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A b s t r a c t  

Dual-frequency global navigation satellite systems (GNSS) obser-
vations provide most of the input data for development of global iono-
sphere map (GIM) of vertical total electron content (VTEC). The 
international GNSS service (IGS) develops different ionosphere prod-
ucts. The IGS tracking network stations are not homogeneously distrib-
uted around the world. The large gaps of this network in Middle East, 
e.g., Iran plateau, reduce the accuracy of the IGS GIMs over this region. 
Empirical ionosphere models, such as international reference ionosphere 
(IRI), also provide coarse forecasts of the VTEC values. This paper pre-
sents a new regional VTEC model based on the IRI 2007 and global po-
sitioning system (GPS) observations from Iranian Permanent GPS 
Network. The model consists of a given reference part from IRI model 
and an unknown correction term. Compactly supported base functions 
are more appropriate than spherical harmonics in regional ionosphere 
modeling. Therefore, an unknown correction term was expanded in terms 
of B-spline functions. The obtained results are validated through com-
parison with the observed VTEC derived from GPS observations. 

Key words: compactly supported base functions, global ionosphere map, 
global positioning system, international reference ionosphere, total elec-
tron content. 



Y. AMERIAN  et al. 
 

 

1. INTRODUCTION 
During the last decades, global positioning satellite system (GPS) has be-
come a common tool for analyzing the Earth’s atmosphere. The ionosphere 
is the upper most part of the atmosphere which is extended from about 60 to 
2000 km. In this layer of ionosphere, the density of free electrons is large 
enough to significantly affect the propagation of electromagnetic waves. The 
resulting signal delay is inversely proportional to the square of the signal 
frequency. Slant total electron content (STEC), the linear integral of the elec-
tron density along the propagation path of an electromagnetic wave from 
satellite to receiver, and the electron density provide valuable information as 
to the ongoing physical processes in this part of atmosphere (Liu and Gao 
2003). GPS and other global navigation satellite systems (GNSS) broadcast 
signals on two or more frequencies which can be used to measure the iono-
spheric delay. Computed delays are used for modeling the electron density 
or STEC (Hernandez-Pajares et al. 1999). 

The Ionosphere Working Group of the International GNSS Service 
(IGS), including Centre for Orbit Determination in Europe (CODE), Euro-
pean Space Agency (ESA), Jet Propulsion Laboratory (JPL), and Univer-
sidad Politecnica de Cataluna (UPC), delivers daily global ionosphere maps 
(GIM) of vertical total electron content (VTEC) in the IONospheric EX-
change (IONEX) format since 1998 by using different estimation methods 
(Hernandez-Pajares et al. 2009). The IGS combined GIM is also delivered 
from 2005. The GNSS data of three successive days is usually used for esti-
mating the IGS GIMs. The middle day is assumed as the target day in this 
process. Thirteen equally spaced time intervals are normally used for repre-
senting the VTEC. The single layer model concept which basically ignores 
the vertical gradient of the electron density is the basic concept in the model-
ing process. It assumes that all free electrons are concentrated in an infinites-
imally thin layer at a fixed height (Schaer 1999). The IGS tracking network 
includes about 384 GNSS stations around the world. These stations are not 
homogeneously distributed around the world. The large gaps of this network 
in Middle East, e.g., Iran plateau, reduce the accuracy of the IGS GIMs in 
these areas. Moreover, the current time delay in the delivery of these prod-
ucts limits their application to post-mission ones. 

Empirical ionosphere models, such as international reference ionosphere 
(IRI), describe monthly averages of ionospheric densities and temperatures 
in the altitude range of 50-1500 km in the non-auroral ionosphere (Bilitza 
and Reinisch 2008). Beside the ground-based and satellite observations, one 
of the most important data sources for the IRI electron density is the world-
wide network of ionosonde stations that monitor the ionosphere with varying 
station density. In the region with sparse ionosonde coverage, the IRI predic-
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tions are less accurate. As a result, this group of ionosphere models provides 
coarse forecasts of VTEC values. 

