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(319 SIET19) Cygmw 55 LT

One feature (Univariate).

Size (m2) Price (Milliard Toman)
€T Y
210.4 46
141.6 23.2
153.4 31.5
85.2 17.8
hg(:l?) =60y +601x O i &5 Jas g 55

X gm0

O R0 N (g 5 )

Multiple features (variables). (o319 S3719) Cygmw 55 WGT

Price
Size (m?) Number of | Number of | Age of home | (Milliard
bedrooms floors (years) Toman)

1y gk = xl X2 X3 x4
2104 5 1 45 46

141.6 3 2 40 23.2

1563.4 3 2 30 315

85.2 2 1 36 17.8

hy(x)=6,+6x, +0,x,+..+ 0 x,

\Lwl‘)‘.}ﬁési .le:’G.a

Ly o VB s dal g el w6 L oS 55 Jlie b 505 J e
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Multiple features (variables).

O gk N g o

2= input (features) of i training example.

cv_.(,-”= value of feature J in " training examp

WT (0 Vb 30 Jlo osled 9 i gip) 30 miie pU

Price
b yio—>  Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
X u) X3 4
210.4 5 1 45 46
141.6 3 2 40 23.2
Py Jlo—X3| 1534 3 2 30 | 315
85.2 2 1 36 17.8
300 4 1 38 54
289 5 3 20 60
Notation:
1. = number of features n=4 PYEINRR

X3 =[153.4 3 2 30T

le. x3,=30

y =[46 23.2 31.517.8 54 60 ...]T

hy(x)=6,+6x,+0,x,+..+0 x,
hy(x)=06,x,+0,x, +0,x,+...+ 0 x,

For convenience of notation, define T =
6, X,
61 1 'xl n+l T
0=| . |eR" X=| . |eR h,,=¢9X=[
en x’l

hy=0"X =0,
0

training set: design matrix X

O R0 N (g )

1

0, 60 .. 0
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O R0 N (g 5 )

hy(X)=0,x,+Ox, +0,x, +..+0x,  h,=0"X=)0rx,
0

1< . .
70)=7 D (hy(xV) = y)? 355 ilaer Gl 4138
1
L (s 55 3550 s 00l 53) (6,8 Grbe
Val T'_\ 1) (X
LV.\ X'Xe X'g-g Xe+iiy) 1
v v ey Ax=b—> AT Ax=A"b > x=(4"4) Ab
‘T (t X'X \é)
LXTX0+ XTX0 - 2XT)
X'Xo-X"y
T T
X XHZX y o ply e
Jboy d3kxo O=X"X)"X"y O3 il y ot

O g0 N Y gw )f 3
Hypothesis: hg(z) = 072 = 00wQ+ Orx1 + 0o + -+ - + Opy,
Parameters: 6y,0,,...,0, X =1

Cost function:

m

J(QOa O1,..., Bn) = % Z(he(wm) _ y(i))z
i=1

Gradient descent:
Repeat { 0, =0, —aa%jj(ﬁg,...,ﬂn)
}

(simultaneously update forevery j=0,...,n )

Dr. Hasan Ghasemzadeh
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O R0 N (g 5 )

Gradient Descent

Previously (n=1): New algorithm (n > 1)
Repeat { Repeat {
— B — — (1)) _ @ 1 ; G
o == b — o— ;(he(ﬂc ) —y'?) B = 5j_aEZ;(hﬁ($m)_y())mg)
.i}(()) (simultaneously update 6;
9o for f=0,....n )

1 m }
B =0 —a—S (ho(z®) — )2
1= 60— a— Y (ho(a?) -y

—1 m

(simultaneously update ¢, 6;) fo := b — a% Z(he(”;(i)) - y(i))wg)

i=1

m
! b= 61— ak > (ho(2®) —y)af”

i=1
m

Oy =02 — a3 (hg(zl) — y )zl

i=1

by pxio O3 § whio
Feature Scaling
Idea: Make sure features are on a similar scale.

E.gxri =size (0-300m?) < —> X;= size (M2)/300 &
T2 = number of bedrooms (1-5& v
- _ _number of bedrooms
9 A J(Q) —2L2 = 5
2 —
-1 O Sw < | & S+, -(\\
O : ;évj(g)
) 91__ I > 91

Get every feature into approximatelya —1 < z; <1 range.

