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Abstract This paper provides with a generalization of the work by Chelyshkov (Electron.
Trans. Numer. Anal. 25(7): 17-26, 2006), who has introduced sequences of orthogonal poly-
nomials over [0, 1] which can be expressed in terms of Jacobi polynomials. We develop a
new approach of product integration algorithm based on these orthogonal polynomials in-
cluding the numerical quadratures for solving the nonlinear weakly singular Volterra integral
equations. The convergence analysis of the proposed scheme is derived and numerical results
are given showing a marked improvement in comparison with recent numerical methods.
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1 Introduction

Integral equations of Volterra type with weakly singular kernels arise in many modelling
problems in mathematical physics and chemical reactions, such as stereology [16], heat
conduction, crystal growth, electrochemistery, superfluidity [15], the radiation of heat from a
semi infinite solid [11] and many other practical applications. We remark here that equations
of this type have been the focus of many papers [5, 7, 10, 17, 22, 24, 25] in recent years.

In this paper we consider the nonlinear Volterra integral equations of the second kind,

fx)=gx) —i—/ px,)K(x,t, f(t))dt, xel0,T] (1.1)
0

M. Rasty - M. Hadizadeh ()
Department of Mathematics, K.N. Toosi University of Technology, Tehran, Iran
e-mail: hadizadeh @kntu.ac.ir

M. Rasty
e-mail: mrasti @sina.kntu.ac.ir

@ Springer


mailto:hadizadeh@kntu.ac.ir
mailto:mrasti@sina.kntu.ac.ir

862 M. Rasty, M. Hadizadeh

where the kernel p(x,t) is weakly singular and the given functions g and K are assumed
to be sufficiently smooth in order to guarantee the existence and uniqueness of a solution
f(x) € Cla, b] (see for instance, [1, 4]). Typical forms of p(x,t) are

@ px,H)=lx—t]", 0<a <,
(i) p(x,t) =loglx —¢t|.

It is well known that for Volterra equations with bounded kernels, the smoothness of the
kernel and of the forcing function g(x) determines the smoothness of the solution on the
closed interval [0, X], with X > 0. If we allow weakly singular kernels, then the resulting
solutions are typically non smooth at the initial point of the interval of integration, where
their derivatives become unbounded. Some results concerning the behavior of the exact so-
lution of equations of type (1.1) are given in [4].

The numerical solvability of weakly singular integral equations and other related equa-
tions have been pursued by several authors. The existence and uniqueness results of solution
(1.1) have been proved in [12] by Kershaw using the Banach’s fixed point theorem. More-
over, using Lagrange linear interpolation formula, he presented a collocation method for
solving (1.1) and proved convergence of the approximated solution, but the order of conver-
gence is very low. Due to unboundedness of the first derivative f’(x) of the solution f(x) in
(1.1) at the initial points of the interval of integration there has been difficulties for numer-
ical treatment of (1.1). Brunner in [3] pointed out under quasi-uniform meshes the order of
convergence of any polynomial spline collocation approximation is only 1 — . Although, he
proved that under a suitably graded mesh the polynomial spline collocation approximation
with the degree m may theoretically obtain the order m of accuracy, the optimal order can-
not be obtained because of serious round-off errors. Wazwaz and Khuri [25] solved (1.1) by
using the Adomian decomposition method and the phenomenon of self-cancelling “noise”
term. Also, the piecewise polynomial collocation scheme has been proposed by Brunner et
al. in [5]. Recently, Khater et al. [10] have been concerned with the method of one step
v-stage Chebyshev expansion for the logarithmic singularities of (1.1).

On the other hand, quadrature methods without doing any computations of integrals for
getting the weight coefficients, have been effectively applied to solve Volterra integral equa-
tions with some smooth kernels, but there are only few papers dealing with these methods
to solving nonlinear weakly singular Volterra integral equations. In [23] Tao and Yong pre-
sented a new quadrature method for solving (1.1) based on Navot’s quadrature rule and
proved that the error is of order O (h*~*). Also, the same authors focused on direct quadra-
ture methods and their extrapolation for solving (1.1) in [24]. Orsi [21] proposed to apply
product integration method to solve linear form of (1.1), where a Nystrom method is used
on a small interval [a, c] and a step by step method is used on [c, b]. Baratella and Orsi in
[2] used Simpson’s product integration scheme to solve a linear form of (1.1) and reached
good results. In the mentioned works the authors have been used a transformation that a
linear weakly singular Volterra integral equation of the second kind can be transformed into
an equation which is still weakly singular, but whose solution is as smooth as we like.