In this paper, a VTEC map is produced from the combination of the IRI 
VTEC forecasts and the Iranian Permanent GPS Network (IPGN) data in or-
der to overcome the low accuracy of the IRI model and the IGS GIMs in 
Iran. Application of global support functions, such as the spherical harmonic 
functions, to the ionosphere modeling has been reported in several research-
es (Schaer 1999, Liu and Gao 2003). Spherical harmonics are global support 
functions. Furthermore, their efficient application requires regularly distrib-
uted data on the globe. On the other hand, to account for the small variations 
in the ionosphere, increasing the order and the degree of spherical harmonics 
is inevitable. This reduces the computational efficiency, especially for real 
time applications; due to the large size of observation equations involved in 
the problem. The bias introduced through the data cut-off at the boundaries 
(Gibbs phenomenon) is another deficit to the regional modeling of iono-
sphere using global support functions (Mautz et al. 2005, Schmidt 2007). 
Due to the disadvantages mentioned above, this paper analyzes the efficien-
cy of the application of compactly supported base functions for representing 
regional VTEC values. The compactly supported base functions, such as 
bounded wavelets, are zero valued functions outside a bounded region 
(Mautz et al. 2005). The intensity of the solar activity, which dominates the 
spatial and temporal distribution of the electron density, is not uniform in the 
course of time. Therefore, wavelets are an appropriate mathematical tool for 
analyzing such non-stationary signals (Boggess and Narcowich 2009). 
Moreover, these base functions provide the possibility of a multi-resolution 
representation (Zeilhofer 2008). The presented VTEC model consists of 
a given reference part from IRI 2007 model and an unknown correction 
term. The correction term is estimated using a three-dimensional approach. 
Due to the localizing feature of the B-spline functions, Euclidean quadratic 
B-splines as compactly supported base functions with tensor-products 
(Stollnitz et al. 1995a, b, Lyche and Schumaker 2000, Schmidt 2007, 
Schmidt et al. 2008, Zeilhofer et al. 2009, Schmidt et al. 2011) are used to 
expand the correction term with respect to longitude, latitude and time. In 
this research, the VTEC from modeling, Bernese GPS software, IRI and IGS 
GIMs are compared with the observed VTEC derived from GPS dual-
frequency observations to evaluate the accuracy of the proposed model. 

2. INPUT  DATA 
Dual-frequency code dependent GPS receivers provide both P-code and  
beat phase pseudo-range observations on L1 and L2 carriers with  f1 = 
1575.42 MHz  and  f2 = 1227.60 MHz  frequencies, respectively (Seeber 
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2003). The observation equations for the P-code and carrier phase pseudo-
ranges on L1 and L2 frequencies are written as follows: 

 ( ) ( )1 1 11 1 trop ,s r
P P PP c dt dT c I dρ τ τ ε= + − + + + + +  (1) 

 ( ) ( )2 2 22 2 trop ,s r
P P PP c dt dT c I dρ τ τ ε= + − + + + + +  (2) 

 ( ) ( )1 1 11 1 1 1 trop ,s r
L L Lc dt dT c N I dρ λ εΦ = + − + Τ + Τ + − + +  (3) 

 ( ) ( )2 2 22 2 2 2 trop ,s r
L L Lc dt dT c N I dρ λ εΦ = + − + Τ + Τ + − + +  (4) 

 2

40.3 STEC ,i
i

I
f

=  (5) 

where P1, P2, Φ1, and Φ2 are the code and carrier phase pseudo-ranges on L1 
and L2 signals, respectively; ρ is the geometric range from the receiver to the 
satellite; c is the speed of light; dt and dT are the offsets of the satellite and 
receiver clocks from GPS time; frequency dependent terms τs, τγ, Ts, and Tγ 
which are due to the satellite and receiver hardware delays are known as 
code and carrier phase inter-frequency biases; λ1 and λ2 are the wavelengths 
of the L1 and L2 carriers; N1 and N2 are carrier phase ambiguity in L1 and L2; 
I1 and I2 are ionospheric delays on L1 and L2; dtrop is the troposphere delay; εP 
and εL represent the effect of multipath and measurement noise on code and 
carrier phase, respectively. STEC is slant total electron content along the line 
of sight from satellite to receiver. 

