University of Technology

6/19/2026

L) Ay lae

RN Ll . Sl Sty >0
ot S B oS o 5 03l sl 5 sl (s i (Sloir| saaSs
Breadth-First elz;;“csh O34 SIS 53 pa p FobSST lin 3055 (O(V+E)) D55 03k SIS 53 b e
(BFS) oS Al 0 s sl
Mo Y Z8s bl e 2 JobsST .
L . . i sy b S (gloslr b e «GPS
Dijkstra S 513055 GbaGs gl kS < O(E(log V e
ijkstra 2R c,.wl.uTj,lfji &S ai IS (E(log V) 3 Ja (st (5 5 gealS
s . o . 5 RIP wle b e 52 S5 5
S e Sl ) e 05y aSSls I 5 ij’”.“ egio
Bellman-Ford n3 e et |y e glaas ol (O(VE)) bl pbSs b, «5>L~4f‘
60.'.&
S dad o s Cp 50l 5L Ol g alibl> o e 6 S glaaSs o
Floyd-Warshall <ibeesly ol s aslos L b ol sb1S 1, (O(V3)) ol o ol o Slo s 6 JE5 Jo
W &£ys L
Sy 53| 2SSl S G 4l y CoiS . cslally glaggsb dal 6 90
A¥ —Heuristic xb czils coiHeuristic bt OE) 25 b ,2,GPS
5SS ‘5\,&;'}15 sy )
oo O Solwesly . e .
Johnson & 055 comlie bt ra i dn o (O(VE+V2ogV)) S5 55 p sl
o reieE
LS o Sl
fass L 5IBFS oy lm e cradls 4 50 . = )
Bidirectional BFS 7 . &zir;a;’} ::: e O(b92) spum 5509k 5550 S1aaSCE 53 S s
Adv. App. of Al and DT 53
Time Complexity
S RN b duslio
L,s V=10%E =10° \ 315,
é - -
V':i)"g‘ ul.:.l.».& Sldas
BFS (109)
Dijkstra (107)
Bellman-Ford (101
Floyd-Warshall (1015)
Adv. App. of Al and DT 54

Dr. Hasan Ghasemzadeh

27



K. N. Toosi University of Technology

6/19/2026

]

Cakiien (6lgas 5 S dus o asli

slazed Sl (o g (Ol ¢ b i e 0357 At (51 il (sl 025801 510 8 0s i L 1S K s

LS oslizal i 3 T 5 oS 5 s

#3055 b oslaadir a5 Distance / Time / Fuel / Reliability (s )Lxs

cases = [

("SHORTEST PATH"(1,0,0,0)), _ _
("FASTEST PATH",(0,1,0,0)), Ll S
("MIN FUEL PATH",(0,0,1,0)), Dijkstra
("MOST RELIABLE PATH",(0,0,0,1)), AX
("MULTI OBJECTIVE",(0.35,0.35,0.2,0.1))

Bellman-Ford
Genetic Algorithm (GA)
Ant Colony Optimization (ACO)

16 graph best way comparison.py b .
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A spatiotemporal displacement prediction method for InNSAR-detected
landslides using a graph neural network coupling spatial and temporal
features.

Zhang, Y., He, Y., Gao, F., Huo, T., Zhang, Q., Lu, J., & Zhang, L. (2025).
Geomatics, Natural Hazards and Risk, 16(1).
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Three-dimensional voxel geological modelling for subsurface stratigraphy: a
graph convolutional network approach

Wang, L., Pan, Q., Su, D., & Huang, S. (2025). Canadian Geotechnical Journal, 62, 1-15.
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Graph Neural Network-based surrogate model for granular flows.

Choi, Y., & Kumar, K. (2024). Computers and Geotechnics, 166, 106015.
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