In this paper, we provide a new strategy of product integration algorithm for numerical
solution of weakly singular equation (1.1). The offered disceretization scheme uses Gaussian
quadratures based on the new orthogonal polynomials which proposed to [6]. Using the roots
of new orthogonal polynomials which will be introduced, we will show that a more exact
quadrature can be obtained by which the integral part of (1.1) can be well-approximated
even in the nonlinear case.

The layout of this paper is as follows. In Sect. 2 we are briefly introduced the new fam-
ilies of orthogonal polynomials and establish a Gauss-type numerical quadrature which has

@ Springer



A Product Integration Approach Based on New Orthogonal Polynomials 863

presented in [6]. In Sect. 3 we describe an application of the quadrature method obtained in
Sect. 2 as a product integration scheme for numerical solution of nonlinear weakly singular
Volterra integral equations. In Sect. 4 the convergence analysis of the proposed method is
investigated and finally in Sect. 5 some numerical experiments are reported to clarify the
method and some comparisons are made with existing methods in the literature.

2 Basic Concepts and Preliminaries

Recently, Chelyshkov has introduced sequences of polynomials in [6], which are orthogonal
over the interval [0, 1] with the weight function 1. These polynomials are explicitly defined
by

N—k
(N —k\(N+k+1+4+7\
P = —1)/ t, k=0,1,...,N. 2.1
i (%) ;( >< j )( Nk )x @1

The polynomials Py (x) have properties, which are analogous to the properties of the
classical orthogonal polynomials. These polynomials can also be connected to a fixed set of

Jacobi polynomials P*#)(&). Precisely
Pyi(x) =xN PEYY (1 —2x).

In this section, the numerical quadrature based on the new orthogonal polynomials will
be described.

Investigating more on (2.1), we deduce that in the family of orthogonal polynomials
{Pyni(x)} ,’(V:O every member has degree N with N — k simple roots. Hence, for every N the
polynomial Pyo(x) has exactly N simple roots in (0, 1). Following [6], it can be shown
that the sequence of polynomials { Pyo(x)}%_, generate a family of orthogonal polynomials
on [0, 1] which possesses all the properties of other classic orthogonal polynomials e.g.
Legendre or Chebyshev polynomials. Therefor, if the roots of Pyo(x) are chosen as node
points, then we can obtain an accurate numerical quadrature.

We reassemble in the following theorem some of the results obtained in [6], which deter-
mines exactness of the quadrature.

Theorem 1 (From [6]) The quadrature

1 N
/O F)dx ~wo f0)+ Y w; f(x)), 22)

j=1

is exact for any polynomial of degree < 2N iff x; are the zeros of the polynomial Pyo(x) in
(0, 1) and weighting coefficients wj, (j =1, ..., N) as follows

v — 2 Yo 2k + 1) P (x))
77NN+ D(N+2) x2Pyi(x) P'NOGx))

N
andwo=1-3";_,w;.

This result generalize the exactness of the quadrature respect to the classical Gaussian
quadrature schemes e.g. Gauss-Legendre, Gauss-Chebyshev and etc.