The geometry-free linear combination of GPS observations, also known 
as the ionospheric observable, is the subtraction of the simultaneous code or 
carrier phase pseudo-ranges. In this linear combination of code and carrier 
phase measurements, all biases except for the frequency-dependent ones are 
removed (Ciraolo et al. 2007): 

 ( ) ( )1 2 1 24 1 2 1 2 ,r r s s
P P P P PP P P I I c cτ τ τ τ ε= − = − + − + − +  (6a) 

 
2 2

2 1
4 2 2

1 2

40.3 STEC .P
f f

P br bs
f f

ε
⎛ ⎞−

= + + +⎜ ⎟
⎝ ⎠

 (6b) 

In Eqs. (6a) and (6b), 
1 2

( )r r
P Pbr c τ τ= −   and  

1 2
( )s s

P Pbs c τ τ= −   are the re-
ceiver and the satellite differential inter-frequency biases on code, respec-
tively. 

 ( ) ( )1 2 1 24 1 2 2 1 1 1 2 2 ,r r s s
L L L L LI I N N c cλ λ εΦ = Φ −Φ = − + − + Τ −Τ + Τ −Τ +  (7a) 
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2 2

2 1
4 1 1 2 22 2

1 2

40.3 STEC .L
f f

N N Br Bs
f f

λ λ ε
⎛ ⎞−

Φ = − + − + + +⎜ ⎟
⎝ ⎠

 (7b) 

In Eqs. (7a) and (7b), 
1 2

( )r r
L LBr c= Τ −Τ   and  

1 2
( )s s

L LBs c= Τ −Τ   are the 
receiver and the satellite differential inter-frequency biases on carrier phase, 
respectively.  

STEC is the input data in the modeling process. This parameter is com-
puted from the geometry-free linear combination of the code and carrier 
phase pseudo-ranges (see Eqs. (6) and (7)). The precision of carrier phase 
pseudo-ranges is much higher than the code ones. Nevertheless, carrier 
phase derived STEC depends on the ambiguity parameter which is not a pri-
ori known. In order to benefit from the ambiguity independent estimates of 
STEC derived from the code pseudo-ranges as well as the high precision of 
carrier phase measurements, code pseudo-ranges are smoothed using “carrier 
to code leveling process” (Ciraolo et al. 2007, Nohutcu et al. 2010). 

This process benefits from the daily to monthly stability of the inter-
frequency biases for receivers and satellites such that the differential inter-
frequency biases in Eqs. (6) and (7) can be treated as constant parameters 
(Gao et al. 1994). Moreover, in the absence of cycle slips, the ambiguity 
terms in Eq. (7) can also be treated as constant parameters. Having defined 
a continuous arc as a group of consecutive observations in which the ambi-
guity parameters in the L1 and L2 frequencies do not change, the average of 
the sum of Eqs. (6) and (7) can be simplified as follows for simultaneous 
measurements in a continuous arc: 

( )4 4 4 4 1 1 2 2arc arc arc
1

1 .
n

Pi
i

P P N N Br Bs br bs
n

λ λ ε
=

+Φ = +Φ = − + + + + +∑  (8) 

In this equation, n is the number of continuous measurements contained 
in the arc. Subtracting Eq. (7) from Eq. (8), the ambiguity term is removed:  
 4 4 4 4 1 2arc arc

.P LP P I I br bs ε ε= +Φ −Φ ≈ − + + + −  (9) 

The resulting observable, 4P  in Eq. (9), is a code ionospheric observable 
smoothed with the carrier phase ionospheric one. Substituting Eq. (5) into 
Eq. (9) results in the following linear combination in which the parameter 
STEC is expressed in TECU (1 TECU = 1016 el/m2). 

