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Abstract

Reflected GNSS signals offer a great opportunity for detecting and monitoring of water level variation, land surface roughness and the
atmosphere around the Earth. The application type intensely depends on satellites’ geometry and the topography of study area. GNSS-R
can be used in sounding the water vapor as one of the most important parameters in troposphere. In view of temporal and spatial
changes, retrieval of this parameter is complicated. GNSS tomography is a common approach for this purpose. Considering the depen-
dency of this inverse approach to the number of stations and satellites’ coverage at study area, tomographic reconstruction of water
vapor is an ill-posed problem. Additional constraints are usually used to find a solution. In this research reflected signals known as
GNSS-R are offered for the first time to resolve the rank deficiency of this problem. This has been implemented to a tomographic model
which has been already developed for modeling the water vapor in the North West of Iran. In view of low number of GPS stations in this
area, the design matrix of the model is rank deficient. Simulated results demonstrate that the rank deficiency of this matrix can be reduced
by implementing appropriate number of GNSS-R stations when the spatial resolution of model is optimized. Resolution matrix is used as
a measure for analyzing the efficiency of the proposed method. Results from DOY 300 and 301 in year 2011 show that the applied
method can even remedy the rank deficiency of the design matrix. The satellites’ constellation and the time response of the model are
the effective parameters in this respect. On average the rank deficiency of the design matrix is improved more than 90% when the reflected
signals are used. This is easily seen in terms of the resolution matrix of the model. Here, the mean bias and RMSE of reconstructed image
are 0.2593 and 1.847 ppm, respectively.
© 2018 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

For over decades, Global Navigation Satellite Systems
are used in various applications to remotely sense the earth.
In most cases, the interference of direct and reflected
signals remains a major problem (multipath effect). First
time the idea of using reflected signals to extract various
parameters of the surface was proposed by Martin-Neira
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(1993). This remote sensing technique known as GNSS
Reflectometry is based on using reflected signals (Fig. 1).
Today, several parameters of the reflecting surface can be
retrieved by using the delay between the direct signal
(received by zenith-looking antenna) and reflected signal
(received by nadir-looking antenna) or by analyzing the
waveforms (temporal evolution of the signal power) corre-
sponding to the reflected signal. In most cases the difference
between the direct and reflected signal is about a few wave
peaks for ground-based and air-borne campaigns. This
advantage can be interpreted in terms of altimetry which
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Fig. 1. Geometry of reflectometry

demonstrates the height difference between receiver and the
surface below. Temporal variation of the sea surface and
the lake level can be obtained by the accuracy of centime-
ters for ground-based and air-borne receivers (Ruffini
et al., 2004; Semmling et al., 2011; Lofgren et al., 2011;
Lowe et al., 2002; Rodriguez-Alvarez et al., 2011).

Surface roughness and other parameters such as soil
moisture, wave height, wind speed and ice properties can
be retrieved from analyzing Delay Doppler Maps (DDM)
extracted from the waveforms (Zavorotny and
Voronovich, 2000; Rodriguez-Alvarez et al., 2009, 2011;
Katzberg et al., 2006). The particular advantage of this
technique is the dense temporal and spatial coverage not
limited to a single measurement point or a non-repetitive
transect as with using classical GNSS buoys (Roussel
et al., 2014).

Water vapor is an important parameter to assess the
Weather condition in metrology. Large variation of this
parameter requires a reconstruction approach that simulta-
neously takes its spatial and temporal variations into
account. GNSS tomography is a technique which makes
it possible to obtain a 3D picture of lower (medium) tropo-
sphere. It also probes wet refractivity and water vapor dis-
tribution in space and time (Rohm and Bosy, 2009). In the
first instance, tomography was used in medical science in
fifty’s. Then it was used obtaining geodynamics (Bourjot
and Romanowicz, 1992), gas tracing (Degaleesan et al.,
2001), ionosphere reconstruction (Thampi et al., 2009)
and tropospheric reconstruction with GNSS signal. The
advantage of tropospheric reconstruction of water vapor
compared to other methods is working in all-weather con-
dition with high temporal resolution (Yang et al., 1999).

GNSS Transmitter

Recivier

in a ground based GNSS-R campaign.

Water vapor tomography is implemented with a finite
number of 3D elements (voxels) with assumed constant
unknown values. Water vapor values are then obtained
by tracing the GNSS signals passing through the elements
(Adavi and Mashhadi-Hossainali, 2014; Bi et al., 2006;
Rohm and Bosy, 2009). The GNSS satellites’ geometry is
not appropriate for this inverse problem. In addition to
that, when the spatio-temporal variation of the desired
parameter is high and/or the number and spatial distribu-
tion of the GNSS stations is not sufficient within the study
area, GNSS signals cannot constrain the model; giving an
under determined problem (Champollion et al., 2005).