@ Springer



864 M. Rasty, M. Hadizadeh

3 The Algorithm

Before describing the disceretization algorithm, it is useful to recall the product integration
scheme which can be used to approximate integrals of the form

/X p(x, DK (x,1, f(1))dt,
0

where p(x,t) is the weakly singular kernel of type (i) or (ii). If we use the N-point quadra-
ture rule and collocate (1.1) at the nodes {xi}fv= L U{0}, we get

f(x,-)=g(xi)+/Mp(xi,t)K(xi,t,f(z))dt, i=0,1,...,N, xo=0.
0

For approximating the integral term, where p(x,?) is a weakly singular kernel, we use
the Lagrange interpolating polynomial to approximate K (x;, t, f(t))

N
Ly(K;0) =) IyjOK(x;, xj, f(x)), i=0,1,...,N, xg=0,

j=0
with
No—x)
o= [ =—%. i=0.1,....,N, x,=0.
j=0 i %)
Defining
wi./=/ p(xi, Diy;)de, i,j=1,2,...,N, 3.1
0

we can approximate the integral by

Xi N
/p(x,t)K(x,t,f(t))dt:Zw,-jK(x,-,tj,f(tj)), i=1,2,...,N. (3.2)

0 =

3.1 Discretization

Following the product integration scheme, the Nystrom method on grids {x;}Y, {0} gives

N
f(xl-)=g(x,~)+Zw,-jK(x,-,tj,f(tj)), i=0,1,...,N, (33)

j=0

where {x;}_, are the roots of N'* degree polynomial Pyo(x) and w;; are the weight coeffi-
cients which can be obtained from (3.1).

Note that the relation (3.3) is a (N 4+ 1) x (N + 1) nonlinear system of equations which
has a unique solution (see e.g. [9, 24]). Solving this nonlinear system determines the values
of f(t;) fori =0,1,..., N which are the solutions of (1.1) in the points {x; {V:] J{o}.

In order to obtaining the numerical solution in any arbitrary point £ in the [0, 1], we are
concerned with a rule which is depended on w* and f(£§) as follows

1 N
f Fdx Y w; f(x) +w* £ (). (3.4)
0

=0
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Clearly, this quadrature is exact for polynomials of degree < 2N [13, 14]. However, in
the case of quadrature rules which include among their nodes, in addition the point £ as a
collocation point, we will obtain (N + 2) x (N + 2) nonlinear system of equations whose
solutions give the value of any our grid points especially at the point xy;; = &. In Sect. 5
we will set xy4; = 1 only for comparing the numerical results and it can be substituted by
any value in (0, 1].

4 Convergence Analysis

In our convergence analysis we examine the linear test equation

f(X)=g(X)+/ plx,0)f)dt, O0=x=<I, 4.1
0

and assume that the function g(x) € C[0, 1], and the kernel p(x, t) is weakly singular of the
form (i) or (ii). In this case, (4.1) has a unique solution f(x) € C[O0, 1] that may be expected
to have unbounded derivatives at the endpoints.

The grid points {x; ,N: , U{0} including the described disceretization give rise

N
I =g(x)+ Y wi(p; x) fu(x)),
j=0

where xo = 0.
In order to examine the uniform convergence of the approximate solution fy(x) to the
exact solution f(x) of (4.1), notice that

N
f@x) = fnx) = ij(P; O f ) = fv@p} +inv(p, £330, 4.2)
j=0
where ty(p, f; x) is the local truncation error defined by
x N
in(p, f3x) 2/0 P, O f(0)dt =Y wi(p; x) f(x)).
j=0
Let Ay be the linear operator from C[0, 1] into C[0, 1], which is defined by
N
A=) wipin)fx), [feCl01], xe[0,1], (4.3)
j=0
then
/) = fnO)lloo = 1ANF — AN N lloo + Nl
= NAN Nl f () = fv () lloo + [l lloo

and by this terminology and considering (4.2), we will obtain

1) = v )lloo < N = An) ™ loolltn lloo- (4.4)
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Our final goal is to determine an upper bound for || f(x) — fn(x)|l. For this purpose,
firstly we recall the following auxiliary lemmas regarding to kernels of type (i) from [8].
Throughout this section, the symbol const stands for a positive constant taking different
values on different occurrences.

Lemma 1 (From [8]) The integral

1
/ WT=x+ N |x = 1]"dx,

with —1 <a < 1,1 <0,v > —1 and |t| <1, admits the following bounds

1 N 1, A24+v+1>0,
/ W1—=x+N1H |x—t|”dx§const{logN, A24+v+1=0,
a N272=2v 0 3 24+v+1<0.

Lemma 2 (From [8]) Let o and v be real numbers witho,v > —1,0 +v > —1 and o nota
integer. Given any positive integer s, there is an algebraic polynomial Q y of degree N such
that

t
[(1=2)7 = Qx| = ey (L =)Dy D2 0 <x <1 (45)

moreover

N7220-2 " |t]<1,v<0,

4.6
N7, ltl<1,v=0, 0

|
/ [(1—=x)° — On@)||x —t|"dx < const{
0
where const is independent of t and N.

