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Table 7.9  Gauss-Legendre Abscissas and Weights
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+ The mapping approach requires us to be able to
evaluate the integrations within the domain (-
1...1) of the functions shown.

+ Integration can be done analytically by using
closed-form formulas from a table of integrals
(Nah..)

= Or numerical integration can be performed

¢ Gauss quadrature is the more common form of
numerical integration - better suited for
numerical analysis and finite element method.

¢ It evaluated the integral of a function as a sum of
a finite number of terms

[ = jgﬁ d& becomes [ = ingét.
i=1

-1
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+ W, is the ‘weight’ and ¢, is the value of f(¢=i)
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Fig. 4.5-1. Integration of a function ¢ = ¢(&) in one dimension by Gauss quadrature of
orders 1, 2, and 3. Gauss points @e Hasabehedemzadeh 23
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o If $=0(§) is a polynomial function, then n-point Gauss
quadrature yields the exact integral if ¢ is of degree 2n-
1 or less.

e The form ¢=c,+c,§ is integrated exactly by the one
point rule

e The form ¢=c,+c,&+C,E? is integrated exactly by the
two point rule

= And so on...
» Use of an excessive number of points (more than
that required) still yields the exact result
+ If ¢ is not a polynomial, Gauss quadrature yields an
approximate result.
= Accuracy improves as more Gauss points are used.

« Convergence toward the exact result may not be
monotonic

Dr. Hasan Ghasemzadeh 24
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+ In two dimensions, integration is over a
quadrilateral and a Gauss rule of order n uses n?

points

L ” m
/= Ij¢(§- n) dg dn =ZZW, W, 9., ) (4.5-2)

iml  iml

+ Where, W;W; is the product of one-dimensional
weights. Usually m=n.
eIfm=n=1, ¢ is evaluated at £ and n=0 and
1=4¢,
e For Gauss rule of order 2 - need 22=4 points
e For Gauss rule of order 3 - need 32=9 points

Dr. Hasan Ghasemzadeh 25
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(a) (b)

Fig. 4.5-2. Gauss point locations for integration of a function ¢ = (&, 1) in two di-
mensions, using orders 2 and 3. (Reprinted from [2.2]) by permission of John Wiley

& Sons, Inc.)
I~¢ +d,+ ¢+ 9, for rule of order=2
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+ All the isoparametric solid elements are integrated numerically.
Two schemes are offered: “full” integration and “reduced”
integration.

< For the second-order elements Gauss integration is always used
because it is efficient and it is especially suited to the
polynomial product interpolations used in these elements.

e For the first-order elements the single-point reduced-
integration scheme is based on the “uniform strain
formulation”: the strains are not obtained at the first-order
Gauss point but are obtained as the (analytically calculated)
average strain over the element volume.

e The uniform strain method, first published by Flanagan and
Belytschko (1981), ensures that the first-order reduced-
integration elements pass the patch test and attain the
accuracy when elements are skewed.

- Alternatively, the “centroidal strain formulation,” which uses 1-
point Gauss integration to obtain the strains at the element
center, is also available for the 8-node brick elements in
ABAQUS/EXxplicit for improved computational efficiency.

Dr. Hasan Ghasemzadeh 27
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The differences between the uniform strain formulation and

the centroidal strain formulation can be shown as follows:
[For the 8-node brick elements the interpolation function given above can be rewritien as

= N'(g, h.r)u’ sumon I.

The isoparametric shape functions V' / can be written as

NV (g hor) = l:’ } '];‘-"""' llh,\f.- ‘llf,\‘{ +-1)-f”['; } ém-l‘.‘, 4 ii’f“'-': } i.,f..-l'{.
where

SF = [+ 141,41 +1L 41 +1, 41, +1],

AT = (=1, 41, +1. - 1. =1, +1. +1. 1],

A = [-1,—1,41, 41, -1, -1, 41, +1].

A = (-1 -1, -1, -1, 41, +1. 41, +1],

[ =[41,-1,—1. 41, -1, 41,41, -1].