 
2 2

2 1
4 2 2 arc

1 2

STEC 40.3 ,P L
f f

P br bs
f f

ε ε
⎛ ⎞−

= + + + −⎜ ⎟
⎝ ⎠

 (10a) 

 ( )
2 2

1 2
4 2 2arc

2 1

STEC .
40.3( )P L

f f
P br bs

f f
ε ε= − − − +

−
 (10b) 
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Receiver and satellite differential code pseudo-range inter-frequency bi-
ases in Eq. (10) are known as differential code biases (DCBs). The computed 
STEC are usually mapped into VTEC using a mapping function (mf). The 
following function is normally used for this purpose: 

 1STEC 1 or  VTEC ( ) STEC .
VTEC cos

mf mf
z

−= = =
′

 (11) 

In Eq. (11), z′ is the zenith angles of the satellite at the ionospheric pierce 
point, the intersection point of the receiver-to-satellite line of sight with the 
layer representing the ionosphere in the model (Schaer 1999). 

3. METHOD 
In this study, VTEC is decomposed into a known reference and an unknown 
correction term. The known reference part is computed from the IRI model. 
Due to the localizing feature of the B-spline functions, Euclidean quadratic 
B-splines and tensor-products are used for modeling the correction term. 
Space-time estimates of the correction term are computed using a three-
dimensional approach which is based on the single layer concept.  

3.1  B-spline scaling function 
Let f be a signal from a certain approximation subspace  2 ( )JV L⊂ R , where 

2 ( )L R  is the space of square integrable functions on real sequences. This 
signal is to be decomposed into a high- and a low-frequency part. The low-
frequency part is obtained by an orthogonal projection of the signal into 
a smaller subspace 1J JV V− ⊂ , which contains only the smooth functions of 
VJ. The orthogonal complement of VJ–1 in VJ  will be denoted by WJ–1 (Keller 
2004). The base functions for spaces VJ  and WJ  are known as scaling func-
tions and wavelets of level J, respectively. These two functions generate 
a family of functions that can be used for decomposing (analyzing) or recon-
structing (synthesis) the signal. 

A special kind of wavelets is generated by B-splines, offering useful 
properties, such as compact support, semi-orthogonality, symmetry and sim-
plicity. The polynomial B-splines on a bounded interval has been introduced 
by Chui and Quak (1992), whereas the decomposition and reconstruction al-
gorithms are presented in Quak and Weyrich (1994). User friendly algo-
rithms and their application can be found in Stollnitz et al. (1995a, b). 

Normalized B-spline scaling functions  , ,( ) ( )d
J k J kx N xφ =   of degree d, 

resolution level J, shift k and variable x are recursively defined by Eq. (12), 
with the initial values of Eq. (13). When the denominators of Eq. (12) are ze-
ro, the fractions are set to zero (Stollnitz et al. 1995a, b). Scaling functions 
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space VJ  has  KJ = 2J + d  base functions (the function space dimension), 
0 1, , ,

JK dt t t +…   is a sequence of  non-decreasing equally spaced values called 
knots and  k = 0, 1, …, KJ – 1  are shift values for each scaling function. In-
creasing the level of the scaling function, the function becomes narrower and 
consequently more details of the analyzing signal can be modeled. 

 1 11
, , , , 1

1 1

( ) ( ) ( ) ( ) ,
J J

d d dk k d
J k J k J k J kJ J J J

k d k k d k

x t t x
x N x N x N x

t t t t
φ − −+ +

+
+ + + +

− −
= = +

− −
 (12) 

 0 1
,

1 if
( ) .

0 otherwise

J J
k k

J k
t x t

N x +⎧ ≤ <
= ⎨
⎩

 (13) 

In regional modeling of ionosphere, endpoint-interpolating B-spline on 
unit interval  [0, 1]  is used to avoid the edge effect at the boundaries; for this 
purpose the first  d + 1  knots are set to zero and the last  d + 1  knots are set 
to one – see Eq. (14) (Mautz et al. 2005, Schmidt 2007, Zeilhofer 2008). 

