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e Consider two Coupled first-order PDEs Je

u, +8v, =0 —00 < X < 00
vV, +2u, =0 O<t<oo
Initial condition
{U(X’O): f(X) —00 < X<
V(x,0) =g(x)
Matrix Form
U, 0 8fju. O B
+ = or U+AU,=0
v, 2 0]|v, 0
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° Changing variable Jis

U=PU U= {u} U= {?} P = eigen vectors of A
v

U, =PU,
U,=PU,
PDE PU,+APU =0

_ — - 4 0
P'PU,+P'APU, =0=U,+AU, =0 A:{O 4}
u, +4u, =0

47 =0
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Uncoupled system of PDE
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u(x,t) =g(x—4t) U=pU= 2 20ju) (2 2] e(x—41)
V) =w(x+4t) |1 1|V |1 1 ||w(x+4t)
U(X,t) =2¢(x —4t) — 2/ (X + 4t)
V(X,t) = @p(X —4t) + (X +4t)

¢(2) =sin(z) Arbitrary
w(2)= 72 functions

u(x,t) = 2sin(x —4t) — 2(x + 4t)’
V(X,t) = sin(X — 4t) + (X + 4t)
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ICS {u(x,0)= f(x) {2¢(X)—2w(><)= f(x)
V(X,0)=9(X) |g(X)+w(X)=0g(X)

{¢(x) =0.25(f (x)+2g(x))
w(x)=0.25(29(x) - f(x))
U(X,t) =2¢(x—4t) — 2 (x + 4t)
=0.5(f (x—4t)+2g(x—4t))-0.5(2g(x +4t) — f (x+4t))
V(X,t) = g(X —4t) + (X +4t)
=0.25(f (x—4t)+2g(x—4t))+0.25(2g(x +4t) — f (x+4t))
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e Consider two Coupled first-order PDEs

A, u, +Buuy +A,v, +Blzvy =E,
Ayu, +BZIuy +A4,,v, +Bzzvy =E,

® In matrix form
|:A11 A4, iH”x}_'_ |:Bn B, jHuy} _ {El}
A4, A, ||V, B, B, ||, E,

Dr| Hasan Ghasemzadeh
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® Questions: s the behavior of the solution just above P uniquely determined

by the information below and on the curve I'?
® Are the data sufficient to determine the directional derivatives at P in

directions that lie above the curve I'?

solution to be
calculated

g\ %

du=u dx+u dy

dv=v dx+vdy

solution Find dy/dx (characteristic

domain

Dr. Hasan Ghagr@aggh dv appear
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direction) along which only
the total differentials du and
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¢ Under what conditions are the derivatives (u,u,v,, vy)
uniquely determined at P by values of (u,v) on I7?

A, u, +Buuy +A,v, +Buvy =E,
A, u, +Bﬂuy + A,,v, +Bzzvy =E,

u.dx+u dy=du

v.dx+v dy=dv

\

Determinant # 0: unique solution (linearly independent)
Determinant = 0: multiple or no solutions

Dr. Hasan Ghasemzadeh
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¢ Determinant # 0: unique solution

A]l AIZ EBII B]Z ux EI .

A, A, B, B,||v E = |4 B

Au Az By Zn||Vl_|E | L F_| A4 B

dx 0 'dy 0 [|u, du dx Idy
v

0 dx 0 dy|lv,| |av

Characteristic equation det [C] =0

0ot =ty Bl 0~ Bt A =B
24y 21 24y 22

=(A,,4,, — A,,A,, Yy’ + (4,,B,,+ A, B,,— A,,B,, — A,,B,,)dxdy

+(B,,B,, —B,,B,, )dx’

Dr. Il‘ds’d}] Gh&scmzudgh

\_ =A'dy’ + B'dxdy + C'dx’ = 0
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¢ Characteristic directions along which (ux,uy,vx,vy) are not
defined uniquely

® Multiple solutions possible, discontinuity may occur

2
A dy +B' dy + C'=¢0| Characteristic equation
dx dx

dy _—B'+\B"” —44'C’

p Characteristic directions
dx 24

Classification of equation types -- depends on the
discriminant of the characteristic equation

Dr. Hasan Ghasemzadeh
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e Discriminant DIS

DIS =B’ —4A4'C' = (AIZBZI +A4,B,-A4,B,, - AzzBu)
- 4(A11A22 - A12A21 )(Bzszz - BIZBZI)

