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solfoces o show ot & TleU ad < (V) r>f~m.ak\a4-r\pa<l
A Zero wm B, Teun U 9 o whbd, 4 L) wmi E/F . Stace
(V] 5 & whbl At 2ere wn E | Teme exoots o dosk D)
Y. Do) cT(L). BoT Ten 7 (D)) U emd

(D (0)) ={e] | eeD o) =4[] | Ul <¥ ¢
so tRat U & a whibl L A4 1w E/F.

() Let {e.)) be a (Mck]- sequence. M E/F. We may 33
e whillegat lgss o£ Omh'#f Mot NTJ_Le,, JW< /.
Iml.-,c,hve,\/ e gan Tvnd 2 fe 8] judl Wk lSe"ie“:‘\l<l__A.
Mos 4e/p s Cavchy o B 50 it cmverges Yo 50y, ecE.
Con’n‘nu."r/ ~+ tw-r\-‘es eI \v;»_\'/\mkn)zk).

’Mﬁe: T COO\—('wW\SI'on_ g/?' F BV E VS A—?jx‘r\QA *‘o \a.c. T
divenson oA E/F. We sy F o A fnte odimensisn
{;‘P E/F o ¥Vn|"\"e. A&'M\bx'ano\_\_



Em
SP\.’-‘\" SUL’SY&C&\S

Vi Defondine - Toe closed su'\zs‘;ace F o e Bonach 5§
E v sad to be 5[7"*, or QN\V\ﬁM‘k.J,.‘f' Tere oy o

closed '»-L;racé GCE sulh Tt TB=VvaHG.

Remarl i Dedvackon 1 saplicdly asles Rat™ T fopolo-
3 A B wimeide welic e ‘Y\mc\uc’\' "rcv,\ody A Faol . we
ol show, 4 vext sechma, TWad T topolagecal s e
T A cLTO‘u‘)eA i, F o ;r\.-\' 2 E o Te a\ae\prau‘c divect
tont o F oond R closed >UL5FM Ca.

We note Talm ¥ E=F@& Ten G o omorphie Yo EIR
However, F need ot 5(’“‘* For E/F b be o Bamack space,
ah wre Fravecl " 3.

Ta Foacte — dovesnsmnal Spaces, cmy >u\a>racz. o closed owd
5‘;\\4-5 ; however, o nfoacke dimtensions Tos L False . I,
nesch sechren | we give some genernl criteria osefol ua

Mn\-w ﬂw\a\/).\j "?’.’n" a— Su\vjra& ’\’o L-L S‘)\:\¥, Bcjf e S~

\0\65"’ 5('+w3’c‘om occors  on Helbest Srao@),

15 Toorem, FE E 5 & Hobes space and F o closed
shace Tam E=F@ s every closed Su\a}taﬁe_ A o
Helbert spoce 5‘;\\4-5.

T ‘mm?_ A Ty freoreas v5 done v ree 5\'@(5,11?1’%%1'
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+uJo \ﬂ-ewg sw‘or¥m+ rcaunﬁ ey owun n‘a\&r.

A6 Lemma . (Existence ood oncqueness A il worm
elesaents & closed cmves seds ). I C oy o cosed | cnvex
el (te, x,ge C and ost<l mplies Exvatrge C)m E,
T Mhere exshs o vague e eC such Rat ileil=of {iel |
eeCy .

proof. Let /I =t Lieil | ee C} - Tan e exsts a -
sequente (e salrrﬁ/\kg dgile T <dl  hence ighsd.
Snece (€€, )/2 e C, C Lova converxe it Pilows Tat
Nee,ven) /2 N5 d
B/ e FM@,”@JO(?*’D’W Lo

e ,—<,., - S 5 2 - 2. e e, . 1
| Ca8n) 7= 2 N En e 20 S V- 1)y

2 Tz T2
=4 ()
Tat &, e} o a CMCL)I Sequence m E . Let n(f:;ﬁ" =< .
Continocky o T noren wmplies Mot
VI =l el = e, |

ond 50 T existence o on <lewent o vinimionr worwa o C
s proved. |

F.'M_\\/, F e/ o5 such Tt tei=0e/ U =VI [T parnllel
ogrome \aw M‘;‘(‘cj

(= L A i

A_ A_ - A f‘a
. P S5 45 =
L€, €°;€0
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it. Lenma . Let FCE , F£E be o closed )uiﬂsr{,‘LCQ_V‘F

E . Ten Tore exsts o vonzern element ¢€E it e LF.

Proot. Lot €cE, edF. T sof

e-F=4e_v| Ve

% Canvex. cevidl cloSe'c_l, So L/ T previous lemna i+ ontains
o um'o}M P . € =e_ye B E o satiieaiing welwns Snde.
E & Q‘DS-e.A St ed F, o Follows Mal e +0. we shall prove
Fat- e, LF.

Sence € vS g radatnanl dgtes By B ey oy veF and
ANe C (R), ~e have

e, l=le—vil <lle-v+Xvil=1iie+ vl

2Re (M <v,¢y) « W iuly, .
i+ hN=o <e , vy , 0elR , a#to . Ths becrmes
al<v,e ) (Z4+atvl’) o
for all veF, aeR, ato. Ths Forces <v,ey=0 $or all
veF , smce £ -2/ ol <o<s , tm ‘arececim& expre-

SSione s n,eaac“t‘\ﬁe,

Bork B Brorens 15 Fist b o, o5 ensy to see
Ral =t closed (Exercrse. ) . We wnow show Tl P@FJ'
’s o closed 5uL)‘)a(x_a i+