Note that there are similar lemmas for kernels of type (ii) (e.g. logarithmic kernels) in [8].
Now, we define the following local error functions for the approximate solution of (3.2)

|
Ry (f.1) = / K, 0)f ()dx — Iy(f. 1), @.7)
0
with
1 N
I = [ KeunLyfinds =3 ;o).
0 =

where LY, (f;x) is the Lagrange interpolation polynomial which interpolates f(x) in the
points {x;}, [J{0}, and is given by

N
Ly(fix) =) fGly(x), x=0,

i=0
and the fundamental polynomial /; (x) is in the form
N

x—x) .
o= T] ﬁ j=0,....,N, xp=0. (4.8)
im0,ij T
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Following [20], we know that Ry(f) = O(N™") where f € C"[0, 1]. Now, suppose
that the function f be a weakly singular function in endpoints, e.g. in x = 1, it means
f(x)=(1—-x)?,0 > —1.Itisclear thatif f be a polynomial of degree N then Ry (f,t) =0,
so as defined in [8], we can write for all polynomials Py of degree N

1 1
RN(f,t):/ K(x,t)[f(x)—PN(x)]dx—/ K(x,0)[Ly(f — Py); x]dx.
0 0

By a proper choice of the sequence of polynomials {Py}, we will be able to derive an
upper bounds for the two terms

1
Ry (f.1) =/0 IK (x, 0)]]f (x) — Py(x)]dx,

1
RS (f.1) =/0 IK (x, O)I|Ly(f — Py; x)ldx,

where K (x, t) is the weakly singular kernel of types (i) or (ii).
We are now ready to prove the following theorem that is our major equipment to find an
upper bound for the truncation error in (4.4).

Theorem 2 Let f(x) = (1 —x)°,0 > —1 (not integer) and v > —1, with o +v > —1, then

N72722]ogN, |t|<1,v<0,

1
_Tx(f v
/0 [f(x) — Ly(f; x)]lx — 1] dxiconSt{N—z—z"logN, t<1v>0,

where const is independent of t and N .

Proof Let Qy be the polynomial which satisfies in Lemma 2 and consider the inequality
1
[ 17 - i - ras
0

1 1
S/(; [f(x) — On(O)llx —t]"dx +/(; LN (f — Qn; X)lx —t]"dx
=NL(@) + L(1).

Lemma 1 insures that /; (¢) is bounded, while for 7, () we need some more computations.
Now, set ry = f — Qn, hence

N

[Ly (s ) < |y (xe)llrn (xe)| + Z [y Ce) [rn (i)
k=0,ksc

where c is the index corresponding to the closest knot to x. Due to Theorem 33 of [19], we
have

lIn(xc)| <const, 0<x<1,

furthermore, relations (4.8), together inequalities (1), (14) and (20) in [20], give us

1—x)3*1 34| p
[In ()| < const( X)) (1 + x)” " Po(x)| , k#c,
Nlx — xl
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where Pyo(x) is the N degree member of a family of new orthogonal polynomials. Taking
account (4.5), we deduce for any integer s > 1

1 —x)@92 (1 P
|LWN;X)|SCOMI{< Xe) (1+x)| Pyo(x)|

No+ts No+ts
i (1 _ Xk)a/2+3/473/2(1 +xk)a/2+3/4+s/271
k=0, ksc Nlix — x|

We will make use of some results of Nevai [20], which state the necessary and sufficient
conditions for weighted mean convergence of Lagrange interpolation based at zeroes of

generalized Jacobi polynomials. Actually, as stated in [20, p. 673] the following relations
for x. and Pyq(x) hold

1 —x. > const(vT—x + N~H2,
[Pno(x¥)| < const(v/T—x + N 12(/T+x+NH12,

Based on these relations, (4.9) can be rewritten as

const

ILy (rns )] < Neo {(vl —x+N )T+ T—x+NH?

