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hy(x)=6,+60x, +6,x,+..+0 x,
h,(x)=6,x,+60,x, +0,x, +...+ 0 x,
For convenience of notation, define Lo — 1

90 Xo X,

X, X,

o= % |ecr x= | |er™ h,=0"X=[6, 6 .. 6,]"
0" X, X,

h=0"X=%6nx,
0

TV alzo Slusy
training set: design matrix X SOV gemo Blus
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by pxio O3 § whio
Feature Scaling
Idea: Make sure features are on a similar scale.

E.gxri =size (0-300m?) < —> X;= size (M2)/300 &
T2 = number of bedrooms (1-5& v
- _ _number of bedrooms
9 A J(Q) —2L2 = 5
2

=1 O Sw < | &<

1(2 \\
GQQ§§® ()
N 91 | > 91

rd —

<

Get every feature into approximatelya —1 < z; <1 range.
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Mean normalization

Replace z; with ©; — 11;  to make features have approximately zero
mean (Do not apply to  zg = 1).

E.g.  x,=(size-150)/300 Ave(x;)=150
max X;- min x;=300

X,= (# bedrooms - 2)/4

—0.5 E T S 05, —0.5 E T S 0.5

X; = (x;—Ave(x;))/(max x;- min x;)
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Gradient descent

9j = 93' — lea;gjj(g)

- “Debugging”: How to make sure gradient
descent is working correctly.

- How to choose learning rate «.
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O gk N g o

Making sure gradient descent is working correctly.

Example automatic
convergence test:

Declare convergence if J(0)
decreases by less than 1073

in one iteration.

N
rd

No. of iterations

—_—

- For sufficiently small @ J(0) s
- Butif ¢ istoo small, gradient descent can be slow to converge.

O yRio N (g )

Making sure gradient descent is working correctly.

J(0) "‘/ - Gradient descent not working.
7] N
4

Ese smallerx L P

/
No. of iterations / ™
N

rd

J() <
— o

A 4

No. of iterations

hould decrease on every iteration. <—
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O ki N (g o )
Summary:

- If « is too small: slow convergence.
- If a is too large: J(#) may not decrease
on every iteration; may not converge.

To choose « |, try
...,0.001, 0003 (.01, 003 (0.1, 03 ,1,..

I
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Price
Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
X X ) Xy Y
2104 5 1 45 46
141.6 3 2 40 23.2
153.4 3 2 30 31.5
85.2 2 1 36 17.8
300 4 1 38 54
289 5 3 20 60
[ 2104 5 1 45] [46 |
1416 3 2 40 23.2
Yo 1534 3 2 30 ye 315 e 4
852 2 1 36 17.8 Vf,“;; ,:i»
300 4 1 38 54
i 280 5 3 20] 160 | 10
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Dr. Hasan Ghasemzadeh 5



K.N. Toosi University of Technology

- ® o . 3 &
Jb g dolro —0 wrie N Haaw 5 )
Examples: m = 5. Price
Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
‘X."O xl X2 X3 X4
1 210.4 5 1 45 46
1 141.6 3 2 40 23.2
1 153.4 3 2 30 31.5
b 1 85.2 2 1 36 17.8
1 300 4 1 38 54
1 289 5 3 20 60
[1 2104 5 1 45 07 |46
0
1 1416 3 2 40 0 232 )
|1 1534 3 2 30 ! ys| oA
Tl1oss2 21 36 0=10,1v=1 | XO=y
1 300 4 1 38 o, 54
1 280 5 3 20 Adv. App. of Al and DT 94 60 1

Jbo g Méh&—oxﬁwu\ag'gwf)

Examples: m = 5.

Price
Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
Xo X X X3 Xy
1 210.4 5 1 45 46
1 141.6 3 2 40 23.2
1 153.4 3 2 30 31.5
1 85.2 2 1 36 17.8
1 300 4 1 38 54
1 289 5 3 20 60
T T
X0=y = X' X0=X'y
T -1 T
= 0=(X" X)) X'y Jujesk

S (S9lud Y gm0 § IYSlro Sluxi Vgomo 39 =BS
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Jbo g dolre —0 pukiie N> Oguw ¥ )
O=(X"X)"'X"y

X

A=X"X &105 pb

Adv. App. of Al and DT

(X[‘X)il

Jb g dolre —0 pakie N> Oguw ¥
O=(X"X)"'X"y
(X' X) lisinverse of matrix 4= X"X

# ouile gl sia J 5
# u\.u)_*LA UM}S\.LA MB.A
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Jbo g dolre —0 pukiie N> Oguw ¥ )
O=X"X)"X"y
C=(X"X)"'x"