{€,+¢/}y < FoF ., i¢)cF, {e,,’)CFJ'
T relatna



NCeat€,) - (Cn e )i =g, —e/ 1\ + fen—elll ™
shows Taf L€+, o (MCL;’ Hf hotc {€,fCF “”‘l"Len,tdg-
are. Cauvdu)r. ous F {en.f—en’? cmverges , e Tere <xist
eeF , e'eFT suh Walt lmre,=e, Vel e’ . Kis

N— 0o 1 —rpo
liaCe,+e/) me+ e’ c FOFT
"’ll.——?oo'
i rFor £ B , T Ly || Pre\“'ouj lewima. Tere exssts
: A i T i
e cE , ¢ ¢ FOF , ¢ 40, €L (F@®F ). Hence <¢eF
a—mcl. (aéF S0 TFKAT
2=
464,60'):'\\&0\\ = 0
€ =0 , o Cav\\-"&CJi‘CA_l’a/z/-

i€

/



2|

L Near as A Mo \“;‘ \"YLQM \44‘;‘; w‘vt_a S

_\ELS 3&\1‘04, c\za,\s Lu‘t'ﬂ: NVaxidous a/)‘;ec,"s ,P- \near a-mcl ol oo
bnear qurs betiveen Bonak SQM@S. We \aaaa’n welk o S’rwjy A
COn‘\"’nu'u““/ ouncl ao on Yo 3‘*1)47 5‘,0,0_,5 a% an‘\’-'nuaus \ear amncd

mu\\“.‘\.‘w w\avP aMcL So me_ ra\od’ecl gunciam-e_n‘\’A‘ Meovesss 7-?
Vnear MA)'.SRS.

\8. m-om,.«. Le,'\_ A,‘ E—F Le_a. LW Ma/? 0‘? MYM:_A_
SI)MLS. e A O Con*:'nuaus \f:f' Nere 9 oo c_,ny}m"\- MYyo sit.
MAed < Mel for all <ceE .

?mo"r. Can“l‘nw’l'/ . 2 A a2 —eoéE, w2 omnS Tt for omy yyo
Tere exists f'>° such Wi

Ale, + 6[’ (02)) < Ae + Br (oF)
C‘OE. denote TRe zero <lewmadt m E o«ncl 6450&) denotes e dosed
_ Aa'sk A’- V‘aulx.‘uj A Ce,n“'erg.l o We oregin W E) ., S A S
\‘W 5 Thes o ﬂw’vAexf\’ i’o 3

1k Nell €2 Tn Ngell v
F V=pr, aubuody A4 A b T equivaledt to T Llowiey

-“C“Eé\ wr\‘u \\AQ\IFQM

wh e m tum & o Same a3y Were <exists MYo. such m

Wacle € M liellg swhah s seen by taking </ileq_m B
rrCCcAAMa 'M‘\v’co:}m,.
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BCCM;—C_ ”’4’ -‘E'_S morw one— 5(’~75 “:():“ o— @f.‘\"”!‘nuaus "’W

MA‘) L/) Lau'r\c;e_c‘_.

iq - TL_-.Q—O'I'\@M - I1F e i'/) '£h|+e. CL’M&«'O/‘!D«‘ W\CL A“ E— F
'y ‘\‘n—e_M/ iz A o @A"*-'V\uou,).

P‘(oa"f". Let €,y e, be a bascs tor E . La‘ff‘.‘yg

M =mex{iAe i, «—, i Ae, N p
el 2 = a‘e‘_em.i.d‘eh , ore. See (at
WAC | = & pe 4o+ o Ae, ||
L] NAe N o 1| M A, ||
< (el 1)
siace. B 5 Funde dimensinal , all worms on oF sre equival-

et Swmice. llell= LA | 5 o woren, ot Follows Tatieyi<

=
C \ei Yo oo CAV\S*‘—M\' C. Let M::M|C. end Use TKM,(I?)

20 . Dé’f’l‘ﬂﬂl‘.bm. [‘-F e Mcl ~ ore Vwrvvxazl 5()0,59,_5 ond. AESF
1S oo Continuous \vaeasr wwf , et T oF,er—ar ran 04?—,4 be
detmed L 1

1Aell
WAl = Swfﬁ - \eeE_, e:[co[\

(wheel s fncke by T(13). Let L(E,F) S T space. o
2\ ontmoovs mear matj A et F & FE=cC (resr. i)
(een LCE,C) Cfeét. L(E,R)) 3 denpted L/ E” oud 5 alled
e amplex (resp real) doal space A4 . (It wel always

be ddear S'Y‘ow\ = Cmtext ke e L(_E,F‘) or EX means e
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real or Wf‘cx. \near wmaps v duo\ Space.; o wost A T
work later o s covrse o will mean T real se).

A 5"rm,\gk+‘¥www<l verFecativa gives e fallowng ogqui-
valent Lefvaclions A Al .

1Al =mtimye figel cmiel for ol ce€)

”“’F'\“AC“ \\\e\\é\?
= Sepllied | tell = 1y

In particolar, Waell < WAL Vel
F Acl(E,F) ovd BEL(F, G), where E,F ond G ave
noemed Sr)cxce/s , Ten
N(BoR)(e)il = 1B (AE)) Il £ \Blilael < UBH (A1 lell
wheell shows  mat
igor\ £ i 1A
| Ectuua"r#] doecs wit hold w ae,m,m_\, A )‘!MY\& QI_QM?\L &

wirlC E:F:G:KL/ A Y)=(x,0) , ond B(x,a)-;(o,a) So
Mot Boft=o and WAL =W\B | =1

2) | Teorem . LIE,F) willl o nrm J‘u:.f defrned o a ner
_— space- . It Y & Bamadh space t Fo,

ProfF, dew‘/ 1A, 0 end fol=o il =0 Gn $r
wy <€, Wpel LiAlleN =0 50 Ral™ A=o and oy ()

(s W"?‘\eacl—. (N2) end N3) are 850 Y}Tw{’]l&—ﬁruw‘i to
dieck . |

Mowd eV F ke o BmacL-ﬁrou;L sd {A b L(E,F)
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b, ok Caud\y .}en‘ue/nCe, Stnce

Ae—A el <A -A 1\ el For all ec®E
e sequence {Aﬂe} ) chky on F oand L\MCL,.G}) am»aau%-
Let pAe=lm Ae K5 deFines o wad AL E Jodhedh 6 —

1> o0

eV('eLcmr\/ bnear. IY vewmarms to be shown Taf A & antinusus
ond WA —Al—0.