Dr. Hasan Ghasemzadeh 5
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Mean normalization

Replace z; with ©; — 11;  to make features have approximately zero
mean (Do not apply to  zg = 1).

E.g.  x,=(size-150)/300 Ave(x;)=150
max X;- min x;=300
X,= (# bedrooms - 2)/4

—0.5 E T S 05, —0.5 E T S 0.5

X; = (x;—Ave(x;))/(max x;- min x;)

S ol &y
Gradient descent

9j = 93' — lea;gjj(g)

- “Debugging”: How to make sure gradient
descent is working correctly.

- How to choose learning rate «.

Dr. Hasan Ghasemzadeh 6
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mein J(0)
J(O) ¢

0 100 200 300 400
No. of iterations

Al el (b 51T B g 4 b @6

O gk N g o

Making sure gradient descent is working correctly.

Example automatic
convergence test:

Declare convergence if J(0)
decreases by less than 1073

in one iteration.

N
rd

No. of iterations

—_—

- For sufficiently small @ J(0) s
- Butif ¢ istoo small, gradient descent can be slow to converge.

O yRio N (g )

Making sure gradient descent is working correctly.

J(0) "‘/ - Gradient descent not working.
7] N
4

Ese smallerx L P

/
No. of iterations / ™
N =

rd

J(6)
— o

A 4

No. of iterations

hould decrease on every iteration. <—
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O ki N (g o )
Summary:

- If « is too small: slow convergence.
- If a is too large: J(#) may not decrease
on every iteration; may not converge.

To choose « |, try
...,0.001, 0003 (.01, 003 (0.1, 03 ,1,..

I

O R0 NS g &5 )
Housing prices prediction
hg(x) = 6y + 01 x frontage 4+ 62 x depth

Area=Frontage * Depth

e Ay ol S ke &5 D5l A
AT iy O g S5 51 (S 5 Dl 5355 Jos

Dr. Hasan Ghasemzadeh 8
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3 . —
Jbo ¥ dolre —0 piio N> Ogaw ¥
j * ¥ * rice
Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
X X X Xy Y
2104 5 1 45 46
141.6 3 2 40 23.2
153.4 3 2 30 31.5
85.2 2 1 36 17.8
300 4 1 38 54
289 5 3 20 60
[ 2104 5 1 45] (46 |
141.6 3 2 40 23.2
¥ 1534 3 2 30 )= 315
852 2 1 36| o=(X"X)'XTy 17.8
300 4 1 38 Jby 4ol 34
i 280 5 3 20] 60

* h . . &
Jbo g dlre —0 pio N Ogaw ¥
Examples: m = 5. Price
Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
Xo X X X Xy
1 210.4 5 1 45 46
1 141.6 3 2 40 23.2
1 153.4 3 2 30 31.5
b 1 85.2 2 1 36 17.8
1 300 4 1 38 54
1 289 5 3 20 60
12104 5 1 45 (46 ]
1 1416 3 2 40 232
¥ = 1 1534 3 2 30 Ve 315
1 82 2 1 36 O=(X"X)"X"y 178
1 300 4 1 38 Jboy 45k 54
|1 280 5 3 20 60
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Jbo g dolre —0 pukiie N> Oguw ¥ )
O=(X"X)"'X"y

X

A=X"X &105 pb

(X[‘X)il

Jb g dolre —0 pakie N> Oguw ¥
O=(X"X)"'X"y
(X' X) lisinverse of matrix 4= X"X

# ouile gl sia J 5
# u\.u)_*LA UM}S\.LA MB.A
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Jbo g dolre —0 pukiie N> Oguw ¥ )
O=X"X)"X"y
C=(X"X)"'x"

O=(X"X)"X"y=Cy

Jb g dolre —0 pakie N> Oguw ¥
eT

Hypothesis: he(ﬂ?) =0Ty = Ooxg + 0121 + Ooxo + -+ + 0,2,

aw (Sly15 5 e s 95 Colue bl 05 aib g5 J e &K e 1 e

! Sl i g G

200
. nT
hy()=0'x a3 = h,(x) = 49.48
2
10
# can be writen as below
# X =np.array([1,200,3,2,10]) # just in one dimension

