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One feature (Univariate).

Size (m2) Price (Milliard Toman)
T Yy
210.4 46
141.6 23.2
153.4 31.5
85.2 17.8

h9($) =0y + 01z

Soft Computing

0 ke T o Ogaw )

Multiple features (variables).

O pRin N O3 ga 35 )

(sw3b19 Sal19) Ogmw 555 36T

Price
Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
b pio—> X, u) X3 Xy
210.4 5 1 45 46
141.6 3 2 40 23.2
153.4 3 2 30 315
85.2 2 1 36 17.8

gu}fw.\}\)yu,\pm,;_,:ggﬁTuujpr;,\;mewjﬁx_ﬂﬁ4

hy(x)=6,+0x +0,x,+...+0 x,
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Multiple features (variables).

Price
b yiio—>  Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
X, X, X, X,
210.4 5 1 45 46
141.6 3 2 40 23.2
Po Jle—>X3[ 1534 3 2 30 | 315
85.2 2 1 36 17.8
300 4 1 38 54
289 5 3 20 60
Notation:
n = number of features n=4 b jeite sl
r(= input (features) of i training example.  x3=[153.4 3 2 30]"
cv_gi)= value of feature J ini'"  training example. x3, =30

) - T
2T o gVl 55 Jlho olad 3 w,ﬁiojﬂ;caowup y =[46 23.2 31.5 17.8 54 605...]

. =
O o N Ogaw )
hy(x)=6,+0x +0,x,+...+0 x,
hy(x)=06x,+6x,+0,x,+..+ 0 x,
For convenience of notation, define Lo = 1

90 X Xo

X X,

o< 491 cR X = :1 c R h, =9TX:[90 6 .. Hn] :1
g X, x

hy=0"X=%0x
0

training set: design matrix X

Soft Computing 6
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O R0 N (g 5 )

hy(x)=06x,+6x,+0,x,+..+ 0 x, hy=0"X = Z 0 x,
0

1 < , .
J(6’)ZEZ:(%(?C(]))—J/(”)2 395 Sl sl 44 3o @6
1
‘ (o 5L 3550 o3 o2 59) 6,8 et
Vol Vag (X - 7 (X
L(‘[ XTX0 - 60" XTij— @ X0+ i) »
e v vy Ax=b— AT Ax=A"b = x=(4"4) Ab
LG (trTXTX \o)
L(XTX0+ XTX0 - 2X7])
XTX0 - X7
T T
X XHZX y o ply Bl
Jhoy oo O=(X"X)"'X"y Oga 53 52 s
Soft Computing 7

O gAR0 N O g D)
Hypothesis: hg(z) = 67z = OOwQ+ 0121 + Oy + -+ - + Oy
Parameters: 6y,6,,....0, Xo =1

Cost function:

m

J(Qoa 91, coay Qn) = % Z(hg(m(i)) _ y(i))g
i=1

Gradient descent:
Repeat { 0; =0, —Q%J(GO,...,{?”)
¥

(simultaneously update forevery j=0,...,n )

Soft Computing 8
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O ko N () 55 )

Gradient Descent
Previously (n=1):
Repeat {
1 T ) .
O =00 — a— > (he(zt) — @)

i=1

327 (6)

1 . L
o P (@)y _ 4, (0y(2)
0 =0, a E (ho(z*) — y" )

i=1

(simultaneously update g, 4,)

New algorithm (n > 1)
Repeat {

1 m ’ " :
0j =0 —a_ > (ho(z) — y @)zl
i=1
(simultaneously update 6;
for7=0,....n )

m

b= =k 3(he(a ) — 50

i=1

01 := 61 — a}n (ho(z®) — y“))w(li)
i=1

b =0 — ok Y (ho(?) — y D)l
i=1

Soft Computing - 9
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Feature Scaling

Idea: Make sure features are on a similar scale.
Ke sure teatures are on a simifar st

E.gx1 =size (0-300 m2) &
T2 = number of bedrooms (1-5¢

92/\ J(0)

01

N
rd —

5 x;= size (m?)/300 £
4

number of bedrooms
5

—=r2 =

0S| &E4: %

o

0, gg (
, > 6

<\
0)

Get every feature into apptdxitist&lya —1 < z; <1 rande.
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Mean normalization

Replace z; with ; — i to make features have approximately zero
mean (Do not apply to o = 1).