I e50 o a\'V‘O\f\/M excsts o natural aomber NICE)
soch Tt For 2ll wony NE) we hove WA-A I <e. T
lell <1, s l‘mr‘t'ej A, e—A € | <& and nowo Ie_ﬂ\‘n& s o, ok
Follows Lt fae—Aecli<e Tor all € TR jleiig, TWos
A—AeL(E,F)  hence AclL(E,F) and WA _pllce For

o\l Ny, ne) e, 1A -AN—o -

Note: I¥ o sequence (A} waverges to A 1 LEF)
Te Sense Wb WA -AN o, ve, ® A 4 o Te novmn Top-
o\ay,we, 507/ A=A norm, B phase 9 necessary Snce
ofrer Yorologies on LCE,F) are possible. Rr example, we say
d A—A 5+r9n5'7,1£ Ae—Ae Hor each ccE. S

(Ae—Ael £ LA,— Al Vel

form  Canverfence \m‘,h-e/s S’rrma Convergence .

e converse 15 FTalse o3 T fvllgw.»\a Qxa.wwr\ﬁ shaws. Let
E=f(R) = & | Z oy <op witic S

24t /A baty = 2 onb,

At



PAY

‘en-'—'(ﬂ/.--laj .,0}*-~ ) éE J F:R
("-U‘h'mcs
emi ﬁﬂ:<€ﬂ,‘> el (E,F) . e A&TMCL {An? &y vat CMcL71 W

novm  since IA— A N=vz , bot ¥ €={a t, Ale)=<g, €)y=a—o

e,

7

A —0 SJ"”"J‘)’ . IF bk E and F oore fudke dvmensivad
Shona convergence »w‘r\"e/s Moren  Cnvergeace. (To sce Trs

choose o basss <,—,<, o B wnd wdke X S‘rrona Conver—
genee S <1w‘valem+ 1o Akec — Ae. 03 koo For vzl .
Hence i fAe. | = WAW > o worma 7('&\4\2\,8 s’rrma Convergence.
Bot ol wnorms are Q‘}W'V”J‘a"d’ o Fooke Ja‘mens('ms)-

Dual 3‘1014*,5
Recall From ﬁ\W&.ﬁ, S abet,m_ et o doal —
spuce ob €7 (R) way ke devhificd Wil dself. for generd
Banach spaces s & no longer dre . An daportond vesoit -
ssserts ot T Hact sholl hoMs $or  Holbeot space .

22 . Reesz Ke‘)reéem-\a&\m, Tesrem . Lt E bea real (rsp.
amrlex_) Helbeot sppce. T miop €= Lose) o o liear (resp.
steligar 1 A mep ArEF bdween caplex veckr saces o5
aalled ontlnear Ale+e€’) = e Ac’ ,and Ae)= X A€ . )
Aorn - preserving  Somorphisam A E K ET; for shurt, EAES

prooty Let f=< ey TWn ULl =tel cnd Tos feET K
mop A: E—E" , Ae= b early iear (resp ontihiear)

W ran Preéervu’ha ,ond Thus -yz)‘ec:‘.‘w»,’ It remams to prove Sobter -
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+('\/1"\’7’.
Let feE”™ and ker §f<= {eck | fce)=0 [ kerf 5 a closed sl

S'()&CL W B J._"f' kerf:E,TEem j;:a cand :f'.—/f(o) cend Rare &

(\‘;n:""g i‘o r'fﬂve- I‘% kerf -'#E-/n:;—w 'yy Lemma (i?) e

exssys e#o sweh \K-o\j_ e i \Qe,r:g» s wre. Cladtes That

f= A(Scere fiel?)
L’\chcA ; ﬂﬂ/ veE  Gon Le. wwriffen oA

"U:'U'—:-F—(—Z)-'Z_-{—f(—w-e Gl D_'F(v)

e € kevr }’
fce) fce) $ce)

Remav s, Ln o real Hiolbeot spece € every continuous lnear
fonctin L E LR con be woriflen
d(e) = << ,€.>
for some <€, €E and WA =lle il
In o general Bonack space B we do not Vuve such a concrete
realizabin o E¥. However e shoold st always afempt o
denk®y B and EY, cven m fmcke dimensions . Dn fadk, ds-
jr.'naurs\u’na Trese  spaces s Fondamental i Yensor analysis.
We hove a comonrvcal o 1: € »ET dafined by
1e)(¥l) = bce)
(Prvse ond look ogam ok W5 shrange bot SUESNS [ S P
1) e B =(E) ., 50 ) v aw\veé Yo T element Le€™).
- oos easy o chck el L s worm preserving. One o\ls B
reflexive  when 'i o onto. Helbeot spaces ere veflexive |, as
fa s seen b7 Ui Teorem (2.2).
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Nesch we  shall doscuss ;\,\¥£Jmc¥wn_ A veckr valued fonctons,
we shall rea}w'he. T~ *gallmw'ra.