Several methods have been devised in order to reduce
the rank deficiency or to constrain a tomography model.
Hirahara (2000) proposed additional horizontal and verti-
cal smoothing equation to solve for the inverse solution
(Hirahara, 2000). Flores et al. (2001) applied additional
constraints in the form of a Kalman filter to the tomo-
graphic problem and gained the solution (Flores et al.,
2001). Nilsson and Gradinarsky (2006) found the solution
directly from GPS phase measurement equation (Nilsson
and Gradinarsky, 2006). Bender et al. (2011) used algebraic
reconstruction method to solve the problem. They used
radiosonde and surface measurements to constrain the
problem (Bender et al., 2011). Radiosonde and radio occul-
tation profiles are two independent sets of constraints
which have also been used for resolving the rank deficiency
of this problem (Xia et al., 2013; Foelsche and Kirchengast,
2001; Bender et al., 2011; Bi et al., 2006). Adavi and
Mashhadi-Hossainali (2014) applied the idea of using Vir-
tual Reference Stations as the required constraints (Adavi
and Mashhadi-Hossainali, 2014). This research proposes
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the application of reflected signals to constraint a tomogra-
phy model. The specular points’ position plays a key role in
this respect.

The next section of this paper discusses on the tomo-
graphic approach for troposphere modeling. Applied
method for determining the specular points’ position is
then described. The concept of resolution matrix is used
in order to analyze the efficiency of using reflected signals
in constraining the tomographic model of this research.
In the final section, study area is introduced and also
numerical results and the corresponding discussions are
given.

2. Methodology

Here, the concept of troposphere tomography is firstly
introduced. Then specular point position calculation is
briefly described. Finally, resolution matrix and its applica-
tion to tomographic model are given.

2.1. Troposphere tomography

Slant tropospheric delay for GPS signal can be retrieved
by the equation below (Bevis et al., 1992):

STD = IO’G/Nds (1)

Here, ds is the differential length element between transmit-
ter and receiver and N is the refractivity parameter. By
using dry and wet components of tropospheric delay, Eq.
(1) can be rewritten as the sum of slant hydrostatic and
wet delays:

STD = (SHD + SWD) = 10°° / (Ng + N,)ds (2)

In equation above, N, and Ny represent the dry and wet
components of refractivity, respectively. Moreover, SHD is
the hydrostatic and SWD is the wet slant delay. Calculating
the dry component and subtracting it from the total slant
delay, the slant wet delay is derived as equation below:

SWD = 107" / N, ds (3)

Eq. (3) is the observation equation in GPS troposphere
tomography. Since the signal path is a function of the wet
refractivity field, the observation equation is nonlinear. The
equation is linearized assuming that the GPS signal is
transmitted in a straight line. Thus for implementation,
Eq. (3) is substituted by the discrete form as given below:

SVVD[ = loiézNWjASj (4)

where j & As; represent the voxel number that the emitted
signal passes through and the signal length in that element.
In matrix notation, Eq. (4) is written in the following form:

d=Ap (5)

Here, d is the vector of the slant wet delays, p is the vector
of unknown parameters (N,,;) and A is the design matrix
with m x n dimensions:

d11 e dln
d21 e dz,,

A=| . ... (6)
dm . . . dm

m is the number of SWDs observed in each epoch and # is
the number of voxels. The parameter m depends on the
selected time response for the model as well as the number
of GPS stations and the number of the GPS visible
satellites.