O=(X"X)"X"y=Cy

HT

Adv. App. of Al and DT 15

Jb g dolre —0 pakie N> Oguw ¥
eT

Hypothesis: he(ﬂ?) =0Ty = Ooxg + 0121 + Ooxo + -+ + 0,2,

aw (Sly15 5 e s 95 Colue bl 05 aib g5 J e &K e 1 e

! Sl i g G

200
. nT
hy()=0'x a3 = h,(x) = 49.48
2
10
# can be writen as below
# x =np.array([1,200,3,2,10]) # just in one dimension
Adv. App. of Al and DT 16
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Price x

(y)

Size (x)

> 503 03l (sl o 1 ol 5 51 (s b O g S5 50
3305 03lial Ol g o o 2 05 85 (61 (Sl iz w651 e 51

2 3
v=f(x)=a+bx+cx" +dx +...

€3 303 030l Ol 5 oo o b Oge S5 (80 0kt iz O o S 5 SILT
Adv. App. of Al and DT
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Polynomial regression

Size (x)
hg(.’r) = 8(] =+ 9195‘1 =+ 6Q$2 =+ 931‘3
= Oy + 0, (size) + Oo(size)? + O3(size)?

[

(Sldoz> N @b) (Lo p Sgmw 55

Sl o e diop O 8 5 wlin ot b 05 8

2 g + 013 + Opa?

J|—> Oy + 01z + 92932 + 93:33 [

1

= (size)
xo = (size)

2

r3 = (size)?

Size (m?) | Square of Size (m2) | Cubic of Size (m?) Price
5 5 |(Milliard Toman)
xp=1 | x,=x X,=Xx X, =X y
1 210.4 44268.2 9,314,020.8 46
1 141.6 20,050.6 2,839,159.3 232
1 153.4 23,531.6 3,609,741.3 315
1 85.2 7,259.0 618,470.2 17.8
1 300 &geoo 27000000 54
1 289 Adv. £pB qf Al and DTy, 137 569 60 18
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Choice of features

Size (x)

— he(x) = O + 0, (size) + Oy(size)? ‘F i

_a&g(x) = ﬁo + 0y (size) + 92\/(sizﬂl

Adv. App. of Al and DT 19
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Polynomial regression

x+y+z+...)" Nase S5 L
3oh g4 S 55 BT OIS ¢ sema Lla skt O palol Y sana

X, ¥, x4, Y4, Xxy Y i e sl dhoor i b
QM‘}IM};A?SJ.AQMJ&%W

Lk o ad S i 53 S 4 e

(x+y+z+...)3 Y as e Gy e o ol

Y31 S L Ssles L5 Jol o it 53 Y 43 0 (s dhar i o0

x’ y, le yz’ Xy, x3’ y3’ ny, xyz
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(x+y+z+...)"

(n+k—1)_(n+k—1)!

k=1 ) (k=1 (n)!
24+k—1\_ @+ _
( k—1 )_(k—l)!(Z)! klle+1)/2
5%6/2=15

1000+ 1001/2=50500

Adv. App. of Al and DT

Do S 5 93 ol o 315 5L 5 Slonloms

N=2 ¢Sl,s,8 S sl

NOlS adexk Jole S5 L ¢ ol sl

N=2 ¢SSy 58 Sl 5o a2 0 L b dlas (gl

35 o0l 5 Cep as 558 Ol LU aS o sl sl
21

Intuition: If 1D (0 € R)

(B e O

Adv. App. of Al and DT

= J(0) = af® + b0 + ¢ J(0)
X _ set
E‘S(Q) -t = O | - >
Solve e & o
1 & . .
n+1 _ = (D) _ (032
0cR (00,01, O0m) = 5 — ;(hg(:z ) —y®)
a5 J(0) = =0 j (forevery )
Solve for 6y,04,....0,

22
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* * * - —
Jlo): 4’6[&0—&5&?’,&“ O gaw 5 )
. A
Gradient Descent J(0)
n
T
h,=0"X=>6x,
0
AN
0 rd
0= (XTX)_lXTy Jloj Ul 11l training examples, 71 features.
Normal Equation Gradient Descent
* No need to choose (X, * Need to choose ¢,
« Don’t need to iterate. * Needs many iterations.
+ Need to compute (X7X)™! «  Works well even when T
+ Slowif Tlis very large. agqy App. 6f Al andlngarge' 23

Sl e sSae 3 g pde 5 s Olise 53
What if X7 X is non-invertible?

* Redundant features (linearly dependent).
E.g. 1 = size in m?
To = size in feet?

« Too many features (e.g. m < n).
- Delete some features, or use regularization.