Dr. Hasan Ghasemzadeh 11
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Sl dox> > b b Ogaw 5

Polynomial regression <.l it 05 5 alin s 8 05 8,

\-\9 80 + 91$ —+ 92$2

Price ’ ]
) j|—> By + 01z + 92332 + 93:63 3
size (x) 7L = (size)
xo = (size)?
he(z) = 0o + 0121 + oo + b33 23 = (size)3
= Oy + 0, (size) + O(size)? + O3(size)? '
Size (m?) Number of Number of floors | Age of home Price
bedrooms ) (years) 3 (Milliard Toman)
x=1 |x,=x X, =X X, =X y
1 210.4 44268.2 9,314,020.8 46
1 141.6 20,050.6 2,839,159.3 23.2
1 153.4 23,531.6 3,609,741.3 31.5
1 85.2 7,259.0 618,470.2 17.8
1 300 90000 27000000 54
1 289 83,521 24,137,569 60

(B e O

Choice of features

Size (xj

> he(z) = g + 01 (size) + Oa(size)? }C .

—( hg(z) = Oy + 01 (size) + 024/ (siz€)

Dr. Hasan Ghasemzadeh
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Sl o> Wz b b o i N Ogaw 5
Polynomial regression

(x+y+z+..)" Naie S5 L
B e P e T e i

X, ¥, x4 Y4, Xy Y a3 s e i G
QMV}W}J@ﬁQMﬂaJM&

Lpd o a5 S i 55 S a5 e

(x+y+z+...)? Y ad e G5 b & ol

“J‘jz‘fL,'.LSJL“"‘LSLP‘)S'&LL°WJA‘~UJ‘L§|MJ"'CU

X,y X% y% o oxy, x3, y3 x%y, xy?

1
Qrﬂ;))bpi‘féb\da:)l.i)@uw
(X+y+z+..)"  nolgaederk bl G5 b oS ls sl

(n+k—1)_(n+k—1)!

N A G o]
24+k—1)\_ (k+1)! _ 9 s e
( k—1 )_(k—1)!(2)!_k(k+1)/2 n 51025 e sl
5+ 6/2=15 N=2 &Gl 8 Sl 53 e b S s sl

N=2 ¢S5lys 8 Sl 5 e 1000 L S dls (6
1000 = 1001/2=50500

358 L) Ce a3 4h Ol L &S ozl slaes
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Intuition: If 1D (¢ € R)

GBS e O )

~ J(0) = ab® + b0 + ¢ ()
X oLt
Fo 3= - T 0 |
Sole e & J
1 — : .
nt1 _ (D)) _ ,,(0))2
fcR J(00.01....,0,) Qm;(hg(m ) — ')
@igjj(e)z--:o i (forevery )
Solve for 6g,0¢,...,0,

Gradient Descent
hy=0"X=Y 0x,
0

g = (XTX)—lXTy Jby dolx

Normal Equation

* No need to choose &,
« Don’t need to iterate.

+ Need to compute (X7X)™!
« Slow if Tlis very large.

Jboy 3k — o wé Ogaw 575

N

J(6)

0

11 training examples, 71 features.

Gradient Descent

Need to choose (Y.
Needs many iterations.

* Works well even when Tt
is large.

N
7
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« Too many features (e.g. m < n).

* Redundant features (linearly dependent).
E.g. 1 = size in m?
To = size in feet?

2l S 35 g pde 5 s Ol 53
What if X7 X is non-invertible?

- Delete some features, or use regularization.

210.4
141.6
153.4
85.2
300
280

Ranx x=5

—_— = e e e

DN A N W W W

W = = N N =

45 ]

40
30
36
38
20

2104
141.6
153.4
85.2
300
280

—_ = e e e

Ranx x=5

DN BN N W W W

W = = NN =

45
40
30
36
38
20

Jbo 5 dIalo —0 yiio Wiz Ogam 5
Rank of matrix

Az o0 3l Jaas oS ol e b O s sl o iy s o 7S L ol e e 44

2104
1416
1534
852

3000

2800)]
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Jbo§ 48k —0 paiie W gaw §
(XTX)Lisinverse of matrix X7 X

o 5San 4 ) e San (Gl 4 Bl (i pp e b L i Olie 53 Gl ms Sle S
oslimul sl 3 5y smes 31,81 gl 358 o0 eslizl ( PSEUdO inverse)
Ny