In matrix above d;; is the length of the ith ray within the
jth element of the tomographic model. If the ray does not
intersect a voxel, the related element is set to zero. More-
over, the refraction of the signal is ignored (Adavi and
Mashhadi-Hossainali, 2014; Rohm and Bosy, 2009;
Troller et al., 2006). Matrix A reflects the experiments phy-
sics and geometry. Therefore, the spatial discretization; i.e.
the choice of a specific grid is an important issue and
depends on several parameters. One of the principal mat-
ters for troposphere modeling and wet delay reconstruction
is the spatial and temporal correlation distance of the tro-
pospheric wet refractive component. If the voxel sizes were
larger than the tropospheric spatial correlation radius, real-
istic image of the tropospheric parameters could not be
reconstructed by the model. On the other hand, the geom-
etry of the ranging sources can yield sharp increase in the
inverted design matrix. Improperly selected positions for
transmitters (sources) and/or receivers can increase the
instability of a tomographic solution. In GNSS tomogra-
phy, GNSS satellites are the transmitters and GNSS anten-
nas are the receivers. Here, the transmitters-receivers’
geometry cannot be changed. As the result, the geometry
of the ranging sources can be controlled through the appro-
priate selection of ranging sources which do not increase
the instability of solution. In practice, the choice of specific
grid is made based on the desired application (Guerova
et al., 2016). In this regard, it is important that the magni-
tude of the horizontal grid should not be smaller than the
mean interstation distances in study area (Guerova et al.,
2016). The vertical resolution is always chosen to increase
with height from the ground to the top layer of the model.
In order to make a reasonable answer, the vertical resolu-
tion for lower layers are chosen between 200 and 500 m
and this increases to 1 km for heights that the water vapor
component is low (Guerova et al., 2016). In many
researches the Numerical Weather Prediction (NWP) mod-
els are used to extract the vertical resolution. The height of
the model elements is usually 3 to 5 times smaller than the
horizontal one (Bosy et al., 2010).

As far as the geometry of the model is concerned, to
come up with a unique solution, transmitted signals neces-
sarily should pass through all of the model elements. In
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practice, some of the voxels are not constrained by the GPS
signals at all while some of the others are passed by more
than one signal. Consequently, troposphere tomography
is a mixed-determined problem (Menke, 2012).

2.2. Constraining the model by GNSS-R

GNSS-R is a bi-static radar system in which the trans-
mitter and receiver are separated by a significant distance.
The first concept was investigated by Martin-Neira (1993)
as a method to densify the earth observation in a low cost
efficient way: an antenna pointing to transmitter receives
the so-called direct rays and an antenna pointing to the sur-
face gathers the signals scattered from the surface of the
Earth. Reflected signals have different contributes due to
the receiver height. Signal to noise ratio (SNR) for the
ground and air-borne receivers is more considerable as
compared to the space-borne campaigns (Rius et al.,
2010). In GNSS-R technique finding the specular point
position is of great interest because the corresponding
reflected signal has more power. Proposed methods for
finding the specular point position includes local plane,
local sphere. Ellipsoidal or the DEM (Digital Elevation
Model) integrated approximation as illustrated in Fig. 2.

In order to get a more accurate reflection point we have
to take the Digital Elevation Model (DEM) into account
(Roussel et al., 2014). The visibility of the receiver from
the satellite is a prerequisite in this technique. On the
assumption that the signal passes through the space in
straight line, the ellipsoidal height is interpolated along
the ray path using bilinear or cubic method (Roussel
et al., 2014). Here, this is done with respect to a DEM
whose resolution is 30 m. Moreover, both methods are
used in this research. The GPS stations’ height are used
to check the interpolation process. Obtained results show
millimetric to 3 m differences in flat and mountainous
areas, respectively. If the satellite signal intersected the

DEM, the receiver would not be visible. Otherwise, the
reflection point is assumed to be in the plane that is defined
by transmitter, receiver and the center of the Earth. The
entire segment of the topographic profile that is located
in this plane is checked for the existence of specular points.
For this purpose, the following correction is computed for
the starting and the ending points of the segments that con-
struct the desired profile (Roussel et al., 2014):

ax(ey — B0 =E0) (50 ~r(0)

|l‘s(t) - l‘,(t)| |l‘,.(t) - rS(t)l
where r,(¢), r.(¢) and r,(¢) are the specular point approxi-
mate, the receiver and the transmitter positions, respec-
tively. Eq. (7) is considered then for each segment
extremes. If the correction is in the satellite direction, the
sign is considered positive, and negative if it is in the recei-
ver direction. In case the sign is the same for two extreme
points, there is no reflection point on this segment. Other-
wise, we consider the middle of the segment as a new point.
Then Eq. (7) is considered for each of the three (extreme
and middle) points. The algorithm continues using the
same principle explained above till the local normal con-
verges the bisect of the angle between the receiver, trans-
mitter and calculated specular point. This criterion is met
within the required tolerance level. Once the reflection
point is determined the visibility is checked again.