 ( )0 1

1 times 1 times

1, , , 0, ,0,1, 2, , 2 1,2 , , 2 .
2J

J J J
K d J

d d

t t t +

+ +

⎛ ⎞
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

…  (14) 

3.2  Ionosphere modeling 
In this study, based on the single layer concept, a three dimensional ap-
proach is used for modeling the VTEC in space-time domains. B-splines are 
used as the base functions in the model. The model is developed in a geocen-
tric Earth-fixed coordinate system and the time variation of VTEC is ac-
counted for by using the code and carrier phase measurements of the IPGN 
as well as the IRI forecasts of VTEC. 

The VTEC(λ, φ, t) computed from GPS measurements, Eqs. (10) and 
(11), is decomposed into a reference or approximate part VTECref(λ, φ, t) ex-
tracted from IRI and a correction term ΔVTEC(λ, φ, t) – see Eq. (15), to be 
estimated: 
 refVTEC( , , ) VTEC ( , , ) VTEC( , , ) .t t tλ ϕ λ ϕ λ ϕ= + Δ  (15) 

The correction term  ΔVTEC(λ, φ, t)  is expanded into three-dimensional 
B-spline scaling functions  

1 2 3 1 2 3, ( , , )J J J k k k tφ λ ϕ   with the unknown scaling  
coefficients 

1 2 3 1 2 3,J J J k k kd : 

 
31 2

1 2 3 1 2 3 1 2 3 1 2 3

1 2 3

11 1

, ,
0 0 0

VTEC( , , ) ( , , ) .
JJ J KK K

J J J k k k J J J k k k
k k k

t d tλ ϕ φ λ ϕ
−− −

= = =

Δ = ∑ ∑ ∑  (16) 
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Applying tensor product to the three-dimensional B-spline scaling func-
tions 

1 2 3 1 2 3, ( , , )J J J k k k tφ λ ϕ  of levels J1, J2, and J3 w.r.t. λ, φ, and t, these func-
tions are reduced into the product of three one-dimensional scaling functions 
φJ,k (x) of levels  J ∈ {J1, J2, J3}, shift  k ∈ {k1, k2, k3} and variable 
x ∈ {λ, φ, t}: 
 

1 2 3 1 2 3 1 1 2 2 3 3, , , ,( , , ) ( ) ( ) ( ) .J J J k k k J k J k J kt tφ λ ϕ φ λ φ ϕ φ=  (17) 

One-dimensional normalized quadratic scaling functions computed using 
the algorithm introduced in the previous section are used instead of the 
B-spline scaling functions φJ,k (x) in Eq. (17). Since the variable x in scaling 
function φJ,k (x) takes value on the unit interval [0, 1], variables λ, φ, and t are 
transformed to this interval using the following equation: 

 min min min

max min max min max min

, , ,
t t

x y z
t t

λ λ ϕ ϕ
λ λ ϕ ϕ

− − −
= = =

− − −
 (18) 

in which the quantities λmin, λmax, φmin, and φmax are the boundary coordinates 
of modeling area and tmin and tmax are the starting and ending epochs of the 
modeling interval. Substituting Eq. (17) into Eq. (16) and considering 
Eq. (18), the correction term is re-written as follows: 

 
31 2

1 2 3 1 2 3 1 1 2 2 3 3

1 2 3

11 1

, , , ,
0 0 0

VTEC( , , ) ( ) ( ) ( ) .
JJ J KK K

J J J k k k J k J k J k
k k k

x y z d x y zφ φ φ
−− −

= = =

Δ = ∑ ∑ ∑  (19) 

The simultaneous system of observation equations required for compu-
ting the unknown coefficients 

1 2 3 1 2 3,J J J k k kd  constructed from Eqs. (10), (11), 
(15), and (19) can be written in the following form: 
 = +Ax b r , (20) 

in which b is the vector of observations or the correction term (bi = ΔVTECi = 
VTECi – VTECref i), r is the vector of residual, A is the coefficient or design 
matrix comprising scaling function values which describes the relations be-
tween observations and model parameters, x is the model parameter vector 
including unknown scaling coefficients 

1 2 3 1 2 3,( )J J J k k kd . The correction term 
and scaling function values are computed at each epoch for every observa-
tion point. The satellite and receiver differential code biases (in Eq. (10)) are 
considered as known quantities. The satellite DCBs are the IGS products and 
the receiver DCBs are computed in preprocessing step. 