N
1— 0/2+43/4—s/2
x (V1+x+N"1H"2 Z L]

k=1 kstc Nlx — x|

In virtue of the first equation of (3.6) in Lemma 5 of [8] for s > o 4 5/2, which finds an
upper bound for the latter summation, we have

(V1—x+N"¥"
NS+(7

NT—x+ N2
X|:( N{r+5/2ﬂ~) +(V1—X+N7')”7310g1\’“,

Ly (ry; x)| < consl{

and so
const 1 ! o )
b = N—+{N+T/O (WVT=x+ N7 —1]"dx
|
+ logN/ W1=x+NH"|x — z|”dx}.
0
Finally the assertion follows in consequence of Lemma 1. O

Using a similar procedure as outlined in mentioned theorem, we have the following corol-
lary for logarithmic kernels which we refrain from going into proof details.

Corollary 1 Let f(x) = (1 — x)? which o > 0 and not integer, then we have

1
. N 22000’ N, |t| <1,
/0 If(x)—LN(f,x)llloglx—tlldeconst:N_Z_ZGICEN’ 0<r-l,

where const is independent of t and N .
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The following theorem summarizes some existing results regarding the convergence
properties of the underlying product integration quadrature presented in (3.2), which is as a
consequence of Theorem 2 and Corollary 1.

Theorem 3 Let {x j};-\’:] be distinct zeroes of the Nth degree member of a set of new orthog-
onal polynomials on [0, 1] and L3, (f; x) denote the interpolating polynomial of degree N
that coincides with the function f at the nodes {x; lN:  U{0}. Moreover, suppose p(x,t) is
a kernel of type (i) or (ii), then for every function f containing only endpoints singularity,
and in particular for every function f € C[0, 1]

lim H/ px, 0 f)dt — f plx, LY (f;ndt| =0, 4.9)
N—oo 0 0 0
moreover
ltn(x — 117" f3X)lloo = O {N* " 10g N}, O0<v<l, (4.10)
lltn (og(lx — t1, f3 %)) loo = O { N> log’ N} . (4.11)

Proof Note that
ltn(p(x, 1), f5x)] S/O IpCe, OILf @) — Ly (f; )ldt

1
- / PG DILF @) = LYy (f; 1)ld.
0

The proof follows immediately from a consequence of Theorem 2 and Corollary 1. The
bounds (4.10) and (4.11) supply an estimate of the rate of convergence. ]

It should be noted that our main concern is to error estimation of (4.1). The behavior of
term ||(] — Ay) "' |l in (4.4) has been investigated under some assumptions in [21]. Based
of this idea, we can establish the boundedness of the ||[(I — Ay)~!|ls. (For further details
see Theorem 2 of [21].)

What we have done in this section, it gives the following main result of this paper con-
cerning the accuracy of described method.

Theorem 4 Let f(x) and fy(x) be the exact and approximate solutions of the equation
(4.1), respectively, which constructed on a set of distinct nodes {x; IN:I (J{0}. If the nodes
{x,-}f\’: | are the zeroes of the polynomial Pyo(x) which is belong to a set of new orthogonal
polynomials on [0, 1] and p(x,t) is the kernel function of the form (i) or (ii), then fy(x)
converges uniformly to f(x). Moreover the rate of convergence coincides with the product
integration quadrature which we choose to approximate the integral term (4.1).

5 Numerical Results and Discussion

The disceretization algorithm based on Lobatto nodes (i.e. on the nodes coinciding with
the zeroes of the mentioned orthogonal polynomials of the Nth degree in addition to the
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endpoints x = 0 and 1) together with a product integration method described in section (3.1)
has been implemented to the following test problems, taken from [5, 10, 24, 25]:

1 3 x
fx)= _§x21nx +>x?+ ﬁ+f In|x —t| f2(t)dt,
0

4 5.1
f(x)=x,
F() = VE + S f L P,
8 0 Jt—x (5.2)
f(x)=/x,
¥ 7 RN C)) J
=x—é + ,
fx)=x—e"Vmerf(Jm) /(; N t 53)
fx)=x,
F(x)=0.25x* = 0.5x%Inx + /x + f In|x —t|(x — f2(t))dt,
0 (5.4)

) =x.