Adv. App. of Al and DT 24
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Jbo g dolre —0 pukiie N> Oguw ¥ )
Rank of matrix

[1 2104 5 1 45] (1 1210.4| 5 1 45[ 2104

1 141.6 3 2 40 1 |141.6| 3 2 40| 1416
X_l 1534 3 2 30 X_l 153.4| 3 2 30| 1534

1 852 2 1 36 18522 1 36| 852

1 300 4 1 38 13004 1 38 3000

1 280 5 3 20] 11280 )5 3 20[ 2800
Ranx x=5 Ranx x=5

Adv. App. of Al and DT 25

Jb g dolre —0 pakie N> Oguw ¥
(XTX) Lisinverse of matrix X7 X

o 5San 4 ) o San Gl 4y Bl o i b L o Ol 33 Gl s Sle S
oslimul sl )3 5y gmes 31,81 6l 355 0 eslizul ( PSEUdO iNVerse)
LS

# Assuming a is your rectangular matrix
# your matrix
# Compute the pseudo-inverse of a
pinv(a)

23
X = [ } det(X)=0 Pseudo Inverse(X) = [

0.0615 0.0308
4 6

0.0923 0.0462

Adv. App. of Al and DT 26
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Jbo g Moh—oxmxggwf)

sldss 5l xS L i OV sles sl ’Yjw mosls (3505 s dle ¢ s las )87 51 (65l o >
sl 035 Pl b Sl o 7 (8L S s 60 St cayld ol ) el s e
sl Dol e o 2eS

Do o sSmn b SVslas Jor dile Gads (T o Cows 4y o sSmnteds Gy b 51 8 slacsl g
).:.&sc:J‘gT‘f‘)é:;;}Jzi‘fZw‘jwb‘ﬁw‘dﬁbbuﬂjﬁw&w‘ﬁ)‘w
.ﬂ@ﬁl}éﬂ.&p\&ﬁglf—;.,.L'cluij)&i\gm&iélj\sliéﬁjha;l:s{é;)‘y

dslre o oy g5 o sSmeands 1 oslitl (il heo Olis 53 (ghyls Aol us 5l &7 (63,050 55 >
s o &1l et Sl e o 2eS LS 5l g o B Ol S5 S 5 dal 5

3y Sl e (g3udate (Sa g LiL s ite 31w 1 2aST SVl sluws oS al 5 55 P
.g;.wl%6&3@6‘)\&{“L§Lﬁglﬁ0ﬁjlgﬁ&glﬁ¢§iu..}inq.,;:}w\,‘zliub
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(Overfitting) /% 3| 5 s

Example of Overfitting: High-Degree Polynomial

1.0} A
05¢

0.0r

x Training Data

—— True Function (sin(x)) b
—1.0 === overfitted Model (Degree 10)
0 2 4 6 8 10
X
? Adv. App. of Al and DT 28
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(Overfitting) /% 3| 5 s

b o3ls 5510 i 56,8 s sl b

S § 2031 ( Sh3gaT Slads gaco 4 OIS

oebb sl (generalization) (s e e see Ol Laosls 4o sazma (555 b LS oo &GS Jio 4,1 o

Je 5507 (6l b osls dsys Ve 35 {(Training Set)d.z,'yT slaosls

Jie o e Sl 5 (6 80b 5 o b el s a5 (s Laesls V0 550 s(Validation Set) b slaesls
L8l s 43 0T s Shes v g dde g SU5,) Gl esls V0 3 5us (Test Set) s slaosls

(Regularization ) (s jluptue S g5 31 ool .Y
S S 5 Sl 5 S o 51 U 6,83k 516 S 0 oSS Jie 4 ped 5 s 3 pate sla gy 10
b Foske do cdas oo a1 105 (5o o wu w4 Slans 03931 LS

(Feature Selection) b 53¢ slus _sal ¥
‘5\;;}_} L dde ‘La;}__, Sl sl iy sl eslial b yls s g ‘;}u 3L :\.»\:J/\J}w e SWesls ys®
Db (o B Rt s G090

Lol G T o3k 3 il oo 5 oy 53 4 315 5 m s 35 6 505 sledast
Adv. App. of Al and DT 29

- / 3 3
93 4w 0 waj 4 5o

# Load the data .
JLAJJ dJslae u:"ﬁJ

# Extract X, Y, Z columns
# Create polynomial features of degree 2
# Fit a linear regression model on the polynomial features

# Predict Z values using the model

# Get coefficients for the polynomial equation

Adv. App. of Al and DT 30
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. / . .
33 45 0 O g S 4 g