>0, 2 realroots, 2 characteristics directions; Hyperbolic
B? —4A4'CY=0, 1 realroot, Icharacteristics direction;  Parabolic

<0, 2 complex roots, no real characteristics; Elliptic

* DIS <0 (elliptic), cannot identify characteristic directions
along which discontinuity may occur across I'

* Elliptic equation - continuous (smooth) solution

Dr. Hasan Ghasemzadeh
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e Transformation of higher—order PDE to first-order PDEs
Ap . +Bg,,+Co, +H=0

S

u=¢x = ux =
let {v B (ie,V=V¢) =

= y vx=¢xy'

e Convert to first-order PDEs

xx! uy =¢xy
vy

¢.V.V

{Aux+Buy+va+H=0

—u,+v =0

Aoux BClly__H = :_»=_’
|:0Dnllgl{/‘f1d%}n::d£—1 0:|{vy}_{ 0 } Aqx +qu E

S Sl s Y slas oK J=

e Transformation of second-order PDE to two first-order PDEs

A, +Bg,=E

Ady — Bdx - Cdx
dx dy

= Ady’ — Bdxdy + Cdx’ = 0

det € = det‘jdy - lzidx‘ -

Characteristics equation and characteristic directions

2 [ 2
+ —_
AL B[P )ic-9 oD _BEVE Z44C
dx dx dx 2A

Hpberbolic © B’ —4AC > 0; 2characteristics
Parabolic: B’ —4AC =0; 1characteristics
\_ UV Eifiptic™" B? —4AC <0; noreal characteristics

Advanced Mathematics 17
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® One variable,n =1

A

G.+Bj,=E = Au_+Bu, =C

2 -

det[jdy—fdx]= Ady—Bdx=0 = —=-"%=—
dx A A

One real root = hyperbolic
dA =ﬂxdx+ﬂydy = Ady — Bdx =0

or nadomAps— Bx = const  (or £ = Ay — Bx)

\

Lasziivo bob>

Hyperbolic PDEs

Two real roots, two characteristic directions

e Two propagation (marching) directions

Domain of dependence

Domain of influence

° (ux,uv,vx,vy) are not uniquely defined along the characteristic lines,
discontinuity may occur

* Boundary conditions must be specified according to the
characteristics

Dr. Hasan Ghasemzadeh
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Parabolic PDEs

One real (double) root, one characteristic direction (typically t = const)

The solution is marching in time (or spatially) with given initial
conditions

The solution will be modified by the boundary conditions (time-dependent,
in general) during the propagation

Any change in boundary conditions at t; will not affect solution at t <t, but
will change the solution after t = t

Irreversible: You can control your future, but not changing
what already happened (historyl!)

Dr. Hasan Ghasemzadeh
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Lasziivo bob>

Elliptic PDEs

¢ det [C] #0 in every direction

® The derivatives (ux,uy,vx,vy) can always be uniquely determined
at every point in the solution domain

* No marching or propagation direction !
° Boundary conditions needed on all boundaries

¢ The solution will be continuous (smooth) in the entire solution
domain

¢ Jury problem - all boundary conditions must be satisfied
simultaneously

Dr. Hasan Ghasemzadeh
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System of Equations

¢ Two variables,n = 2

Ag,+Bg, =E
det[idy—fdx]= A'dy’ + B'dxdy + C'dx’ = 0
dy A, _—B'£yVB”—44'C _{a :{dy—adx=0

oldx 2 24' B \dy-pix=0

y

dA = Adx+A,dy =0

A, =& =y—ax=const
i, =1 = y— fx = const

Dr. Hasan Ghaser

\

~

—
System of N first-order PDEs

« Two-dimensional (two variables x, y)

u,

A4, +Bg,=E 4 B |4 [E|. . |u,
= = = — = = q = o

dxq, +dyq, = dq Idx Idy (|4, dq :
un

Characteristic equation detF = det[jdy — fdx]z 0

Characteristic lines A=const, di=2dx+2,dy=0

T A = =
Characteristic directions @ _ -—, det[Aﬂ.x + B4 ]= 0
Dr. Hasan Ghasemzadeh dx l Y

\ y
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Example

° Steady 2D incompressible Navier-Stokes equations

u,+v, =0
3 coupled PDEs

uu, +vu,+p, —(u, +u,) Re=0 for (U, v, p)
wv +w +p -, +v, )/ Re=10
let R=v_, S=vy=—ux, T=uy, then