E.g.  x,=(size-150)/300 Ave(x))=150
max x;- min x;=300

X,= (# bedrooms - 2)/4

—0.5 S I S 05, —-0.5 S €To S 0.5

X; = (x;—Ave(x;))/(max x;- min X;)

Soft Computing 1

Sl &
Gradient descent

9j = Qj = Cl{a;ng(g)

- “Debugging”: How to make sure gradient
descent is working correctly.

- How to choose learning rate « .

Soft Computing 12
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O gk N O g )f 3
Making sure gradient descent is working correctly.
mein J(0)
J(0) 0 Example automatic
convergence test:

Declare convergence if .J(#)
decreases by less than 1073

t t t 1 in one iteration.
0 100 200 300 400

No. of iterations

b gal Sl 1| L g G
b PRE Sl IS A S S"G‘f?(%mputing 13

O piilo N g 5 )

Making sure gradient descent is working correctly.
J(6) T Gradient descent not working.
/ S Jse smalien | <
>

4 /N
No. of iterations / /F /F
/N

No. of iterations No. of iterations

v
4

For sufficiently small &, J(Q) should decrease on every iteration. <—
But if oy is too small, gradient descent can be slow to converge.
e ——

Soft Computing 14
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O R0 N Igaw §F )
Summary:

- If « is too small: slow convergence.
- If o is too large: J(#) may not decrease
on every iteration; may not converge.

To choose«a |, try
...,0.001, 0003 (.01, 003 (0.1, 03 ,1,..

A

Soft Computing 15
* o - - &
O paRhe i ) o )f 3

Housing prices prediction
hg(x) = 6y + 01 X frontage + 6> x depth

Area=Frontage * Depth

e Ky ol S it 5 S5l a8
ATy 0o 85 5l g Dl 5 355 ol

Soft Computing 16
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—

Jbo § dolre —0 o N> Ogaw
f - ¥ ! rice
Size (m2) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
X Xy X3 X, Y
2104 5 1 45 46
141.6 3 2 40 23.2
153.4 3 2 30 31.5
85.2 2 1 36 17.8
300 4 1 38 54
289 5 3 20 60
[ 2104 5 1 45] (46 |
141.6 3 2 40 23.2
X< 1534 3 2 30 e 315
852 2 1 36| 9=(X"X)'XTy 17.8
300 4 1 38 Jboy 4ol 54
280 5 3 20 Soft Computing 60 17

Jb § dolre —0 piiie N> O 5

Examples: m = 5.

Price
Size (m?) | Number of | Number of |Age of home| (Milliard
bedrooms floors (years) Toman)
Xo X X X Xy
1 2104 5 1 45 46
1 141.6 3 2 40 23.2
1 153.4 3 2 30 31.5
h 1 85.2 2 1 36 17.8
1 300 4 1 38 54
1 289 5 3 20 60
1 2104 5 1 45 46 |
1 1416 3 2 40 232
X 1 1534 3 2 30 _|315
1 852 2 1 36| 6=(X"X)"'X"y "Tlg
I 300 4 1 38 Jby dake 54
1 280 5 3 20 Soft Computing 18
L _ 60
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Jbo g olro —0 prie N> gaw )
O0=(X"X)"'X"y

X
T
X
T
X
A=X"X SIS pb
Soft Computing 19

Jlbo g dolro —0 piile N gaw )
O=(X"X)"'X"y
(XTX) lisinverse of matrix 4= X"X

# ouile Gline s J i
# ooule s S dpulas

(X" x)™

Soft Computing 20
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Jbo g olro —0 prie N> gaw )
O0=(X"X)"'X"y
C=X"X)"'x"
O=X"X)"'X"y=Cy
0T

Jbo g Méko—o%&gdwf)
0T

Hypothesis: hq(z) = 0Tz = Ogzg + 0121 + Oo22 + - - + Oy,

aw gly15 5 e s 95 Sl b il 05 i 55 J e S e 1 e

! C il i ol G

200
—_nT
hy(x)=0'x  aef 3 = h,(x) = 49.48
2
10
# can be writen as below
# x =np.array([1,200,3,2,10]) # just in one dimension

Soft Computing 22
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Sl Aoz L b b Hgaw 5