Since B-spline scaling functions are local support in nature, the unknown 
parameters in the simultaneous observation equations, Eq. (20), are not com-
pletely constrained with irregularly distributed data (see the ionospheric ob- 
servables in Fig. 1). As a result, the coefficient matrix A is a sparse matrix. 
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Fig. 1. Distribution of the 
GPS stations (triangles) 
and ionospheric observa-
bles (dots) in modeling  
area. 

 

Using the geometric theorem of singular value decomposition, the design 
matrix can be expressed in its spectral form (Hansen 1997). When the singu-
lar values of the coefficient matrix in a simultaneous system of equations  
decay asymptotically to zero, the problem is probably ill-conditioned. To an-
alyze the conditioning of the problem in further detail, the discrete Picard 
condition can be used (Hansen 1990), Picard condition can also be used for 
analyzing the instability of the least-squares solution to Eq. (20) (e.g., 
Hossainali 2006, p. 57-58). 

Depending on the modeling time interval and the scaling function level 
used in the modeling process, the size of coefficient matrix may become 
very large. This increases the number of unknown parameters. When the co-
efficient matrix is large, iterative regularization techniques are normally pre-
ferred to the direct ones. The least-squares QR (LSQR) is one of the iterative 
regularization methods which is based on Lanczos bidiagonalization and QR 
factorization. The method numerically provides a more reliable solution for 
a large, sparse and ill-conditioned system of simultaneous equations as com-
pared to the direct techniques (Paige and Saunders 1982). LSQR is one of 
the Krylov subspace iterative methods. Due to the semi-convergence proper-
ty of LSQR, the L-curve method is used to determine the regularization pa-
rameter or the step at which the iteration process should stop (Hansen 1994). 
The iteration number is selected as the closest point to the corner of this 
curve. 

4. RESULTS 
In this study, dual-frequency GPS code and carrier phase measurements of 
41 GPS permanent stations from the IPGN has been used for three-
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dimensional modeling of the ionosphere in Iran. The sampling rate of the 
measurements is 30 s and the observation epoch is 3 January 2007. Figure 1 
illustrates the spatial distribution of the GPS stations (triangles) and iono-
spheric observables (dots). 

The height of the single layer model used for modeling the spatial varia-
tion of the ionosphere is taken to be 450 km. The adopted elevation cut-off 
angle for the observations is taken to be 15 degrees. According to the KP in-
dex values (an indication for geomagnetic activity of the Earth) reported by 
the International Service for Geomagnetic Indices, the maximum electron 
density and therefore VTEC is expected to occur from  t = 5 to 15 UT. The 
IRI an GPS data of two successive hours are used for estimating the VTEC 
map. Usually the middle hour is assumed as the target hour in this process. 
For example, to model the VTEC at epoch  t = 14 UT, the IRI and GPS 
measurements of the time interval 13 to 15 UT are used. In order to validate 
the accuracy of VTEC model and to come up with an optimum level for the 
computed three-dimensional model, the correction term has been expanded 
at seven different levels of:  J1 = J2 = J3 = 1,  J1 = J2 = J3 = 2,  J1 = J2 = J3 = 3, 
J1 = J2 = 3,  J3 = 4,  J1 = J3 = 3,  J2 = 4,  J1 = 4,  J2 = J3 = 3,  and  
J1 = J2 = J3 = 4. Table 1 summarizes the root mean square (RMS) of residu-
als and the number of unknown coefficients in each level. This information 
is given for five different epochs. To compare various levels together, the 
mean values of the RMS are also reported. 