23 Lemma (Linear Extonson Teorewn). Let €,F od G
be wormed vector spaces where

) FckE

) G5 o Boanack space el

Gr) TEL(F,G).

T, 1= closure dF) A F s a yoreed vector 5u.\93‘)¢u;e_o{l
E ond T can be g extended o 4 o Tel ler), &),
Moreower WTH=R7TH.

Prork. TRe Fact Hut A(F) s & Vneor sobspace. <+ &
msrl/-, checked. note Tral # T exst b o snire by -
&n‘hnu»“b/. Let s prove Ta exstence o4 T.1F cccl(F),
we  con write e:jf:;e,, L where € € F,50 Rt

e “Te i <WTlle,—<
whidk shows Tt = sequence {Te,p 15 Cavchy o T Banack
Space- G, Lt Te-lvaTe . s ladt o nde pendant o4 T

N—oo

}eﬂ‘lh-&néc ll,e\/\ } v _‘qu .“f -e:‘l’m €n/ ’ m

WTe,-Te/|) <UT\ (ig,—el+ Ve-€ || )
which prves Rl by (75 ) =l (Tl - T G seaple to
check e \mewn'f)/ A T. Smce Te=Te For ecF (hecavse
<=~ e ), T & a extensim & T. Fnally

N—ps

\\Teii:ii'[;h; (Tev,)ll:}«_»-; W Te, f < U7 lawalle | = WTY Ned

N—oo
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shows ol Te L(crm), &) and WT W < WTH. T ,M?a\.-¥7

“T“é“:‘; “ s 0\9\/\'9(/5 Since. __Y:exkechS .

Remark . As on 4‘1‘)‘1'(&“\‘\'0& A s lemen vre detime oo
Bonack space value d M\'{dm\ ot ool ke o Use later on
Fix e clased wberval Ta WO R cnd e Bonack space
E. A map { I b]—E , s clled o s%.ev £, A Tae <ushy
a perkbion st <t <t < Lt sb sk et § G Gnstoat
on €each nhterval [tt.,t‘_ﬂ) - Using Te stoondord wotion A
a retnement A a ‘mxirrhm A s dear Tal W som o4
fwo step s, and T sealar anulbiples £ shep Fus, are also
s‘he-v s, Tos e st S(ab),B) A& step Fonckons s a vedor
.Su\:j(wkca A B(Tebl E), Te Banack space £ all bavnded
Fonchions . TRe m\eamd A 5\:e? fa. o5 defined \97
ja‘ PR DEL
™ g ew‘.\), ver Roed m,d- s deFnchon o MJ.LVMAM’rALn:.
parthon o Alse wote TRat
'\\SLH < ftl\f\i < (b-x) WFN
where 11 ﬁdﬁh\ wt &,
L t 3(tab),e) S E
s ontinoous cnd lmear, By T lnear exctensim Tesrem, ot

‘3"(—"-0’\:\5 Yo o~ Can"\\‘nuouj Waear W“’“\D
b
L eL(N8aY).e)),E).
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)Y/ 4 P OB S j\o cs alled Tho CMCLY_BA?C,LW M\‘c(jm[

No+€. Mo+¢ .\L—\c\j‘

TSN < ST < o)t
e osval brmrij‘es ;@ e sv\'\*eawi | sueh :3
5= 5408 ead (5o f
ore ea&-‘)7 ver+Fred since —TRL/ c\em\/ bold %or §¥e‘: fonctns.
T Space A (S(tar), g)) watams cnough nfereshing —
fonchons fovr sur porpeses. "'“"””‘7’
C (La,b) LE)C (gcta,b),a)) < B(la,b) . E)
e Fost mcivson s ‘rfovc:l o ‘E.Ta\\omma ey - Sthee La,b]
'S Con ‘;c\d ,each  §eC (Ta bl E) s Uﬂ-':f‘orm\y comtmeses . For
gvo Vet 555 ke given by onboram (4,.+.'nu.-5r7- 4 £ for g, Tos
take « ‘mrh‘)r«'on. a=t <<t =b such War it -t <5 ccnd

define o 5'\'e‘> . g by 6‘ :S—(f‘.) CTaan Ko e-disk

[t( ”ti‘+ |]

D.(f) v B~ E) cntams g.
F.-M\li, note TRat F E cnd F are Banadk sjaces . A€ LCE,F)

wrnd  f€ A(S(Tab),E)). we have Aok e N (S(Tal),F)) sice

I Aof,— A F N WAV WE-FI, For § slep fonchons w E. Moreower

“pof = A([%F) smee s relabin 03 obbained as T Gk

) a

Te. Sawte. ‘r*e‘o\jn'on, (‘ar 5‘\‘€r ﬁf\s,

No{*c. wre v\p\’e et e Rrewraan M\‘c‘jm\ exests also e

fonchimg ovtside £ A(S(1aV),R)) .
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Nexd we torm to woibilnear appings If €, € and Fae

)W )'KMKL&Z?)) o vmar
A §x~“xEk__9F

s called k—molbilmenr A, € ) s \near m mcl»oydumenf
,se_‘rm{’e'\/\ LK'/Leﬁ/rnT‘}i n T Fost Mauwm*’ means ot

A(he, + \~g, s s )= XAl e e ) 4 kA (S8 ~e)

we  shall 5¥ui7 wulblinear crappig s i detasl in our‘S*uJy ot
tensors  numerical AMJ/ 525 Partra)  LifRerentval equabras and efe,
e shall requrine o few Facks aboot Tmn for T poriose -

LS’ . ’D-eﬁl'vn"“fan,, e ‘5‘”\42. MV- Cdn'k‘nuaub k-MU“""'\:’r\-ea.k MOYS
D{K Eiz'--/ Ek t‘ F S J.w\o‘\‘ex.:‘ L(E—\, == EK’F) . 1? E =& , ‘f‘.ékz
s space o denoted 'Li((E,F) :

No"’e‘ AsS @ ()3)' a k- ""“"H‘“.\‘"W W\@‘? A s Cén"f«’nuau.‘i 3
heree U or MYo  Sude Tt
WA~ e )l <M el . e, )

for «l e ek, | i<k | We set
HACe, - el

“/4’“ = Sovlo { \[e\“ — “ek" \ e‘ /‘f.,{k:,‘;oi

which nakes L(E,,.«,Ek,'F) Mo o ovmed S?&CZ— r & wm‘:\e*e

d Fo.