(-R +S_ =-v_+v_=0

’ Y Y Convert to 4
first-order PDEs
for 4 unknowns

S +T.,=-u,+u, =0
<
~uS+vl+p, —(-S,+T,)/Re=10

(R’ S’ Tv p)
g puRAwShp, — (R, +S,)/ Re=0
a I
¢ Steady 2D incompressible Navier-Stokes equations
AG +Bg, =E
0 1 0 0](R) [-1 o 0 0](R, 0
00 1o|s| |0 1 o olls,| | o
0 I/Re 0 1||T, 0 0 —1/Re 0 Ty a uS —vTl
—1/Re 0 0 0|p. 0 —-1/Re 0 1||\p, —uR-vS
e Characteristic equation
—4, A 0 0
— = 0 A A 0 1
det[A/I +BA ]= y * =— (A +22) =0
x5y 0  A/Re —A/Re A, Re( )

~A/Re —A/Re 0 4
_ brERiEticsystem (all complex roots, no real roots)

y
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System of Equations

- Three variables (Fourier analysis)

(Ao Ay D)

u,

A4 . +B4,+Cq,=E |,
- - - . q4=y . A = constant

dxq, +dyq, +dzq. =dq :

un

Characteristic equation ot & = det[A,lx +BJ, +Cﬂz]= 0
Characteristic surface dA=4.dx+ A, dy+ 7 dz=0 (4 = const)
(j'x ! j’y ! ]'z)
Characteristic directions Normal to characteristic
surface A = constant

Dr. Hasan Ghasemzadeh
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System of N Equations

* Classification for first-order equations in n variables

* Hyperbolic: nreal roots

® Parabolic: m real roots, 1< m <n, and no complex roots
e Elliptic: no real roots

* Mixed: some real and some complex roots, assumed to be
elliptic if any complex roots occur

Dr. Hasan Ghasemzadeh

\

Advanced Mathematics 22



K.N. Toosi University of Technology

\

a I
Canonical Forms of PDEs
® Any PDE can also be transformed into Canonical form (x,y) —
(&)
A . +Bp +CP +Dp +EP +Fp=G
e (] A'¢§§ +,B'¢5'7 +C'¢'m +D'¢§ +E'¢’7 +F'g= G’lA '=cC’
=0
A'=AE+BEE +CE =0
i ol G5 A+ B, +Cpy =0
\_
a I

Canonical Forms of PDEs

* Characteristic equations: 4’= C’'=0

A[é‘J +B[@]+C=0 _ & _-B2{B-44C

5}’ y 5}’ ZA
<
2
—B++B? -
AL 4 1 yc=0 === BEVE ~44C
m, m, m, 24

* Characteristic directions: £ = const, 77 = const (d&,dn = 0)

{52‘:1’ d§=§xdx+§ydy=0}:d_y_ g n. BB —44C

n=c,, dn=ndx+ndy=0f dx & 7, 2a

2
A=C'=0 = 4 L -B a +C=0 Characteristic equation
4x dx

Dr. Hasan Ghasemza
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Canonical Forms

* Hyperbolic PDE: B">—4A'C’' > 0, 2 real characteristics

¢§7]=hl(§’”'¢'¢§!¢q)l A’=C'=0,B'=1 {§=§+”
¢§§_¢my =h;(§,ﬂ,¢,¢§,¢”), A,=LB’=0,C’=—1 ﬁ=§_77

e Parabolic PDE: B>~ 4A'C’'= 0, 1 real characteristics

¢§§ = hz(f,ﬂ,¢,¢§,¢ﬂ), A = I,B’ =C'=0
e Elliptic PDE: B">— 4A’C’ < 0, no real characteristics

Vot b =hs(6.1.0.6,.9,) A=18=0.C=1

\

I ™
2.1.5 Classification by Fourier Analysis

Characteristic polynomial

® The root determine the characteristic surfaces (A = const) or

directions (A, 7\,y, A, ...)

Fourier Analysis

® The roots have a different physical interpretation

® Produces the same characteristic polynomial from the “principal
part” of the governing equation. However, (A, 7\,y, A, )also
determine the solution of PDE, e.g., oscillatory, exponential

growth, wavelike, ...