Table 1  
RMS of residuals and coefficients number 

Level 
RMS [TECU] Coefficients 

number UT = 06 UT = 08 UT = 10 UT = 12 UT = 14 Mean 
111 0.77 0.79 0.74 0.86 0.68 0.77 64 
222 0.72 0.77 0.71 0.84 0.65 0.74 216 
333 0.66 0.71 0.68 0.79 0.62 0.69 1000 
334 0.65 0.70 0.67 0.77 0.61 0.68 1800 
343 0.60 0.65 0.61 0.72 0.57 0.63 1800 
433 0.59 0.63 0.62 0.71 0.55 0.62 1800 
444 0.42 0.50 0.49 0.63 0.41 0.49 5832 

 
The Bernese GPS Software V5.0 which uses spherical harmonics for 

VTEC modeling (Dach et al. 2007) also has been used to produce VTEC 
maps in Iran. Spherical harmonics of the degree and order  n = 5,  m = 5, as 
suggested by the Bernese software developing team, has been taken into  
account. Figure 2 shows the Bernese VTEC map at epoch  t = 14 UT. 
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Fig. 2. Bernese VTEC map 
for  n = 5, m = 5. Colour 
version of this figure is 
available in electronic edi-
tion only. 

In order to evaluate the accuracy of the VTEC estimation, some of ob-
served VTEC (derived from GPS dual-frequency observations) at each GPS 
station are excluded from the modeling process. The observed VTEC are fi-
nally compared with estimated value. The difference between the observed 
and estimated VTEC is referred to as the “VTEC estimation error”. VTEC 
obtained from the Bernese GPS software, IRI and IGS GIMs are also com-
pared with the observed VTEC. Table 2 summarizes the RMS of VTEC es- 
 

Table 2  
VTEC estimation error statistics at TEHN station 

Method 
UT = 06 UT = 08 UT = 10 UT = 12 UT = 14 Mean 

RMS RE RMS RE RMS RE RMS RE RMS RE RMS RE 
111 0.58 3.94 0.73 5.36 0.47 4.30 0.50 3.65 0.45 4.71 0.55 4.39 
222 0.49 3.20 0.67 4.78 0.46 4.33 0.48 3.62 0.47 4.81 0.51 4.15 
333 0.46 2.77 0.63 4.35 0.45 4.18 0.45 3.54 0.46 5.08 0.49 3.98 
334 0.46 2.79 0.62 4.28 0.47 4.37 0.44 3.43 0.46 5.06 0.49 3.99 
343 0.42 2.43 0.64 4.36 0.43 3.86 0.45 3.37 0.42 4.54 0.47 3.71 
433 0.43 2.44 0.62 4.37 0.49 4.40 0.50 3.90 0.44 4.60 0.50 3.94 
444 0.39 2.04 0.57 4.00 0.45 3.75 0.49 3.92 0.44 3.95 0.47 3.53 
Bernese 1.88 12.13 1.86 13.23 1.03 8.88 0.80 6.30 0.76 7.00 1.27 9.51 
IRI 3.61 22.06 2.54 16.50 1.80 16.89 1.99 18.10 3.76 47.04 2.74 24.12 
CODE 3.56 29.11 4.18 36.24 4.37 47.33 4.01 44.99 3.43 47.92 3.91 41.12 
ESA 3.67 30.15 4.36 37.91 4.83 52.86 4.40 49.77 3.88 54.16 4.23 44.97 
JPL 5.13 42.82 6.40 56.95 5.65 61.53 4.99 56.43 4.94 68.56 5.42 57.26 
UPC 2.84 23.02 3.85 33.05 4.46 48.63 3.48 38.92 2.88 40.01 3.50 36.73 
IGS 3.78 31.16 4.66 40.80 4.82 52.50 4.20 47.44 3.74 52.32 4.24 44.84 
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timation error (in TECU) and their mean relative error (RE) (in percent) at 
station Tehran. Computations are reported for five different epochs. To 
compare various methods together, the means of the RMS and RE are also 
reported. 

Comparing the RMS of VTEC estimation error (reported for seven lev-
els) to the RMS of the Bernese VTEC error confirms the efficiency of the 
compactly supported base functions for regional modeling of VTEC. More-
over, comparing the RMS of VTEC estimation error to the RMS of the IRI 
and IGS GIMs VTEC error also indicates the superiority of the proposed 
method for ionosphere modeling in the region with large gaps of IRI 
ionosonde and IGS network stations. 

