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(a) Unique solution. (b) No solution.
(c) Infinite number of solutions.

(d) Trivial solution.
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In matrix form: AX=Db sl o Sl
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In matrix form: AXx=Db

_ det(&)
%= det(A)

where Al is the n*n matrix obtained by replacing column j in matrix A by the
column vector b

computational cost (N —=1)(n +1)!
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Ax=b sl el il e oSre -

Find A-!
Compute det(A)
Solve AX=D

Round off error makes the system singular, or
numerical instability makes the answer wrong.
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Y _ ..
Gauss Elimination o £ ol sy =Y

1 . . 2 1 1 .
mel = 1—1 i=23 ... .n a® = a(jJ — nzﬂa(lj). =2,

—mﬂ?r(ll). i=2,....m,

Pivoting and stability

(CNE)=(D) m= o= oaa

e=10°6 Multiplying first eq. by 10e6 subtracting from the second eq.
(1-10%22 = —10° X, =1.000001 ~ 1
Back substituting 1 65, =1 1 X = 0  wrong
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LU Decomposition
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AX=D e Sl 4 g, Y
I, 0\u, ... u, a, ... Q,

0 e U am ann

Inl Inn nn
LU=A
Thus Ax=(LU)x= L(Ux)=b

Lety=UX, thensolveyinLy=Db by forward
substitution

Solve x in U x = y \bybackweard substitution

eomechanics 13
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A owrbaps

LU factorization of A =

solving the following nonlinear min(é,j)
system of n? equations tij = Z Lirttr
r=1
1- Doolittle factorization
2-Crout factorization
3-LDMT Factorization
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Doolittle factorization
supposing that the first k — 1 columns of L and U are
available and setting |, =1

equations can be o1
solved in a sequential ki = Zj” urj +[uni], G =k
=

k—1

way with respect to the aie =3 Lt +[ L juge. i = k410 .
boxed variables =1
we thus obtain first the k-th row of U and then the k-th
. k-1
column of L, as follows: Uiy = Qg — 3 lirttr; k.. on
fork=1,...,n P

k—1

. 2 1 )

computational cost N lik = —— (m - ]ir“rk) i=k+1,... .0
Numerical Methdtfs i r=1
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Crout’s Algorithm

Set |, =1 foralli

computing first the k-th column of L and then the
k-th row of U:

fork=1,...,n

E—1
'E‘ifx‘- = i — E 'E‘i?‘ Uyt 1= J{l'. s,
r=1

kE—1
1
Uy = o (a;\.j — Zf;\.y.uy.j) j=k+1.....n
) r=1
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LDMT Factorization
L, ... 0)(d,

Inl Inn O

computational cost
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LDMT™ = A
m;, 0y a
mnl mnn anl

when A is symmetric M=L

n’/3

Numerical Methods in
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Pivoting

6&5 Y sles

Pivoting is essential for stability
Interchange rows to get largest u;;

Implicit pivoting (when comparing for the
biggest elements in a column, use the
normalized one so that the largest coefficient
in an equation is 1)
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Compute Al
Let B=Al
then AB =1 (I is identity matrix)
or A[b, b, ....og]=1e, e, ....e\]
or Abj=ej forj=1,2,...,N
where b; is the j-th column of B.

Le., to compute A-!, we solve a linear system
N times, each with unit vector e..
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6&5 Y sles

Compute det(A)

Definition of determinant

det(A) - Z (_I)P al,i1 az,i2 T an,in
P

Properties of determinant
Since det(LU) = det(’L_)det(U), thus
det(A) =det(U)= []u;

i=1
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Lapack is a free, high quality linear algebra solver
package (downloadable at www.netlib.org/lapack/).

Solution of linear systems, AX=D
Least-square problem, min ||AX-b||?
Eigenvalue problems, AX=AX

Singular value decomposition, A = UsVT.
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a2 -2=0

X = 0.35425 3 Ll
xg =05,y =1 @2 Pl
y=1.13264
\ 2r—4 2y 4 1 (2y -2y - 1 (2 =2
Jlr.y) = ’ J ' = detJ =2y(2x—-4)-4 J' o=
o ( 2 2?}) detd [—2 2x—-4 yax==dy =0l
Tror\ _ T I et
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1 0.35 1.15

2 0.35424528301887  1.13652584085316
3 0.35424868893322  1.13644297217273
4 0.35424868893541  1.13644296914943
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1- Cyclic updating of the Jacobian matrix

keeping the Jacobian matrix (more precisely, its factorization)
unchanged for a certain number,

2. Inexact solution of the linear systems

the maximum number of admissible iterations is fixed a priori

3. Difference approximations of the Jacobian matrix

F(x® +1e;) — F(x®)

(k)
fij

Wk = 0.

(1 =

Numerical Methods in Geomechanics %
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The Successive-Over-Relaxation Q‘ ) 5'@;\7 . _
(SOR) Method FE SR o

X *

over-
relaxation

relaxation

1 2 3 4
Relaxation step k
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ITERATION

CONSTANT STIFFNESS
ITERATION
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