, A—aﬁm WAR can also be defued a3
it Al smﬂmw | MACe, ~ € )l £ Mgl —~ He,,u}

=P NAC,, eI | ugigt, —, g, N1 ¢
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=sep {NALe, — el |igh= — =le, N =1}
3C. ° Torern . Tare & a tnotorsl) aorma—preserving aSomoYrL-
Sk
L(E L(E, ~E ;F))=L(E, ~E, F)
Prook  For AéLCE‘,L(\EJ_,W,Ek;F)) we dofie ;}JéLCE,,w,Ek’,F)
&
Al we, ) = A ) (2, e, )

Te lk}ﬁﬁCi'a:“i‘an, A ,__,/’4\’ ) clleax\y Kbnean ctnd A M=WAN -

Rewrarks. ¢(¢) In & semclar way , we Con -'clu\#c?/ LCR,F) (or
L(CF) F F o Gumpla ) otk Fito ACLR,F) we associate
AQ) ¢ F ot HAN=0AW)I .

o) As & 5‘;@:“@\ case A adte Wal

L(E,E )~ LT(E,R) (o L'(E,€) & E S
Cormplex )
Thes -Sowwrrlu)n well be uvsebl when we cnsder second dor
vatves .

@) We shall need & Few facks aboot T permmo bahve J™p
ik clements. Te mbrmatin we cke s sbtamable fom virte
oally any <clementary aljebra book. B permutatin groop
m k elements , densted Sk E consists A all bj‘ed‘l'ﬂu

N A L
hgther Wil T strocture o‘Y-AJmur vnder CAWIPOSI"‘L'HL. C\w'y
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Sk has ovder ki . i_ejh-na OR, x) denste ANEY L i |
.’-\q\.'w&-\m groop strocture, we have o komomovv\usm st 8
— (R ,x) - Wt &, fir ¢,Tec Sk ;3G (60T)=(ygn T ) (59§ T) .
e image 4 segn s Tie SdLJYaur =g, whide o kene) an-
sists oA TRe 5u|aJrour A even r.ermuhdw'm_s. Teus ,&‘mw'\rm.,
G S even when 5199 O =41 end 5 odd when s 0=~
A hansiw&%vn, S oo ":erw\u*o}wm T3 swep s tedo elemeents
F QU ko leaving e remainder Foxed. An even Codd)-
Fe/rw\ubujrwn, can be wiellen os e V(OQLJC\’ oA an even (0dd)
numleer oA "i’ram-sros.‘—iw‘an,s,
(v) e Jrovp Sk acts on Lk(E,F) [ le, each e Sk dfines
& wap G Lk(E,F—‘).__, L“Ce,F) ‘97/
(OA)CE s s e ) = ACS ) 0 Cpy)
(resrzec:\n‘vc'\y CA= (5199 A ).

23 . Dednchon. Let € and F be noramed vector spaces. Let
L (E,F) and LK (E,F) dendte tre WL;FM@ o symmekric and
avity S/M»rw}wc clements £ LE,F), wrrke STEF)-l(E F)=F
ond SK(E,F):{F-‘E~—>F | peer=Ace,we) . ac che,,:)}ﬁ
@l SNE,F) space. o® homogencous  pobyomials o dogre
k from E to F

Rema/rk. Nofe Tat Li(E/F) &ﬂcl L:( E,;F) ore C\oSe,A. M
K . ;
L. (E,F) 5 Thus ff‘ F 5 & Banackh §FA% , 50 are L/:(E,F) cmcl




353

L:(E,F) . e M**‘S/mme}rv-y; maps Li(&,r) will he stodied
defarl ™ Iﬂ\’earm\—.‘am on Manfolds,

H omogeneous (= §7v\ow\ ve\s

K .
25 Meorem . (i) DS CE,F) S a normed vectoy srm wi i

resl'uaoL o e (‘a”mua‘né norm
ilfllsmﬂ MYo | Iferl = M ue(\k;
=Sep i | feesll Juen<ip
= Sup { ey | el =iy

o s (/erie}e £ F o
6y T8 FeSKE,F) and ge SKF 6) T gote e 6)

and W gefll < gl NfIL-

(h() (PO'&LYI%&.“’,—*O.,‘L) - e m&rrtvta,
,€) restrected o L/EQE,F) has em taverse

a LK(E,F) — SK(E,F) dobined

by //4\(8)_':/4—66 Lar
SK(E’— F)——:L (e, F) Javﬁn la)/

‘f@,/wzﬁk)— {_ th \b{;Cfe ‘*'“-i"tke )

(note Tt {_Lt'eﬁ'u-'-tke ) S ‘,o\ymw\‘&\ M 't_\/mltk So There L
no Y\’ouw 4% UncL&Vé““o«nJ4w& uJLvd' § A@h‘\/a}cvcs e The r-(:er‘_

L\Ml b\'cLe, MM) .
ov) For A€ Lk(E,F) 2

AV

,Mrlm/} Tal e mar;j , are Err SIS

WA < AN (K /Ky ) WA N, whiek

P"W‘ ) and @) are pmch {ucHy 03 For LCE ,F)= SLE )