The RMS of residuals indicate how the model fits the observations. By 
increasing the level of space function to 3, the RMS of residuals and the 
RMS of VTEC estimation error decrease. From level 4, the oscillation of 
model increases between the observations and therefore, RMS of VTEC es-
timation error are not considerably improved. Moreover, increasing the level 
of space function, increases the number of unknown coefficients and reduces 
the computational efficiency of the modeling process, especially for real-
time or near-real-time applications. Hence, computational level J1 = J2 = J3 = 3, 
could be the optimum level for regional modeling of VTEC. Nevertheless, 
each level can be selected according to the application precision and compu-
tation burden. Relative error of this level indicates that the estimated VTEC 
can recover about 96% of VTEC in ionosphere. 

Fig. 3. Observed, estimated, Bernese, and IRI VTEC for PRN 15 at TEHN station. 
Colour version of this figure is available in electronic edition only. 
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Observed, level 3 estimated, Bernese and IRI VTEC at epoch  t = 14 UT  
for PRN 15 at station TEHN are shown in Fig. 3. RMS of VTEC estimation 
error is 0.18 TECU, RMS of Bernese VTEC error is 0.55 TECU and RMS of 
IRI VTEC error is 3.14 TECU. Estimated VTECs closely approximate the 
observed one.  Bernese VTECs approximate the trend of observations  which 

Fig. 4. VTEC estimation at time  t = 14 UT: (a) correction term, (b) VTEC map for  
J1 = J2 = J3 = 1, (c) correction term, (d) VTEC map for  J1 = J2 = J3 = 2, (e) correc-
tion term, and (f) VTEC map for  J1 = J2 = J3 = 3. Colour version of this figure is 
available in electronic edition only. 
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is expected from spherical harmonic functions. This confirms the capability 
of spherical harmonic functions for modeling the long term variations of 
VTEC. IRI VTEC have large disagreement with observed VTECs. VTEC 
extracted from the ISG GIMs also show a large disagreement with the ob-
served VTEC (RMS of CODE VTEC error is 3.92 TECU, RMS of ESA 
VTEC error is 4.36 TECU, RMS of JPL VTEC error is 5.18 TECU, RMS of 
UPC VTEC error is 3.31 TECU, and RMS of IGS combined VTEC error is 
4.17 TECU). 

Figure 4 shows the correction term and VTEC map for first three levels 
at epoch  t = 14 UT. Using the L-curve method, evaluated unknown coeffi-
cients at iteration 12 of 1000 were selected for level 3 solution.  

5. CONCLUSIONS 
This paper presents regional VTEC model based on the IRI 2007 and GPS 
observations from Iranian Permanent GPS Network. The VTEC is decom-
posed into a known reference and an unknown correction term. The refer-
ence part is taken from the IRI 2007 model. Due to the localizing feature of 
B-spline functions, a three-dimensional approach based on Euclidean quad-
ratic B-splines and tensor-products is used to model the correction term. The 
LSQR iterative regularization method, which is numerically reliable in large, 
sparse and ill-posed system, with the L-curve method to determine the stop-
ping iteration number, is used for estimating the unknown parameter. This is 
the first paper in which the IRI extracted VTEC are improved regionally by 
compactly supported base functions using GPS observations and its accuracy 
are assessed by observed VTEC derived from GPS dual-frequency observa-
tions. The RMS of VTEC estimation error is about 0.50 TECU and RMS of 
the Bernese VTEC error is about 1.27 TECU. This difference confirms the 
superiority of the compactly supported base functions for regional modeling 
of VTEC. The large disagreement between the RMS of VTEC estimation er-
ror with RMS of IRI VTEC error (2.74 TECU), RMS of CODE VTEC error 
(3.91 TECU), RMS of ESA VTEC error (4.23 TECU), RMS of JPL VTEC 
error (5.42 TECU), RMS of UPC VTEC error (3.5 TECU), and RMS of IGS 
combined VTEC error (4.24 TECU) indicates the efficiency of the proposed 
method for ionosphere modeling in the region with large gaps of IRI ionos-
onde and IGS network stations. 
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