The comparison of our numerical results in the point x = 1 with those obtained by means
of some of the methods cited in Sect. 1 is encouraging.

Equation (5.1) was solved in [24] by a method based on Navot’s quadrature formula [18]
for N = 10, 20, 40 using transformation which is proposed in [2] and some extrapolation
algorithms. In this case, the best result has the error of order O(10~°). A marked improve-
ment of the proposed method in the case of N =5, over the method in [24] is observed in
Table 1.

To investigate the convergence behavior of the present method, we plot in Figs. 1 and 2
the absolute errors of the test problems (5.2) and (5.3). The computational results have been
reported in Tables 2 and 3, respectively.

Brunner et al. [5] and recently, Khater et al. [10] have been solved the equation (5.4), by
piecewise polynomial collocation method and Chebyshev polynomials expansion. Reported
results of them show that for N = 128 and 64 issued maximum errors of this problem are
0(107%) and O (10~°), respectively. Looking at Table 4, we can observe an improvement of
the accuracy for N = 3 in the case of our method respect to methods in [5] and [10].

Additional numerical experiments indicate that we can achieve to good numerical results
with small N (e.g. with N = 2, 4 the high accurate solution is obtained), so we are not forced
to solve a large system of equations in analogy of some recent numerical methods [2, 5, 21,
24] and we can achieve to solution in a short time with low computational complexity even
when we face nonlinear integral equations.

Table 1 The errors for (5.1) at

=1 Present method Method in [24]
5 1.00 x 1019 -
10 - 7.320 x 10~4
20 - 6.583 x 1078
40 - 3.038 x 1079
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1.00E+00
1.00E-01
1.00E-02
1.00E-03
1.00E-04
1.00E-05
1.00E-06
1.00E-07
1.00E-08
1.00E-09

Fig. 1 The error behavior of (5.2)

1.00E+01
1.00E-01
1.00E-03 |
1.00E-05
1.00E-07
1.00E-09
1.00E-11
1.00E-13
1.00E-15

4

Fig. 2 The error behavior of (5.3)

Table 2 The numerical results

for (5.2)atx =1

Table 3 The numerical results

for (5.3)atx =1

6 Conclusion

16

Approximate solution

Absolute error

12
16

0.99992503150958406364
0.99999602645408519071
0.99999983926093550750
0.99999997299847153524
0.99999999247003771992

7.497 x 1075
3.974 x 107°
1.607 x 1077
2.700 x 10~8
7.520 x 1072

Approximate solution

Absolute error

12

0.99998932871799920535
0.99999602645408519071
0.99999999993610453716
0.99999999999999756368

9.123 x 10~*
1.067 x 1077
6.390 x 10~11
2.436 x 10713

In this paper the method of product integration based on a new family of orthogonal poly-
nomials is used to approximate the numerical solution of nonlinear weakly singular Volterra
integral equations. The new orthogonal polynomials keep distinctively of the classical or-
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Table 4 The errors for (5.4) at

X =

1 N Present method Method in [10]
3 1.00 x 10~19 -
- 2.807 x 1074
- 3.473 x 1073
16 - 2.672 x 1070
32 - 1.796 x 1077
64 - 7.000 x 1072

thogonal polynomials and give more exact quadratures. The proposed scheme can provide
reasonable results for nonlinear as well as linear integral equations. Also, the method em-
ployed here can be probably extended to obtain approximate solution of Fredholm integral
equations arising in various area of applied problems.