Polynomial regression

Sl 0 piin iy O g 85 iln o 2 O g 5

X x x’x"z?s:—‘:;”/‘ .
g ] ‘_9 90+91$+92$2
i o0+t 0|
| size (9 S

zy = (size)?
he(x) = Oy + 0121 + Oa0 + O323 3

= 0y + 0, (size) + Oo(size)? + O3(size)? x3 = (size)

Size (m2) Number of Number of floors | Age of home Price
bedrooms ) (years) (Milliard Toman)

x=1 |x,=x X=X X, =x v

1 2104 44268.2 9,314,020.8 46

1 141.6 20,050.6 2,839,159.3 23.2

1 153.4 23,531.6 3,609,741.3 315

1 85.2 7,259.0 618,470.2 17.8

1 300 s fggooo i 27000000 54

1 289 Olg3BIPUING| 24,137,569 60

23

B pE Ogaw )

Choice of features

| Size (xj

— he(z) = O + 0, (size) + Oz (size)?

__)&@(:1;) = 6y + 0, (size) + 024/ (size)

pr—

Soft Computing
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éiw&geUhexM&Qw;)
Polynomial regression

(x+y+z+.)" N Sy b
3ph o 43,5 55 BT OIS §gema bl e o palol Y pene

X, Yy, X%, y% Xxy Y 450 o) dhar iz
Q)Me—‘y}oaajbé..:ﬁdaﬁkoe-ﬂe)w

Lgd o3 S i 53 S 4 e

(x+y+z+...)3 ¥ s e Gl b oSS ol s

Y3l Sl sln Sl Jols o ite 53 ¥ 45 0 (g1 abeor i

X,y x4 y: o oxy, x5, y3 x%y, xy?

Soft Computing 25

=
C)xw;)).} “—“.’.‘j‘p .b‘u\a: ‘JL.’.J QL.«#L‘%-.A
(x+y+z+..)"  nolpadek bl S5 b oS el s sl

(n+k—1)_(n+k—1)!

k=1 ) (k—=D!(n)!
2+ k—1)_ k+1) _ iy .
( k-1 )_(k—l)!(zn e (k +1)/2 N=2 &y M-
5%6/2=15 N=2 S5155 55 - 3 e L (S s (o

N=2 ¢Slys58 Sl 53 i 1000 L S dls (ol
1000 * 1001/2=50500

350 o Wk oty 235 Pl LS 2l bl gy

Dr. Hasan Ghasemzadeh 13
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Intuition: If 1D (¢ € R)

(B e O )

Soft Computing

= J(0) =ab? + b +c 7(8)
C& _ s_c:'f \.""\“
v B Ied =z -w =0 | et S
Solie for © o
1 m
n+1 — (1)) _ (12
fcR J (00,01, ...,0,,) o ;(hg(w ) —y@)
aiejj(g):...:() j (forevery )
Solve for 6y,64,...,0,

27

Gradient Descent
h,=0"X=>6x,
0

0= (XTX)"'XTy

Normal Equation

No need to choose X,
Don’t need to iterate.

« Slow if Tlis very large.

Jboy 4oke

« Need to compute (X7X)™!

Soft C

1060) A

T1. training examples, 71 features.

Jb g Mol — o wd Hgaw 5

N
7

0

Gradient Descent

Need to choose ¥,
Needs many iterations.

*  Works well even when 72

mputing

is large.
g 28

Dr. Hasan Ghasemzadeh
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oAl S 3 s pde 5 jho Ols
What if X* X is non-invertible?

* Redundant features (linearly dependent).
E.g. 1 = sizeinm?2
To = size in feet?

« Too many features (e.g. m < n).
- Delete some features, or use regularization.

Soft Computing 29

Jbo g olro —0 prie N> gaw F )
Rank of matrix

[1 2104 5 1 45] [1 (2104 5 1 45[ 2104

1 141.6 3 2 40 1 |141.6 3 2 40| 1416
X = 1 1534 3 2 30 X = 1 (153.4( 3 2 30| 1534

I 82 2 1 36 1822 1 36| 852

I 300 4 1 38 1300 (4 1 38| 3000

|1 280 5 3 20| |1 L2801 5 3 20[ 2800
Ranx x=5 Ranx x=5

Soft Computing 30
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Jbo i U3l -0 piio N Ogaw 5
(XT X)) Lis inverse of matrix X7 X

oSS a1 e S Sl 0 Bl (e 8 b L o Olise 75 Gl e Lo S
oslizul 4l 53 5 st 51T gl 558 s eslizul ( pSEUdO iNVErse)
Ly