(7)

2.3. Geometric evaluation of the tomographic model

The concept of resolution matrix is an appropriate way
to characterize the bias in a discrete inverse problem. In
other words, on the assumption that there are no errors
in input data (d) it is possible to analyze how close the
inverse solution is to an original model, by multiplying
the generalized inverse of A(A;) with input data, least
square solution (my) is then derived:

DE/L/;

/=X - - Xy
L ‘ Local plane (P)
" RO £ Elllnons ., o TO
. ”:Do()l(} used f,
- uoterm,‘na\.w;)‘ or reflection
- V
a R'

'WGS84 ellipsoid

Fig. 2. Different methods for the calculation of reflection point: R is the receiver, T is the transmitter and S is the specular point position

(Roussel et al., 2014).
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m; = A;Am (8)

The product A;A which is known as the model resolu-
tion (R,,) (Aster et al., 2005) measures how the inverse solu-
tion smears out the original model:

R, = AA (9)

Using the spectral decomposition of matrix A, the model
space resolution matrix is given by (Watkins, 2002):

R, =V,V, (10)

where p is the number of the singular values which are
effectively non-zero and V is the right singular matrix of
the coefficient matrix A.

If the rank of the design matrix A is full the model null
space is trivial and R,, is an identity matrix. In troposphere
tomography, this happens if all of the model elements are
constrained by GPS signals. Otherwise, i.e. when
rank(A) = p < n or when some of the model elements are
not constrained by GPS signals, the resolution matrix is
asymmetric with some diagonal elements that are either
zero or close to zero. The model parameters that are corre-
sponding to such elements are poorly reconstructed by the
inverse solution (Aster et al., 2005).

Based on the previous discussions, the model space res-
olution concept can provide a priori information on the
real improvement in tropospheric reconstruction accuracy
and reliability if the model geometry (voxel sizes) properly
accounts for the physics and geometry of the problem in
the study area. Here, it is already assumed that the voxel
sizes have been selected such that the dynamics of the
required parameter are taken into account.

3. Numerical results

In this section, at first the study area is introduced. Next,
the result of reflection point calculation is described. In the
last part, the contribution of the additional constraints is
discussed. Through the analysis of the resolution matrix
the optimum number of GPS-R stations required in this
model is also given.

3.1. Study area

In view of the dense GPS network, North West of Iran is
considered as the study area. The area contains 15 opera-
tional GPS stations, 10 synoptic stations and one radio-
sonde station in the selected time period of this research
(Fig. 3). A tomographic model has been already designed
for the reconstruction of water vapor here too (Adavi
and Mashhadi-Hossainali, 2014). This model is used in
order to analyze the efficiency of reflected signals in con-
straining this inverse problem. Assumed GNSS-R stations
are located where the number and spatial distribution of
GPS stations is poor. Moreover, they are positioned at
the highest altitudes. This idea is adopted from the moun-
tain based radio occultation technique for extracting the

atmospheric parameters (Zuffada et al., 1999). In this
study, the height of GPS stations ranges from 1300 to
1930 m above the Mean Sea Level (MSL) while, the height
of the GNSS-R stations ranges from 1960 to 3320 m above
the MSL. Fig. 4 illustrates the spatial distribution of the
GPS and GNSS-R stations in the test field of this research.

The green triangles illustrate the GPS stations and the
cyan circles show the assumed reflectometry points. Obvi-
ously, the reflectometry stations are located at higher eleva-
tions than the surrounding GPS points.

3.2. Calculation of specular points

The algorithm which was outlined in Section 2.2 is used
for calculating the position of the reflection points. To this
end, only the GPS satellites are taken into account. Precise
satellite orbits from the IGS final products known as SP3
files are used. Then an appropriate interpolation method
is implemented to gain the satellites’ position in 30 s time
steps, equal to the sampling rate of measurements in GPS
observation files. Reflection point calculator algorithm is
used and some of the calculated points are rejected because
the ray path between the reflection point and receiver/-
transmitter is intersected by DEM. Specular points com-
puted for the GPS signals with elevation angles below
10° and also the reflection points that are located outside
of the study area are neglected automatically. Fig. 5 illus-
trates the position of the calculated reflection points that
fulfill the visibility condition. In this figure, the specular
point positions are limited to DOYs 300 and 301 in 2011.
Reflection points are given relative to the topography of
the study area. DEM is used for reconstructing the
topography.

Accordingly, the specular point positions depend on the
constellation of the GPS satellites in the desired epoch.
This is easily seen when Fig. 5a is compared to Fig. 5b.
Moreover, the number of reflection points is increased
when the satellites are closer to zenith.