@y For AeL(E,F) we hove



34

A d:nei*“‘""tktk)
Z k! 2l Ay A e e €
= —\-t‘ = t /4’( Kty T il J‘/‘“/ J)
oppetaccic Gl ol J T e
. J ' 2
J a, o‘J' 1 -'£ k:J’
| E =3, it ks
Rt -t
J = o
i+ Hollows tRat
) ’JK A
/}(ei’“‘/ﬁk)s_k—! fdf,"-’btk A (Jc'e“““'* tkek)
Cl’lflcl fpy J'¢k >
J A
2 : _
ot Alte v xtie ) =0

Ws neons TRat
ANV K
(A) =A T ony Acl (EF)

K
Canve,r_se\/ , e {é S Ce,F) ., Ken
v K

v A ‘ N
: t K =o
_ N w B
=% s |, ) feey= fee)

V) “//}\Cﬁ))\:“/’t(ﬁ;w‘/e)\l < WA \\e\\K, so WANLUAN,
T:J FfaVC e oll\‘&" r'lbe?uﬂ{t'l')// vw"‘e. %“* ¢"£ Aé L:CE, F)/ m/l
Ac{u""/{&)s i Z&‘ <o &K /?(&‘e‘_‘,‘.._..ékek)

SPls
OJL% e Suna 'S "'uk,m over &l L il .LK (7055“19""""'% &':ill-u,

= - '\- { ==\l :\ Ml ej—
e =t uT e e |l g )
(A e +wrée | £ NANNEE urt e |
A %
<UAN (E e+t 1€ L te 1t )

A K
HAW Kk

h

u)\-\nnCﬂ.—
Kk A " kk A
WACe, e )| &7 AN, Leo 1Al £ 7 AN,
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Renark :Lc“' E:Rn/ F:(R,amA e e | Tl:a_,\smicxi

_ k . :
basis Kn- For {'é— S (Rﬂ,(ﬁ) , set

b4
% e e
t n
I#. ﬁ:'t‘ff_‘g‘_\.._‘,teﬂ ) e FY‘M?XJ v‘&(l'l'i.) 5"\01,\»'3 ‘Ka\j—
( o a
&(e)z‘f(ﬁ/‘n,e) = Z Ca-‘.c\ ‘t' "\tﬂn
At a-nzk S N

e, | ‘\omatmeaus T°“/MM"&\ 4 clz.aree K g t‘,u,f,‘ W
e wsval AJe\ov'a\'c sense.

e Gngtoant kk/m, moGV) s e best ‘so:),ji'bieicvs Ny To
\\owma QMMF‘Q shows . write elemonts & iKK PEN L:(yj,w,f)
cnd  avtrodice Mo normn WX, o, X)Wz fovns 1S - Defna
Ae L (RS R) by |

A e G L I‘L} -

K1 “re
i L8 ) i R
(»J“\-ZP{ Xt. = (I‘. , _-.,'LL. ) & KK o—/\cl. T Snm Y t\.\(ﬁn oVex o\
¢

i
£ >

Wmu’h&vfons P U S M+ O ﬂ\-SU\‘/' verified Mot
HAN =/ % e, WAN= (Kk/k'l) WA\

os , except For k=1, Tae Somorphism T Ol verm presenvig

(Wvs & o souvee o4 annoyance m e Theovy A frmal -

‘)OW Sexi'es OﬂA ‘*n“;n'n,l"e_c\\‘»’\—enswna,\ | P g ‘)\\\‘Q Mckfri!zjs'
| —Tl_\—,rce, P;'“MS /~? L.'n_ezw /‘}n&‘fé"f)

e mr&e ‘F«Jv\c\aw*u‘ eorerns /‘? \\'VLQLM’ C‘V‘“\yh'ﬁ are The
Haohn—Banach Teorem , Tre open ma”\'v\a Beorewsr and KL Lnitorm
boonded ness "T‘l'nC\'f\e. We begtn wile Re Rist piilar
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29 .Hahn- Banack Toremn. Lel B be a rea) or am‘;\eL
veetoy space LY E—SIR o Stumlaprws Gl FCE&SUL’)‘MQ-
IF FeF™ sabisdes (fer] el beall cef, Te, Tepe exists o
baear map FiE R (or@) sveh Wt FIF=f cnd Feorl<liel
f,r o\l c€E.

Proocf: Real Gose. First we showt Wk fe F com ba extendad
TR Re grven rnlo,erf/ Yo Faspanie} for o gven € ¢F. ForqceF
we  have

}(ei)_pf(ej_) = q‘(e‘+ej_) <he+g | < he+e i+lig-< il
So  That

Fe - e-e e re - fee)
cnd  henca
Seetp {$cg)—lie,—e ii \geFr< mh{llere,ii=fee) |eeF )

Let ae R ke oy numbar between e Sep cnd b i The pre-

c.eJ"na Txpressivn and  define ;l F@S‘;an{e,?._,lfi Ly
:?(€+'teq ) = fe)ata

It s clear Walt § w5 \near and f|F=f . To show Tat
Vet te)| < Vexte,ll

note  That b)l e defnvckon o a

fee, )- fle,-e il € v < We < W\ f(e‘ ).
So TRl Mu\\‘q‘v\y\‘na e second me‘\w\.&y‘ by tye end W First
‘07 <o e Se‘f. e desired  vesolY,
Second , one verifres Wat e sot §=4(G.9)|FcaCk, G s

a Sulosea& A~ E, aeé*, 5IF=)( end 1gce)| el for sl ecGp



3+

(s .na\ucjﬁ'\/ﬂi/ srdered wilR re’-s‘%(ff tH W O(A—e_ys'«\a,

(G,,9) £(G,.3,) #F qca, . 316,=7,
hus \97 Zova's lemwma Tore exists a maximal dewment (F,1)
+ 5.