# Assuming a is your rectangular matrix
# your matrix
# Compute the pseudo-inverse of a
pinv(a)

23
X= [ } det(X)=0 Pseudo Inverse(X) = [

0.0615 0.0308
4 6

0.0923 0.0462

Soft Computing 31

Jbo g Mobw—oxé&ou\:ggwfg

Sldnd 5l 28T L 2 Y sles >|M;\J}w oty 5505 5 Al ¢ das las 58 51 (65l 53 >
Sl 0357 Jol b g o e 8L 6l G S e Seand Loyl 8 ol 53 Sl s e
Ll Dl o o S

Snne o Snn b SYsles o e (s (T gn S 4y e Srnncs G b 51T ol
558 03557 1y 385 Lol Wl 5 i Lol ST e iy 1y Wast o 2087 e sSanacd | 6
..A.'Ssara‘}&:k:&lL}g@glﬁg'.l.'du,':})L'ﬁhmW&\;\:Q&k}}he>|:4§6:)‘y

dolae o oy g5 o St Sl oslital (il Lho Ols 55 (gl Lol s 5l &7 (65050 55 >
s e il st Silag e o eSSl aig oo B Ol ¢ 4S5 g dal

:g}@‘ﬁwdéwduglﬁ A5L b e sl 1 2aST SV sles slias a7 ol 5 s >
sl g 45 s e iyl San SOl I ol Ol &K e Saeach 5 il axils

Soft Computing 32
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(Overfitting) /%3l » s

Example of Overfitting: High-Degree Polynomial

P
R P
X‘ v r N
/ \ ¥ \
4 \\ fl \\
1.0 i
05F 1
I
*
0.0
-0.5
x Training Data
—— True Function (sin(x)) b
—1.0 === Overfitted Model (Degree 10)
0 2 4 6 8 10
X
Soft Computing 33

(Overfitting) % 3| » s

P & . g &
b osls 2510 Gha Sl 6,8 sl sla S

Cad 9 b33 (g0l (SUrAs gomo 4 ROSIS el

45 gazes EL s ¢ 2 (@ENEraliZation) jle s ses Coud 45 sozes (55 b S 0 ¢SS Jute 4 5 !
)b’qd.\ﬁj_\.@&lﬂ)‘,ld\ﬁg«;a.o,..?u,L=,.2L¢o:u.;~lJ»@ﬁgual,up\)gﬁumud\ﬁ&l{j)l
ETE)

(Regularization ) (s luptze Sl gy 31 ool .Y
S S r 5 Sblag 5 O o 31 (6,8 3L 516 S o &GS Jo 0 5d 5 s (5o pite sla B, 10
b Fosle o cdas gr 2851 a0 (S5 o w5 b 4 Slam 03531 L S

(Feature Selection) s 539 slus ol ¥

L;Lh_;}:_,led.xa ‘Lh;j;_j Sl sl gy 3 eslamal b yls 59y _;}:_g L) sl /Y}w e sWesls Ha®
S gh o0 Pt s S5 46 2

s G T o3l 55 U315 (o 35 s 53 oS 3,405 3 m s 5 6, S05 slenst

Soft Computing 34
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=
| 9345 50 O e 55 4 303
import numpy as np
import pandas as pd
import matplotlib.pyplot as plt )
from sklearn Ereproce551ng'1mport PolynomialFeatures
from sklearn.linear_model import LinearRegression
from sklearn.metrics 1mgort
from mpl_toolkits.mplot3d import Axes3D

# Load the data

th "3D_data.xlsx' ‘JL‘J‘; 4.3.3\&.0 ‘sz)

# Extract X, Y,'§I
e

# Create polynomial features of degree 2
PolynomialFeatures

# Fit a linear regression model on the polynomial features
LinearRegression

# Predict Z values using the model

# Get coefficients for the polynomial equation

Soft Computing 35

. = . .
93 45 0 O g S 4 gl

# Format the polynomial equation as a string

£'7 = { L2F) "
e (4 L 2F})*FX "
e (4 L 2F})*Y "
e (4 L 2F})*XA2
e (4 DL 2FF)RXHY
e (4 D 2F})*yA2"