3.3. Tomographic model

Tomographic model that is used in this research is the
KNTUI. The efficiency of this model in reconstructing
the water vapor has been already proved by Adavi and
Mashhadi-Hossainali (2014). The vertical resolution of this
model is 500 m from surface to 4 km and then, it is reduced
to 1 km up to 10 km from the surface of the Earth (Adavi
and Mashhadi-Hossainali, 2014). The horizontal resolution
of this model is 30 by 40 km. Fig. 5 illustrates the model
together with the topography of the test area. As shown
in this figure, the topography of the study area has been
taken into account when the tomographic model is
designed. The existing height difference between the posi-
tion of the reflectometry stations and the first layer of the
model is also remarkable. Fig. 6 illustrates the position of
the reflectometry and GPS stations with respect to this
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Fig. 3. Distribution of the GPS, Synoptic and radiosonde data in north west of the Iran.
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Fig. 4. 3D representation of the study area in North West part of the Iran.

layer of the model. This height difference helps constraining  of the model is one hour. In other words, unknown param-

the lower layers of the model more efficiently (see Fig. 7.). eters such as water vapor and/or the wet refractivity are
assumed to change in every hour. To obtain the design

3.4. Numerical evaluation of the model matrix in the form of Eq. (6), the distance each ray passes
through every voxel of the model is determined by solving

Design matrix of the model is produced using the ray-  the intersection of the ray’s equation (determined using the

tracing algorithm (Bender et al., 2011). The time resolution  positions of transmitter and receiver) with the planes con-
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Fig. 5. Calculated reflection points due to DEM for (a) DOY 300, time interval 23-24 in local time and (b) DOY 301, time interval 17-18 in local time.

structing the tomographic model analytically. In KNTUI,
this is done in a local Cartesian coordinate frame. The
impact of adding reflectometry constraints on the rank of
this matrix is analyzed next. Fig. 8 illustrates some of the
obtained results. Given results, compare the rank of the
design matrix using and without using the GPS-R signals
for 12 successive epochs. Here, only 6 GPS-R stations are
used for constraining the model.

According to the obtained results, on account that the
computed reflection position is not fixed, the impact of
reflected signals is not the same even for two similar epochs
(see Fig. 8 for further details). This is vividly seen for the
12 h epoch. At this epoch the number of admitted refection
point is much fewer than the other epochs (252 versus 3031

at epoch 13 for example). Therefore, at this specific epoch
the rank deficiency is reduced less than the others.

In order to analyze the impact of voxel sizes on the
required number of GPS-R stations, the horizontal resolu-
tion of the model is changed. To this end and following
Adavi and Mashhadi-Hossainali (2014), the voxel sizes
are reduced to 30 km. The corresponding results are given
in Figs. 9-12. The model space resolution matrix is used in
order to determine the optimum number of GPS-R stations
when the spatial resolution of the model is changed.
Results in Fig. 8 show that with five GPS-R stations the
rank deficiency is not completely fixed when the spatial res-
olution of the model is 40 km. It is also not possible to fix
the rank deficiency of the problem when the spatial resolu-
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Fig. 7. The relative position of the GPS and GPS-R stations with respect to the first layer of the tomographic model, GPS stations are given by triangles in
green, GPS-R stations are shown by cyan circles. The existing height difference between the model and the GPS-R stations helps constraining the lower
voxels more efficiently. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

tion is reduced to 30 km. This comparison is also given in
Fig. 9: the left three columns illustrate the rank deficiency
of the design matrix when the spatial resolution of the
model is 40 km and five GPS-R stations are adopted. Next
ones give the same parameter for the same spatial resolu-
tion but using 6 GPS-R stations. Finally, the right three

columns in this figure report on the rank deficiency when
the spatial resolution is 30 km and 6 GPS-R stations are
applied.

Figs. 1012 illustrate the application of reflected signals
in constraining the model in terms of resolution matrix.
According to Figs. 10 and 11, although implementing
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Fig. 9. The influence of reflected signals on the rank of the design matrix for the first epoch (hour 0) of DOY 300 in the year 2011.

reflected signals improves the resolution of the model, some  cost of poor reconstruction of the relevant unknown
of the voxels steel remain unconstrained. As the result, the  parameters. Based on Fig. 12 by adding 6 reflectometry
resolution matrix is not identity here. This would be at the  points to the GPS stations in this area, the rank deficiency
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Fig. 10. Resolution Matrix (RM) at the first epoch of the DOY 300. The horizontal resolution of the model is 30 km here: (a) without using GPS-R
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Fig. 12. Resolution matrixes for the first epoch, DOY 300. The horizontal resolution of the model is 40 km.
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of the problem can be improved when the spatial resolution
of the model is 40 km. Finally, the deficiency is completely
repaired by adding the direct rays due to reflected signals.