# Assuming a is your rectangular matrix
# your matrix
# Compute the pseudo-inverse of a
pinv(a)

23
X = [ } det(X)=0 Pseudo Inverse(X)= [

0.0615 0.0308
4 6

0.0923 0.0462

Jbo g dolre —0 piie N> Qg ¥ )

315 3 ST i SOVslas 31 Y geme caesls 315 sle ¢ s s 5187 51 (g ok 45 B
sl 035 il b Sl o e (8L S s 60 e St a8 ol 3 el s e
sl Dol o o 2SS

Dsere o sSan b SVslee o Ale Gds T oo Comnd 4 o St 32 ,b 51 ST Slal g P
):4“§°>))Tj‘)d‘}>‘b{‘j‘;'\“}:wL“"Sg_;“'kﬁ‘)lb";ﬁ.f“fgfjg"‘u‘ﬁ)“u‘“:‘
.xfdnraljédsu.&\h}gléglﬁ-;..L'plu':.})&i\gMUangl)lAQdﬁ}Juo;l:Sd:)\y

dslrs o oy g5 o sSmeans Sl oslial el ao Olis 53 (ghyls Lol s 5l &7 (3,050 53
s e ) st Slas e o 2aS bl aig o B Ol &S5 &S 55 dal

Sy Sl (Ko (g3 S gz diL bs ite 1w 3 28T SV slee sy oS ool 5 55
ol g 45 s e iyl San Sl s w1 ol Ol &K e Smeacs 5 il axils
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(Overfitting) /% 3| 5 s

Example of Overfitting: High-Degree Polynomial

Y
7 X, ‘x.._\
£ \ ’ \
i \ 7 \
7 \ ’ \
1.0} ! ! Y
0.5¢
]
X
0.0
-0.5
% Training Data
—— True Function (sin{x)) b
—1.0 === Overfitted Model (Degree 10}
0 2 4 6 8 10
X

(Overfitting) /% 3| 5 s

b osls 2515 A 5 S sl sla s

Cand 9 (2033 (390l Slrds gacmo 41 OIS maudi

45 gama 3L ails ¢ 2 (gENEralization) il o ses Cus 45 gozms (55,5 b A 0 K8 Juto 4 I8 !
)\fqdmdlgj&lij)lslﬂﬁm.:ww}mﬁ@u&wl‘]udﬁgl&dl}Lajul)liﬁbﬁﬁﬁtglj:&lij)l
.3‘5)‘54

(Regularization ) (s jluptue S g 31 ooli! .Y
G o 515 Dbl 5 DL o 5l e (6,8 0L 51 S 0 S8 o 0 pud 5 ) (5o pate gla g I°
sho poske Jda cdas o 2alS 1y iy S5 S wse @b @ Slam 03531 b S

(Feature Selection) by 554 olus sals .\
L;\A;}J L de ch;}J u:.alf Sl gy Sleslazul b yls 5425 ;}i} ©sbs) ;\M‘Y}w S slrosls Hs®

2 god Pt ) $o5 8 S

Al G LT o)l 5o Wil 5 e 55 S 43 45T 3505 395 35 (6 S0 sles
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import numpy as np
import pandas as pd
import matplotlib.pyplot as _plt

from sklearn
from sklearn.metrics 1m§ort
from mpl_toolkits.mplot3d import Axes3D
# Load the data
'3D_data.xlsx'
pd

# Extract X, Y.|§'

v

# Create polynomial features of degree 2
PolynomialFeatures

LinearRegression

# Predict Z values using the model

. / . -
93 45 0 O 55 4 gl

from sklearn Ereproce551ng_1mport PolynomialFeatures
inear_model import LinearRegression

JLAJ:A.SQL&GUL))

# Fit a linear regression model on the polynomial features

# Get coefficients for the polynomial equation

Artificial Intelligence 35
- . / L4 -
93 45 8 O g S ) 4 g
# Format the polynomial equation as a string
"Z = { $.2Fy
"+ ({ DL2FF) R
"+ ({ DL2F) Ry
'+ ({ $L2F)}) kX2 "
'+ ({ DL2F})RXRY M
'+ ({ L 2F})RyA2"
# Create a mesh grid for X and Y for a smooth surface plot
np X! ‘X!
np "Y' 'y!
np
# Transform mesh grid data for prediction
np
Artificial Intelligence 36

