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معادلات نيمه خطي مرتبه اول
 First-order PDE in  z(x,y)
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منحني  vاست حركت در جهت  uعمود است يعني مماس بر  uبر گراديان   vبردار 
مشخصه معادله را مي دهد كه براي آن داريم
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از تلاقي دو سطح جواب بدست مي آيد
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معادلات نيمه خطي مرتبه اول
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از شرايط مرزي بدست مي آيد fرابطه 
Dr. Hasan Ghasemzadeh



K.N. Toosi University of Technology 10/16/2011

Advanced Mathematics 3

معادلات نيمه خطي مرتبه اول
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معادلات نيمه خطي مرتبه اول
ادامه مثال

از شرايط مرزي بدست مي آيد fرابطه 
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معادلات خطي مرتبه دوم با ضرايب ثابت
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معادلات خطي مرتبه دوم با ضرايب ثابت
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خطوط مشخصه
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 First-order PDE in (x,t) CBuAu xt 
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Characteristic lines:  = Ax  Bt = const

Characteristic direction: d = 0
v = dx/dt = B/Apropagation velocity of the characteristic lineDr. Hasan Ghasemzadeh
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 u = f( ) along the characteristic direction  = constant

B

A

dx

dt
slope 

t = t0

t = t1

t = t2

t = t3

Characteristic line
 = 1  = 2  = 3

d = 0

x

t

خطوط مشخصه
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 Along the characteristic direction 
d = 0,   = constant

 u = f( ) = constant
 The solution remains the same 

along the characteristic direction

 An observer moving with  = 
constant sees no changes 
(stationary)  in wave form u 

 The profile will change if the 
observer moves faster or slower 
than the characteristic line

 Hyperbolic PDE - involves only 
total differentials along the 
characteristic directions
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خطوط مشخصه
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First-Order Hyperbolic PDEs

14

 Consider a transport quantity 

 Along  = x  vt = const (v = dx/dt), the property  remains 
the same (i.e., d /dt = 0)

 Consider an airplane (or a train) moving at a velocity v, the 
passengers inside the airplane (or train) see everything 
remains stationary while a ground observer sees partial 
derivatives (d /dt = 0, but  /t  0)

 Lagrangian description along the characteristic line
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 v : convective velocity of 

خطوط مشخصه
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خطوط مشخصه

 First-order PDE in (x,t)
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First-Order Hyperbolic PDEs
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خطوط مشخصه
Second-Order Hyperbolic PDEs
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خطوط مشخصه
Second-Order Hyperbolic PDEs

زمان

1t t

2t t

0t t مکان

جابجايی موج

ی
در اين بازه زمان

 مطالعه رابطه فوق نشان مي دهد كه تابع  در نقطهx,t       تنها تحت تاثير شرايط اوليه در فاصله
x+ct, x-ct قرار مي گيرد.
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Hyperbolic PDEs

18

 Two real roots, two characteristic directions
 Two propagation (marching) directions
 Domain of dependence
 Domain of influence
 (ux,uy,vx,vy) are not uniquely defined along the characteristic lines, 

discontinuity may occur
 Boundary conditions must be specified according to the 

characteristics 
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خطوط مشخصه
Second-Order Parabolic PDEs
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Parabolic PDEs
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 One real (double) root, one characteristic direction (typically t = 
const)

 The solution is marching in time (or spatially) with 
given initial conditions

 The solution will be modified by the boundary conditions (time-
dependent, in general) during the propagation

 Any change in boundary conditions at t1 will not affect solution at 
t < t1, but will change the solution after t = t1

 Irreversible: You can control your future, but not 
changing what already happened (history!)
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خطوط مشخصه
Second-Order Elliptic PDEs
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Elliptic PDEs
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 det [C]  0 in every direction
 The derivatives (ux,uy,vx,vy) can always be uniquely determined 

at every point in the solution domain
 No marching or propagation direction !
 Boundary conditions needed on all boundaries 
 The solution will be continuous (smooth) in the entire solution 

domain
 Jury problem - all boundary conditions must be satisfied 

simultaneously 
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System of N Equations

23

 Classification for first-order equations in n variables
 Hyperbolic: n real roots
 Parabolic: m real roots,  1 m < n, and no complex roots
 Elliptic: no real roots
 Mixed: some real and some complex roots, assumed to be 

elliptic if any complex roots occur
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