# Format the polynomial equation as a string

'z = { t.2f} "

e ({ .2F})RX "
e ({ .2f}) kY "
e ({ :.2f})kxn2
'+ ({ DL 2F ) XKy
e ({ s 2f})Fyn2"

# Create a mesh grid for X and Y for a smooth surface plot
np X' X'
np "Y' "Y'
np

# Transform mesh grid data for prediction
np

Adv. App. of Al and DT 31

/
93 45 0 O g S 4 o
# Plotting the 3D scatter and regression surface
plt
'3d"
# Plot the original data points
"X "y 'blue’
"Original Data"
# Plot the regression surface

'orange’
# Add the polynomial equation to the plot
"top"
dict "round,pad=0.3" "black"
"white"

# Labels and title

"3D Polynomial Regression Surface"

"X-axis"

"Y-axis"

"Z-axis"
plt Adv. App. of Al and DT 32
plt

Dr. Hasan Ghasemzadeh 16
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. = . .
93 45 8 O g )5 4] gl

3D Polgmomial Regression Surface

Z = 0.21 + (-0.02)*X + (0.02)"Y + (L.O0)*X"2 + (-0.02)*X*Y + (0.90)*Y~2)

Z-axis

Xay;
e Original Data Xis 2 3 —6 33

= =
0L S a5 = 93 45 8 g S 450

import numpy as np
import pandas as pd

import matplotlib pyﬁlot as plt

from mpl_toolkits.mplot3d import Axes3D

# Load the data
h '3D_data.xlsx'
p

# Extract X, Y,'§I

z

# Generate polynomial features of degree 2 manually
np np

# Initialize parameters for gradient descent
np.random

# Define the cost function
def

np

return
Adv. App. of Al and DT
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3 / 3 - - / - .
dti"; Jsj— 9345 Q}:“’;J 4 gau
g Eefine the gradient descent function
e
for i in_range tera
# Calculate predictions
# Calculate the gradients

# Update the parameters

# Store the cost for this iteration

. _# Optional: print cost every 1000 iterations for
monltorlng
1

f"Iteration {i}: Cost = { I

return

Adv. App. of Al and DT 35

= =
OLslS g5 = 95 a5 10 O spw 5 4 50

# Run gradient descent

# Display final parameters

"2 = { c.2fF "
"+ ({ L2FH) X"
"+ ({ L2FH)*Y "
"+ ({ DL2FF)FXN2
"+ ({ D2 ) RXRY
"+ ({ D2 )Ryt
"Equation:"
# Plotting the 3D scatter and regression surface
plt
34"
# Original data points
"blue’
"Original Data"
Adv. App. of Al and DT 36
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np
np

np

np

= =
0Ll S a5 = 93 45 10 O spw S 4 503

# Create mesh grid for X and Y for the regression surface

np

# Predict Z values for the grid

# Plot the regression surface

‘orange’

# Add the polynomial equation to the plot

"top' dict "round,pad=0.3"
"black" "white"
# Labels and title ) ) ) .
"3D Polynomial Regression Surface using Gradient
Descent™ )
"X-axis"
"Y-axis"
"Z-axis"
plt
plt

Adv. App. of Al and DT 37

sIXe-Z

= =
0Ll S g5 = 95 48 o O e S 4503

3D Polynomial Regression Surface using Gradient Descent

[Z =0.21 + (-0.02)*X + (0.02)*Y + (1.00)*X"2 + (-0.02)*X*Y + {0.90)*‘("2]

60

50

40

30

20
10

-6 _a
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e Original Data Yaxis 8
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= =
0Ll S g5 = 95 a5 10 O spw S 4 50

3D Polynomial Regression Surface using Gradient Descent

[Z = nan + (nan)*X + (nan)*Y + (nan)*X"2 + (nan)*X*Y + (nan)*Y"Z]

50

40

30

sixe-7

20

10

kaxis 2 4 2

e Original Data

O 3o 8 ) i SIS

osls gilw Jbo i 9ol Vf Sbosls &y pde — OIS J}‘bﬁ: -

ol (2 Sl ite o 5 o 5l ite (9 5 L0 o — il (S it D! -
w3 b 0o 55— il Jho ORI - ¥

Os Sl s ol oS - (31— F

La ey BBy ke sl S Sl s B - S el -0

Adv. App. of Al and DT 40
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s 5 el g o e
1ol o6 &G o ey 52 0l O sl 52 2 o sl
Al Oles it 55 6l Y ar 53 O g S5 5 ol
Jb 5 alslas gy 4 -)
0bsl8 skl 55 Jgs 5l ealizal L-Y

S J= oy 95 Ol dwslde ¥
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