Terd, vsing e Fist step cnd e maximaldty o (E,6)
one concludes TRal FE-E.

(Mria Case. Let §F-Refiilmf and nole TRatl Camplex. liina-
N.-}/ ‘-mri:es (Imd)e)=-(Ref)ie) for all ccF. By e reel -
ase , Ref extends b a real lnear Gntinvows wep (ReffiE-R
soch WRal  \Ref) (o)) < iel For all e E. Define ?zE—a@/
fley= (Reffle) =0 (Ref) ey emd nobe wat § o Crraplex. \in-
eer and T)E=1.

T shows Thad [feer < lel For all eel, write

?(e): \?(e)\ e:cf(u'e)
50 Cmplex Vncarty o £ ianplies fe. exp (1)) € R cnd huance
\feol = Fe- exp(-00)) = (Ref) (€. exp-19))
< Ve ex\o(—ie)\\z\le'\\-

Jdo, Covo “My. Let (E,W-N) be o normed space, FCE o Sl
pace and feF© (I Bpolegraal dual). Taw Tere exists fee®
such ot Flo= 4 ond aFN=0FN.

Prood, We om assome FT£a- Tea llell= Mfiljel]l S a nom
on B and [feo] <Wfllkel =lell for all cc F. Applying oo
preceding Mesrem e get o lnoar wap FLE TR (or €) sudh
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Mo S1Eof omd 1Fcer) €Ul for all ec® . TWes says
Tt \\?\\ Z Wi c:.mA Snce :}v extends f,-“} Followos T
MV AT e wFionEN end FeET

3. Covollary. let € be oo vormmed veckor space and €F0

Movn Tere esxists FEE™ such Wal fee)s0 - In oher words F

fcey=o for all feg™, Toun e=0; te g™ Rranulrc \vm‘n\-j 4 E,
Froo’g. Arr\/ Coro\icvry' (31) Y e lhenr Fonction

{o(e\o(é{?-—a(f 7 odLe — A .
e 5&60n<\ ":i*\\cur s as Follows .

32 0 Open Mapping Weorem A& Banach enl Schavder. Lf
E and F Le Banach spaces ond suppese AEL(EF) onto - THen
AS e o gy
Prook. To shaw WMok A S an o mapping b sobfices Yo prve
Fot  A(N(D)) Contrins o disk  centered oF zevo m F Lot
Y>o . Sce E:Q D, (0) .+ Follocos TR F:Q(A(Dmcu)) and
hen ce ,,?“(ACDM("))) = F, (me\elre.mg A F ompliey Wat ot
least one o T cl(ACD, ) hed nonemply mlerioy by T Baire
cateqory Teorem ( B-\H) . e moppng <€E i ne € bedng a
komeowwrvk?sm,ﬂ:-j says Rot | (A(D() Contamns some open
set VOF. we shall prove Tat w Fact T oregin & F s

ih‘\'(c\( A (Dr(o)))) . Contonou ..“7 o+ €.,€,) €cEXE +—— Q‘-QJ_GE assvrg
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e =xistonce o sn o2 seX UCE such TRat

U-U ={e-< | ¢, €,V < D (o)

thos <\ (A (De0))) > <l (AW) - AW)) DM (AW))- A (AW)) DV=V .

BU-T V_V»:L/eév(v_e) s 0‘7,9,.4 emnd C‘eM\‘/ Caﬂ*_kihs o€eF . I"}

followws ot Tore exists a dssk D;;L(D)C‘: Such. ot Dé}ﬂ)
C d(A(D, w))).

Now’ ‘6'\' 2 = i/ n+l =9\, 2 . 5, Tt '\:Z £ - B
n 2 N=-> 7
e ﬁarcaauha resy H‘ Mere &X—"bfj a M NYo such Tt Dn(a)
Ll C‘(ﬁ( D& (0))) C‘\?M\/ YL—, o - We 5‘\0\.“ Y\"pve, Tt ’

D (g) - /}(d(Dco)))

Fov véD(o)Cci(A(D (o))) TRere exists eeD(o) Suche

Tt |M>—/}eaﬁ<n‘ cond Wos  v-Ae € <\ (A(D ) , 50 ihere

esists -e‘eD&(o) soch Tt No_Ae - Ae i <n_ ., ete. Tndouc-
2.

{

+-\J“t‘\/ o€ CamS*(uc_\’s ac S—Q,Cku-e»’\CQ_ e € D”L(a) )ucL\ | "

1

No—Ae,——. —Ae il <
e Berdes g,e 'S ‘”"‘V“(‘]@"* l"QCMé—&
\\Z €. \(<§H Y ond Z e =)
rnd B s @m‘a—\:‘*e, Le ¥ |
ﬁ:ﬂgenéE
s
A= gﬂﬂe = , and dell g Z e \ < V\Z V0 =1

\‘_e_} Ve qu'(a) WmPlIQS Vs /4€ “ﬁ“(l

-]

Wat & D (O)C./](c'(D(o)»

An 1‘Mm-e_clu‘o."e C/_méeﬁ(ule»nC& s T ¥o“ou.)r‘r8

7
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?)3 - BMC\LLJ& IsomorY\Mtsm T[Lovwm A @n'\TnUa(—"S Weaor

150 wrrl««’ﬁm /‘F Brmacl» Staﬁe& US A \f\_omeamor‘,\u’sm.