I = [+1.+41.-1. -1, -1, -1, +1.+1].
Mf = [+1,-1,+1,-1,+1,-1,+1,~-

]
1l.
]

Ch = [-1,4+1,-1, 41,41, -1,41,-1],

\vectors, which are the deformation modes associateB wittAs8 @rieRgiR7@dibint integration element but resulting in a nctftonstan

in field in the eloment

land the superscript I denotes the node of the element. The last four vectors, L. (1 has a range of four), are the hourglass base

Numerical Methods in Geomechanics 14
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h the uniform strain formulation the gradient matrix B/ is defined by integrating over the element as
if——/ N g h,r)dV,,.
JVee

A

rf
(g hr)= .
i\g O

vhere | . is the element volume and i has a range of three.

h the centroidal strain formulation the gradient matrix B/ is simply given as
3! = N1(0,0,0).

vhich has the following antisymmetric property:

3! = — B,

3% = —B?,
32 = —BF,
3! = —B?.

can be seen from the above that the centroidal strain formulation reduces the amount of effort required to compul
Dr. Hasan Ghasemzadeh 29
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+ Numerical integration is simpler than
analytical, but it is not exact. [K] is
only approximately integrated
regardless of the number of
integration points
« Should we use fewer integration points

for quick computation

e Or more integration points to improve
the accuracy of calculations.

e HMm....

Dr. Hasan Ghasemzadeh 30
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+ A FE model is usually inexact, and usually it errs by being
too stiff. Overstiffness is usually made worse by using more
Gauss points to integrate element stiffness matrices
because additional points capture more higher order terms
in [K]

¢ These terms resist some deformation modes that lower
order tems do not and therefore act to stiffen an element.

¢ On the other hand, use of too few Gauss points produces an
even worse situation known as: instability, spurious
singular mode, mechanics, zero-energy, or hourglass mode.

« Instability occurs if one of more deformation modes
happen to display zero strain at all Gauss points.

- If Gauss points sense no strain under a certain
deformation mode, the resulting [K] will have no
resistance to that deformation mode.

Dr. Hasan Ghasemzadeh 31
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+ Reduced integration usually means that an integration scheme one

order less than the full scheme is used to integrate the element's
internal forces and stiffness.

= Superficially this appears to be a poor approximation, but it has
proved to offer significant advantages.

« For second-order elements in which the isoparametric
coordinate lines remain orthogonal in the physical space, the
reduced-integration points have the Barlow point property
(Barlow, 1976): the strains are calculated from the
interpolation functions with higher accuracy at these points
than anywhere else in the element.

« For first-order elements the uniform strain method yields the
exact average strain over the element volume. Not only is this
important with respect to the values available for output, it is
also significant when the constitutive model is nonlinear, since
the strains passed into the constitutive routines are a better

representation of the gctual straingen 32
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+ The reduced-integration second-order serendipity interpolation
elements in two dimensions—the 8-node quadrilaterals—have

one such mode, but it is benign because it cannot propagate in a
mesh with more than one element.

¢ The second-order three-dimensional elements with reduced
integration have modes that can propagate in a single stack of
elements. Because these modes rarely cause trouble in the
second-order elements, no special techniques are used in
ABAQUS to control them.

+ In contrast, when reduced integration is used in the first-order
elements (the 4-node quadrilateral and the 8-node brick),
hourglassing can often make the elements unusable unless it is
controlled.

+ In ABAQUS the artificial stiffness method given in Flanagan and
Belytschko (1981) is used to control the hourglass modes in
these elements.

Dr. Hasan Ghasemzadeh 34
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Fig. 4.6-1. (a) Undeformed plane 2 by 2 four-node square elements. Gauss points are shown by
solid squares. (b.c.d) “Instability” displacement modes. (Reprinted from [2.2] by permission of
John Wiley & Sons, Inc.)

three instabilities shown have the respective forms (b) u = cxy, v =0; (c) u =0, v = —cxy;
and (d) u = ¢y(1 = x). v = cx(y — 1). We easily check that each of these displacement
fields produces strains £ = g = 7,, = 0 at the Gauss point, x = y = 0. Nonrectangular ele-

The FE model will have no resistance to loads that activate these m
The stiffness matrix will pe singylar. .. 35
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¢ Hourglass mode for 8-node element with
reduced integration to four points
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(b)

+ This mode is typically non-communicable
and will not occur in a set of elements.
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+ The hourglass control methods of Flanagan and Belytschko (1981)
are generally successful for linear and mildly nonlinear problems
but may break down in strongly nonlinear problems and,
therefore, may not yield reasonable results.

¢ Success in controlling hourglassing also depends on the loads
applied to the structure. For example, a point load is much more
likely to trigger hourglassing than a distributed load.

+ Hourglassing can be particularly troublesome in eigenvalue
extraction problems: the low stiffness of the hourglass modes may
create many unrealistic modes with low eigenfrequencies.

+ Experience suggests that the reduced-integration, second-order
isoparametric elements are the most cost-effective elements in
ABAQUS for problems in which the solution can be expected to be
smooth.
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