References

1. Atkinson, K.E.: An existence theorem for Abel integral equations. SIAM J. Math. Anal. 5, 729-736
(1974)

2. Baratella, P., Orsi, A.P.: A new approach to the numerical solution of weakly singular Volterra integral
equations. J. Comput. Appl. Math. 163, 401-418 (2003)

3. Brunner, H.: The numerical solution of weakly singular Volterra integral equations by collocation on
graded meshes. Math. Comput. 45, 417-437 (1985)

4. Brunner, H., Van der Houwen, P.J.: The Numerical Solution of Volterra Equations. North Holland, Am-
sterdam (1986)

5. Brunner, H., Pedas, A., Vainikko, G.: The piecewise polynomial collocation method for nonlinear weakly
singular Volterra equations. Math. Comput. 67, 1079-1095 (1999)

6. Chelyshkov, V.S.: Alternative orthogonal polynomials and quadratures. Electron. Trans. Numer. Anal.
25(7), 17-26 (2006)

7. Chen, Y., Tang, T.: Convergence analysis of the Jacobi spectral collocation methods for Volterra integral
equations with a weakly singular kernel (submitted for publication)

8. Griscuolo, G., Mastroianni, G., Monegato, G.: Convergence properties of a class of product formulas for
weakly singular integral equations. Math. Comput. 55, 213-230 (1990)

9. Kaneko, H., Xu, Y.: Gauss-type quadratures for weakly singular integrals and their application to Fred-
holm integral equations of second kind. Math. Comput. 62, 739-753 (1994)

10. Khater, A.H., Shamardan, A.B., Callebaut, D.K., Sakran, M.R.A.: Solving integral equations with loga-
rithmic kernels by Chebyshev polynomials. Numer. Algorithms 47, 81-93 (2008)

11. Keller, J.B., Olmstead, W.E.: Temperature of a nonlinear radiating semi-infinite solid. Q. Appl. Math.
29, 559-566 (1972)

12. Kershaw, D.: Some results for Volterra integral equations of second kind. In: Baker, C.T.H., Miller,
G.F. (eds.) Treatment of Integral Equation by Numeric Methods, pp. 273-282. Academic Press, London
(1982)

13. Krylov, V.I.: Approximate Calculation of Integrals. Macmillan Company, New York (1962)

14. Kythe, PK., Puri, P.: Computational Methods for Linear Integral Equations. Birkhéuser, Boston (2002)

15. Levinson, N.: A nonlinear Volterra equation arising in the theory of super-fluidity. J. Math. Anal. Appl.
1, 1-11 (1960)

16. Linz, P.: Analytical and Numerical Methods for Volterra Equations. STAM, Philadelphia (1985)

17. Monegato, G., Scuderi, L.: High order methods for weakly singular integral equations with nonsmooth
input functions. Math. Comput. 67(224), 1493-1515 (1998)

18. Navot, I.: A further extension of Euler-Maclaurin summation formula. J. Math. Phys. 41, 155-184
(1962)

19. Nevai, P.: Orthogonal polynomials. Mem. Amer. Math. Soc. 213 (1979)

20. Nevai, P.: Mean convergence of Lagrange interpolation. III. Trans. Am. Math. Soc. 282, 669-698 (1984)

21. Orsi, A.P.: Product integration for Volterra integral equations of the second kind with weakly singular

kernels. Math. Comput. 212, 1201-1212 (1996)

@ Springer



A Product Integration Approach Based on New Orthogonal Polynomials 873

22.

23.

24.

25.

Pylak, D.: Application of Jacobi polynomials to the approximate solution of a singular integral equation
with Cauchy kernel on the real half-line. Comput. Method Appl. Math. 6(3), 326-335 (2006)

Tao, L., Yong, H.: A generalization of discrete Gronwall inequality and its application to weakly singular
Volterra integral equation of second kind. J. Math. Anal. Appl. 282, 56-62 (2001)

Tao, L., Yong, H.: Extrapolation method for solving weakly singular nonlinear Volterra integral equations
of second kind. J. Math. Anal. Appl. 324, 225-237 (2006)

Wazwaz, A.M., Khuri, S.A.: A reliable technique for solving the weakly singular second-kind Volterra-
type integral equations. Appl. Math. Comput. 80, 287-299 (1990)

@ Springer



	A Product Integration Approach Based on New Orthogonal Polynomials for Nonlinear Weakly Singular Integral Equations
	Abstract
	Introduction
	Basic Concepts and Preliminaries
	The Algorithm
	Discretization

	Convergence Analysis
	Numerical Results and Discussion
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