Tos, % F,G cre dosed su\as‘ams A TRe Bonack space.
E ond E 15 T a\J{Lra\‘c direct som & Fand G, T
e Marr“v\g (e,e’)e FxG —s exe’/€ B 5 & Onlinusus iSomo—
rrL.)M , ovd henece a LomawrFLxSM e, BE=FO& ;RS proves

e umM—&q+ at W \a_edx‘mina A 5‘\.“’ >ubsvace_§,

34 . cNosed Gra()\-\. Weorew,. Let E,F ke Banach sps.
and AL E—>oF a Vnear wap, Ten A O comtiavows FF oks
(j”“FL Y; =4 (e, Ae) € EXF ]eeE} s oo closed subs‘yacaa{- EoF,

proo®, TH reac\;\), verifed ot T 5 o Vnear >u\93‘7a¢e
A EeoF. T Acl(EF) Tan T w5 closed . canUe,r,sL\},,:# r;}
vs cosed | TRen o+ s o Bavack 5u\as?<.\cf_ K E®F o) since
T Ma‘,‘,m,& e, Ae) € Pﬁ —s e €E 5 o Gvtnuous ‘3omarz\m’sm,
5 Mmverse ecE #——’Ce,/}e)éff‘} s also contmuees Ly Tt vz (33)
Since (¢,Ae) €l > Ae eF c‘eM\y continuous , so S e ompo s~

tion €1 e, Ae) v Ae .

Note. T c.\oéeA 8rA‘)L\ Woorem vs Aen vsed i =L Ll
v\Jl’ng. Nﬂ}/. To shows Thad « (Wiear mov‘) AESF & mnhnuw)
f,r E F Bonack spaces F suffrces %o showw Tt f €, o

ﬂV\Cl A"Cn——"en/ 7 TRL«) €/50 .
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35, Coron&r/. Let £ be oo Banack space pond F o €)-
05ed wbs‘;m A E. MTen Foos 3?\.‘\’ HE Rere exots pel(
EV,E) such TRat P,P=P aqd F_-qece) P€=€e.

Proof. TF such o P excashs, Mew clearly ker B o5 a closd
subspoce oA E Mot & on algebrace complement of Fj oy
ecE > o M Foran e-e-PesPe wih e-Peecker B and
Fe e F,

Co'f‘vtféd;,-# E=F0sG,define. P:ic_LE by Prey=e, whe
e=exe , €eeF e eGa. F o5 CieM’/ laear, PP axd
F={eeck IP—e:»-e}, so all Tere 5 Fo show s ok P o ot
vauous , Let €,=€ +€ —o Zind Pc'e,,):emf—»e/; ‘e ,.-él—noe/
ond  since Foond & are closed M umplies Tt e fna=
of. By Me closed grogh Teovew, PeL(E,£).

3¢, Fundamedtal Lsoerorphism Tasrem . Let AcL(E,F)
be surjechve where £ and F oore Bomack spaces. Tan
E/ker A omd F ore 5 onzrphic Banack spoces.

prost, I map fe] — Ae s bl‘)‘edwve cand contmusus (s

norma 13 <L llﬂ\\)) So \+ 15 oo honteo wwr‘)\n-'s.m.

Renarle oM-:\ D&%’n\"‘(ﬂon,‘, A Seé\uemée_ e%'maes
Y Et\_'/?" E'. ’i‘—ﬂ E. ——3 o

X

A Bomack sprces v savd o he 5?\8'" exact F for 2l o,
kexf}(\ﬂ_—_- Kome A and  botlic ke/r/)‘v and rounge A 5?'-‘*‘-
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wetke Ths 'F&’M“ﬂo\ody, 1 can he veformdlated t e
‘?o\(ouumcj Wy I o— G—oE—F 0 5 o sphh exach
sequence A 60(;"\0\(_}\, 5Po\c@§,ﬂ?:sw. E/GA 5 Bomack space
\Somor?\m‘c Yo F (Res E & GoF) -

Now wre ocxre rea.cly' Kov TV:R_ ord P““ar.

37’. - Un A ornn BounAe,Amsz Pr\'nc\‘y(\t % Bomach e d
ﬁ’el“vw\r\aus . Let E and F be vorned ‘v'“ec"or 5FA¢Q5,. = C“”’[”CJE,
ound (A, CL(EF). ¥ %or each eect e st {Aes

t P [} [

€I
2 hounded i F, MRewn 4 HA. S - s o bovnded st A4 real

nuwm bers .

proof, Let Gce) :3u‘:{ NA.ell | cely and note TRat

S ={eck| Per<al -:‘\QI {ecE | WAeW <n}

s closed oand ggn =E . Smce E 5 a crmplete metric space, T
Baire  category Tesrem (B—|) tells o5 Wal some S has
f‘\pnew\?"')i mterior; le,, e east Yo, €eE such That
beej2™, For all ecd(D ce,)), where MYo 5 some comstant,

For each eI, and jlell=|, we have

A (rete,) || < P(rexe, ) <™

So That |

(A el="L A (reve,—€, ) | <L KA, Ceae )il 4 Ly ace |

< M+ Qce))) /r

e, AT L (M+Ge))/r For all Vel
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39, .Cofo“My. I {A.p S LCEF) 5 a shrongly con-
W&w)r ;x,;‘mce;{.e‘ P Y{m Ae=ApAe =exists for every ecE,
Tewn A€LC(CE,F),

Prook, A 5 c\eM\7/ o \inear rnap Since. {A e b s cmver—
36;4“", s o bounded set v each ecE, so mrar by

20, 4ANA Y s bouaded by, Say MYo, Bot T
WAe :‘v::‘/‘w WA el

< Ui sep i, 0) Menl

N\ — 0o

< ™ el

e, Ae L (E,F).



