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® First-order PDE in z(x,y)
P(Xa Y, Z)Zx +Q(Xa Y, Z)Zy — R(Xa Y, Z)
solution  u(x,y,z)=c¢
= Pu,+Qu,+Ru,=0 or V.Vq=Q R
V=PI +QJ+Rk
e Vg 53 ES o Sl ples gm Sl 3502 W OLSLE LV s,
ﬁ)l:QTélﬁSMsdﬂljd:ww
%_ﬂ_%: ul(xayaz)zcl
P Q R u,(x,y,2)=c¢,
° f(HﬂﬂH@l)Cﬁmgcmz? eh UZ(X’ Y, Z): f(ul(X7 Y, Z))
S
4 . N
X2, +YZ,=1 Je
o _dy
%:ﬂ:% :>%=d_y=$ ] x y - InxX=Iny+Inc,
P Q R X y 1z dx _dz Inx=Inz+Inc,
X z

X=CYy Clzx/y
=
X=C,Z C,=X/z )
%‘@@Qg‘ﬁ?}bé)ﬂj\

c,=f(c)=x/z=1(x/y)
z=x/f(x/y)
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U(X,2)=x=> x=4/3+x/2-1/2 f (x-2)
= f(x—2)=-x+8/3

X=2—->x= f(X)=—x+2/3

u=1/3y* +x/y-1/y(-(u-1/2y*)+2/3)

" . I
uu, +u, =y Je.
u(x,2)=x
de_dy_du _dx_dy_du j{ydﬁdu
P Q R u 1y dx = udy
N u=1/2y* +c =c =u—1/2y>
dx = (1/2y* +¢,)dy = x=1/6y’ +¢, y+c,
c,=f(c)=c,=fu-1/2y?) T ot oy Ul e 5 3 1
x=1/6y* +(u—1/2y*)y+ f(u-1/2y?)
u=1/3y* +x/y-1/y f(u-1/2y?) <l
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u=1/3y* +x/y-1/y f(u-1/2y?) <l
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az,, +bz, +cz,, =0

z=f(y+mx) sl o2s

z, =m’f"(y+mx)
z,, =mf"(y+mx)
z,, = f"(y+mx)

AN \ 13K
am’+bm+c=0  =m,m, T ST

Z= f(y+m1x)+g(y+m2x) <l
b’ —4ac<0: complex :elliptic

b’ —4ac=0: double :parabolic
DrHasan Ghargyadefac > 0 real - hyperbolic
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Z,—32,+22,,=0
Sl PR
m*-3m+2=0 =m=1Lm,=2
z=f(y+x)+g(y+2x) LT o s 50 il 51, Ll
Jls

Zy—42,+42, =0
m>—4m+4=0 =>m=2

z=T(y+2x)+xf(y+2x)
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e First-order PDE in (x,t) Aut + Bux =C

dt dx du dt dx du__ |Adx—Bdt=0 {Ax—Btzclz.ff
Adu-Cdt =0 Au-Ct=c,

:> JRE—
P Q R A B C
solution €, = f(c))
homogeneow solution: u, = f (&)= f (Ax—Bt)

) ) C
particular solution: U, =—t or —X
A

B

Characteristic lines: & =Ax — Bt = const

Characteristic direction: d& =0

propagation.nglegity of the characteristic line v =ax/dt = B/A
a N
* u = f(&) along the characteristic direction & = constant
Characteristic line
t §=¢ &=¢& &£=¢&;
adé=0
X
d A
slope =—=—
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* Along the characteristic direction
d& =0, £= constant

o y= f(é:) = constant Non-characteristic

. ; t line Characteristic line
e The solution remains the same /

along the characteristic direction t=t,
* An observer moving with &= ’
constant sees no changes =1,
(stationary) in wave form u )
* The profile will change if the Y 7t ]
observer moves faster or slower '
than the characteristic line

* Hyperbolic PDE - involves only » X

total differentials along the
Dr. Hasan, Ghgser

mzadeh
\ characteristic cllugectlons /
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First-Order Hyperbolic PDEs

e Consider a transport quantity ¢

%.,. V% —(0| V:convective velocity of ¢

* Along & = x —vt = const (v = dx/dt), the property @ remains
the same (i.e., d@ /dt = 0)

* Consider an airplane (or a train) moving at a velocity v, the
passengers inside the airplane (or train) see everything
remains stationary while a ground observer sees partial

derivatives (d@ /dt = 0, but Jp / &k #0)
* Lagrangian description along the characteristic line
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e First-order PDE

Aoiiuo baoh>
First-Order Hyperbolic PDEs

in (x,t)

u,+uu, =0

dt dx du dt dx du
= = =

P Q R 1 u 0 t Characteristic line
=X—-ut
dX—Udt=0 X_ut:§
du=0 =4
t=t,
Dr. Hasan Ghasemzadeh X
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Second-Order Hyperbolic PDEs
2 —
dx—cdt)=0 E=x-ct
0, +Cco, |0, —co, u=0
(0,+ca, )0, ~co,) (dx+cdt)=0 |7 =x+ct

u= f(x—ct)G(x+ct)
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Second-Order Hyperbolic PDEs

ot Nz S
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N, 3,8 15 xet, x-ct

Hyperbolic PDEs

Two real roots, two characteristic directions

e Two propagation (marching) directions

Domain of dependence

Domain of influence

° (ux,uv,vx,vy) are not uniquely defined along the characteristic lines,
discontinuity may occur

* Boundary conditions must be specified according to the
characteristics
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Second-Order Parabolic PDEs

u, —u, =0 o
X at
0

~(0,-02,)0, 02, u+ou=0 —=

dt=0
t=c

l'dllgE O{ illﬂllﬁ.‘HCE‘
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Parabolic PDEs

® One real (double) root, one characteristic direction (typically t =
const)

® The solution is marching in time (or spatially) with
given initial conditions

® The solution will be modified by the boundary conditions (time-
dependent, in general) during the propagation

® Any change in boundary conditions at t, will not affect solution at

t < t, but will change the solution after t = t,

* Irreversible: You can control your future, but not
changing what already happened (history!)
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Second-Order Elliptic PDEs
Uy +U, = f
(dx —idy)=0
0,—10, )0, +io u=f .
( X y)( X V)J {(dx+|dy)=0
| rdng‘e 0{ illfluf‘llcf‘
P ClOlIlﬂil] O{ (‘lepell(‘]ence
y L]
@ Dr. Hasan Ghasemzadeh X
- I

Elliptic PDEs

¢ det [C] #0 in every direction

® The derivatives (ux,uy,vx,vy) can always be uniquely determined
at every point in the solution domain

* No marching or propagation direction !
° Boundary conditions needed on all boundaries

¢ The solution will be continuous (smooth) in the entire solution
domain

¢ Jury problem - all boundary conditions must be satisfied
simultaneously
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System of N Equations

* Classification for first-order equations in n variables

* Hyperbolic: nreal roots

® Parabolic: m real roots, 1< m <n, and no complex roots
e Elliptic: no real roots

* Mixed: some real and some complex roots, assumed to be
elliptic if any complex roots occur
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