As compared to the direct signals, the signal to noise
ratio is smaller for the GNSS reflected signals. Moreover,
the estimation of the tropospheric delay on the reflected
signals is still a challenging problem. As the result, the
reconstruction errors are expected to be worse when
reflected signals are used for constraining a tomographic
model. To provide an insight into this problem, the wet
refractivity has been reconstructed at and compared to
the refractivity profile that is derived from radiosonde mea-
surements in Tabriz. A methodology similar to Adavi and
Mashhadi-Hossainali (2014) is preferred and the profile is
reconstructed for DOY 300, at 00™:00™ in UTC. As the
result, reconstructed profile can not only be compared to
the radiosonde results, but also is comparable to the profile
that is computed using only the direct signals. Both sets of
results are reported in Fig. 13. Similar to previous
researches [12, 17, 23], the accuracy and precision of the
proposed model is analyzed by using The mean bias and
Root Mean Squared Error (RMSE) are used for this pur-
pose. These measures are computed using the following
equations:

DOY=300
13000 T T

—#— Radiosonde
—+— Tomography | -

12000

11000

10000

9000
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7000

Height{m)
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Wet Refractivity (ppm)

(a)

Table 1
Statistical measures computed for the analysis of reconstructed images.
The epoch of computation is 00%:00™, DOY 300.Given results are in ppm.

Statistical Using direct and reflected Using direct

measures signals signals

Mean bias 0.2593 0.0045

RMSE 1.847 1.72

1 N . .2

RMSE = \/N > (mod' —cal') (11)
1 & : :

bias = — mod’ — cal’ 12
Dy ) (12

where mod’ refers to the parameter that is extracted from
tomographic model and cal’ is the corresponding radio-
sonde data at the intended voxels of the model. Calculated
measures are given in Table 1. This table also reports the
mean bias and the RMSE of the profile which has been
already reconstructed using the direct signals.

Given results confirm that the bias and RMSE of recon-
structed images are higher as compared to the tomographic
images that are reconstructed using the direct signals.
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Fig. 13. Comparison of the wet refractivity profile extracted from the direct and reflected signals (a) and the direct only signals (b). Results are associated

to the first epoch of DOY 300, 2011.
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Increasing the accuracy of the estimated tropospheric delay
on reflected signals can help improve the accuracy and pre-
cision of the reconstructed image. Nevertheless, the relia-
bility of the obtained results obviously depends on the
weather conditions too. For example, in this study the
wet refractivity varies from 43.96 to 0.0034 ppm from the
surface to the altitude of 19092 m at the Tabriz radiosonde
position. This implies that in this study reconstructed wet
refractivity is still reliable in terms of the accuracy and pre-
cision of the obtained results.

4. Concluding remarks

This study is the first attempt in analyzing the efficiency
of the application of reflected signals in constraining a GPS
based tomography problem. This is done in a mountainous
area located in the North West of the Iran. Two spatial res-
olutions have been considered for the tomographic model.
Starting with 5 GPS-R stations and increasing it to 6, the
optimum number of reflectometry points required for con-
straining the problem has been worked out. Results show
that on average reflected signals can reduce the rank defi-
ciency by more than 90%. Based on the obtained results,
the satellites’ constellation and the time response of the
model are the effective parameters in this respect. Accord-
ing to results, implementing reflected signals improves the
rank deficiency of the problem but, based on the computed
model resolutions; some of the voxels steel remains uncon-
strained when five GPS-R stations are used. Results show
when the spatial resolution is 40 km, by using 6 GPS-R sta-
tions the rank deficiency of the model is completely
resolved. This is at the cost of increasing the bias and
reducing the RMSE of the reconstructed images due to
the existing challenge in estimating the tropospheric delay
on reflected signals and the higher of reflected signals. Nev-
ertheless, the initial results of this study is promising in the
sense that the method is applicable when the humidity is
high.

Application of reflected signals in constraining a tomo-
graphic model is limited to the space borne, airborne and
ground based receiver with significant difference between
the reflecting surface and receiver. When the reflection is
close to the receiver as in flat areas or when the altitude
of the GPS-R receiver is low, the reflected signal is the same
as that directly coming to the receiver. As the result, this
method will just raise the number of observations without
a different impact to the model. In order to obtain more
realistic results, simplifications used in this research such
as ignoring snow coverage and vegetation should be con-
sidered in future researches.
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