* Avpids,the.gonstruction of intermediate first-order PDEs
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Classification by Fourier Analysis

e Consider second-order PDE

Au, +Bu,  +Cu, =0

® General solution in Fourier series

u(x,y)=— i oxplie,), xlexplie, ), ]
j=—00 k=—x
i;jk — amplitude Determined by boundary conditions
o.,0, —exponents Determine the nature of solutions
Dr. Hasan Ghasemzadeh
\
a N

Classification by Fourier Analysis

® Take derivatives of the general solution

s explice,), xlexplite,), ¥]

x
j=—00k —00

u]k expli(o,); x]exp[z(a )i y]

]——oo k=—o

e IfA, B, C are not function of u (linear), then the relation between
O, and O, is the same for all modes

* “Superposition” gives all possible functional forms for linear
equation

Dr. Hasan Ghasemzadeh

\
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Classification by Fourier Analysis

* Consider one single model only (O'X)j:o;, (O'Y)kZO'y

~

0

u(x,y)=

2
4” Jj=—0 k=—0

— — (3 2 . _ 2
u,=iou, u,=(ioc,)u=-o,u

y
2
X

S Au,+Bu ,+Cu, =0 < -A

> i i, exp(io-xx)exp(io-y y)

. . 2 2
{ux =iou, u,=(o,)u=-owu, u,=-0.0u

2
-Bo.o,-Co, =0

2
e Characteristic polynomial A[&J n B[ O, J L+ C=0

Dr. Hasan Ghasemzadeh o-y o-y
\_
4 I
* Fourier analysis (discrete mode)
2
—B+A+B?—
A[&] +B[&}+C=0 =% Bx fA 44C
° DiS( O'y O-y O-y
( o Propagation/marching
>0, real| —= problems (sin/cos functions)
o
B> —4AC - g
o Growth/decay/propagation
<0, complex| —
o0, ) Exponential Growth/decay
\ Dr. Hasan GhaSemzadeh _ pure Imaglnal’y (O_X/o_y)
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Characteristic Equation

e Fourier Transform (continuous spectrum)
4

u(o,,0,)= Jm r u(x, y)exp( io x)exp( io y)dxdy Fu
<i0'xft(0'x,0' )= J. j —(x y)exp( io x)exp( ic y)dxdy e

6x
iayﬁ(ax,a) j j. —(x y)exp( ic x)exp( tayy)dxdy ]

6y

\

F

° Integration by parts

Pk j_wj —(x e e dxdy  Fourier transform of du/ox

— J._wJ. “’ax( e % io, yyxdy—-‘. J‘w (—lO' )ue—iaxxe—io-yydxdy

o0

Dr. llljn g]l[bwlqg(.h

=0, ifu=0atx—stw

mie® dy+10' Fu=io.u

\

2
e Characteristic polynomial A[&J n B[ J +C=0
(o}
y

Characteristic Equation

e (Classification by Fourier transform

2
io, u= Fa—u, (iO'x)ZA= 6;21
- ou (. 0’u
lO'yu=Fa—, (w'y

y S
“Au_ + Bu_ +Cu =0 =
[A(w' )’ + B(io, )(10’ )— C(w' )? ]u 0

G,

Dr. Hasan Ghasemzadeh
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Fourier Analysis

* Particularly usseful for system of equations with higher-order
PDEs (avoid the construction of first-order PDEs)

* Example: Navier-Stokes equations

(ux +v, =0

uu +vu,+p —(u,+u,) Re=0
uv. +w, +p, ~(vytv, ) Re=0
io ii+ic v =0

Jiuc u+ ivcyfl +io p-— [(iax)z u+ (iay)z ft]/ Re=10

iuc v +ive v +ic,p— [(iax)zf) + (iay)zf)]/ Re=0

O Hasan Ghasemzadeh

—

Fourier Analysis

® Characteristic equations

io, io 0 |(u 0
i(uo, +ve,)+(o. +0.) Re 0 ic, |{v=140
0 i(uo, +ve )+ (ol +0.) Re ic, || p 0

e Determinant =0

1
—i(o? +aj){i(uax +v0'y)+E(0'j +aj)} =0

first-derivative  second-derivative

* Consider only the highest—order derivatives

1 ( 2 2
—\o.+to;) =0 Elliptic system (complex roots
Dr. I quKihascmzudch p y ( p )

\
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