# Create a mesh grid for X and Y for a smooth surface plot
np X' ‘X!
np 'Y' "Y'
np

# Transform mesh grid data for prediction
np

Soft Computing 36

Dr. Hasan Ghasemzadeh
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=
9345 50 O e 55 4 303
# Plotting the 3D scatter and regression surface
plt
34"
# Plot the original data points
X! 'y "blue’
"Original Data"
# Plot the regression surface

‘orange’
# Add the polynomial equation to the plot
"top'
dict "round, pad=0.3" "black"
"white"
# Labels and title
"3D Polynomial Regression Surface"
"X-axis"
"Y-axis"
"Z-axis"
plt Soft Computing 37

plt

. / . -
92 ‘L“’,f° g)‘9‘ﬁ~“,sf;) 4JJ}QJ

3D Polgmomial Regre..ssion Surface

(Z = 0.21 + (-0.02)*X + (0.02)*Y + (1.00)*X”2 + (-0.02)*X*Y + (0.90)*Y"2]

60
50
40
30
20
10

Z-axis

Eigs:
e« Original Data | 'S N -6 38
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. / 3 - . / 3 -
QL’J‘;J‘BJ’_}J“?’]‘Q}:&‘;)Q}“’
import numpy as np
import pandas as pd
import matplotlib.pyplot as plt
from mpl_toolkits.mplot3d 1mport Axes3D
# Load the data
h '3D_data.x1lsx'
p

# Extract X, Y,|§I
v

# Generate polynomial features of degree 2 manually
np np

# Initialize parameters for gradient descent
np.random

# Define the cost function
def

np
Soft Computing 39

return

. / - - - / - .
OLsIS g5 = 95 a5 0 O spw 5 4 500
ﬁ Eefine the gradient descent function
e
for i in_range tera
# Calculate predictions
# Calculate the gradients
# Update the parameters
# Store the cost for this iteration
# Optional: print cost every 1000 iterations for
monltorln%
f"Iteration {i}: Cost = { "
return
Soft Computing 40
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= =
0Ll S g5 = 95 4 10 O S 4 50

# Run gradient descent

# Display final parameters

"z = { t.2Fy
'+ ({ DL2F) X
'+ ({ DL2F)FY
'+ ({ t.2FF)FX~2
'+ ({ TL2FF)RXFY
'+ ({ tL2FF) Ryt
"Equation:"
# Plotting the 3D scatter and regression surface
plt
134"
# Original data points
'blue’
"Original Data"
Soft Computing 41

. / - - - / - .
OLsIS g5 = 95 a5 0 O spw 5 4 500
# Create mesh grid for X and Y for the regression surface
np

np ha
np np

# Predict Z values for the grid

# Plot the regression surface : :
orange
# Add the polynomial equation to the plot

"top' dict "round,pad=0.3"
"black" "white"

# Labels and title . . . .
"3D Polynomial Regression Surface using Gradient

Descent” )
"X-axis"
"Y-axis"
"Z-axis"

plt

plt

Soft Computing 42
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= =
OLsIS g5 = 55 4 50 O 5 4 50

3D Polynomial Regression Surface using Gradient Descent

[Z =0.21 + (-0.02)*X + (0.02)*Y + (1.00)*X"2 + (-0.02)*X*Y + (0.90)*‘("2]

60

50

40

30

sIXe-Z

20
10

-6

S_(;t C(;r?np Mg 2 a4 4 3 43
o Original Data l1galx?s 8

= =
OLsIS g5 = 55 48 0 O 5 4 50

3D Polynomial Regression Surface using Gradient Descent

(Z = nan + (nan)*X + (nan)*Y + (nan)*X~2 + (nan)*X*Y + (nan)*Y~2|

50

40

30 ]

s|xe-Z

20

10 1T

ka){fs z 4 2 ¥

e Original Data

Dr. Hasan Ghasemzadeh
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s 4ol g o e
) osls o1 & o5 o 50 Ol 0L 4 4l S5 T i oy
Al Olus e 95 6l Y 43-)50}:«:;))“\;1}5-
Jb i alslas gy 4 -)
OLsl S bty 55 g5 5l eslial LY
G5 J= o) 95 Ol auslae =Y
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