Dr. Hasan Ghasemzadeh
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=
3345 0 O gt S ) & g
# Plotting the 3D scatter and regression surface
plt
'3g°
# Plot the original data points
X' y! "blue’
"Original Data"
# Plot the regression surface

'orange’
# Add the polynomial equation to the plot
"top'
dict "round, pad=0.3" "black"
"white"

# Labels and title

"3D Polynomial Regression Surface"

"X-axis"

"Y-axis"

"Z-axis"
plt Artificial Intelligence 37
plt

- / - .
9345 18 O ge S 5 & g

. L d
3D Polynomial Regression Surface

Z =0.21 + (-0.02)*X + (0.02)*Y + (1.00)*X"~2 + (-0.02)*X*Y + (O.QO)*Y"2]

Z-axis

Xay:
e Original Data Xis 2 -6 38

Dr. Hasan Ghasemzadeh
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- / . - - / - -

Qb-";d‘ﬁj—)-"\?’j‘u}:‘“’;)‘b}“
import numpy as np
import pandas as pd
import matplotlib.pyplot as plt
from mpl toolkits.mplot3d import Axes3D
# Load the data

D_data.xlsx'
pd

# Extract X, Y,'§,

L

# Generate polynomial features of degree 2 manually
np n

# Initialize parameters for gradient descent
np.random

# Define the cost function
def

np
Artificial Intelligence 39

return

= =
0Ll S g5 = 55 45 50 O spw 5 4 50

ﬁ Eefine the gradient descent function
e

for in_range
# Calculate predictions

# Calculate the gradients
# Update the parameters

# Store the cost for this iteration

# Optional: print cost every 1000 iterations for
mon1tor1n§

f"Iteration {i}: Cost = { "

return

Artificial Intelligence 40
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= =
0Ll S g5 — 95 45 50 O spw S 4 503

# Run gradient descent

# Display final parameters

f"Z = { t.2Fy
"+ ({ DL2FF)RX
'+ ({ L2FF)*FY
'+ ({ tL2FF)*FX~2
'+ ({ DL2FF)EXHY T
"+ ({ D.2FF) ¥y
"Equation:"
# Plotting the 3D scatter and regression surface
plt
3d"
# Original data points
"blue’
"Original Data"
Atrtificial Intelligence 41

= =
0Ll S g5 = 55 45 50 O spw 5 4 50

# Create mesh grid for X and Y for the regression surface
n
b
np
np np

# Predict Z values for the grid

# Plot the regression surface ) )
orange
# Add the polynomial equation to the plot

"top' dict "round,pad=0.3"
"black" "white"

# Labels and title ) ) . )
"3D Polynomial Regression Surface using Gradient

Descent” .
"X-axis"
"Y-axis"
"Z-axis"

plt

plt

Artificial Intelligence 42
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= =
0Ll S g5 = 95 a5 10 O spw S 4 50

3D Polynomial Regression Surface using Gradient Descent

[Z =0.21 + (-0.02)*X + (0.02)*Y + (1.00)*X"2 + (-0.02)*X*Y + {0.90)*Y"2]

60

50

40

30

sixe-Z

20
10

-6

_4 =2 0 2 3
Artificial Intell{rgaence 4 6 8 43
e Original Data ~axis

= =
0Ll S g5 = 95 48 o O e S 4503

3D Polynomial Regression Surface using Gradient Descent

(Z = nan + (nan)*X + (nan)*Y + (nan)*X"~2 + (nan)*X*Y + (nan)*Y~2)

50

40

30

sIxe-7Z

20

10

Faxs 4 2 *

e Original Data

Dr. Hasan Ghasemzadeh
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s 5 el g o e
1ol o6 &G o ey 52 0l O sl 52 2 o sl
Al Oles it 55 6l Y ar 53 O g S5 5 ol
Jb 5 alslas gy 4 -)
0bsl8 skl 55 Jgs 5l ealizal L-Y

S J= oy 95 Ol dwslde ¥

Atrtificial Intelligence 45
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