Exercises 12.9 987

If z = 0, then solving Egs. (3) and (4) simultaneously to find the corresponding
points on the ellipse gives the two points (1, 0, 0) and (0, 1, 0). This makes sense
when you look at Fig. 12.66.

If x ="y, then Eqs. (3) and (4) give

XFx—=1=0 XFxFz=1T=0
2xr = 1 z=1-2x
V2
X:j:?- Z=Iq:\/§

The corresponding points on the ellipse are
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But here we need to be careful. While P, and P, both give local maxima of f on

the ellipse, P, is farther from the origin than P,

The points on the ellipse closest to the origin are (1, 0, 0) and (0, 1, 0). The
point on the ellipse farthest from the origin is P,. ]
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1. Find the points on the ellipse x
has its extreme values.

2. Find the extreme values of f(x, y) = xy subject to the constraint
glx,y)=x*+y*—10=0.

3. Find the maximum value of f(x, y) =49 — x> — y? on the line
x + 3y = 10 (Fig. 12.58).

4. Find the local extreme values of f(x,y) = x?y on the line
x+y=3.

5. Find the points on the curve xy? = 54 nearest the origin.
6. Find the points on the curve x?y = 2 nearest the origin.
7. Use the method of Lagrange multipliers to find
a) the minimum value of x + y, subject to the constraints
xy=16,x >0,y > 0;
b) the maximum value of xy, subject to the constraint
x+y=16.
Comment on the geometry of each solution.
8. Find the points on the curve x? + xy 4+ y2 = | in the xy-plane

that are nearest to and farthest from the origin.

9. Find the dimensions of the closed right circular cylindrical can
of smallest surface area whose volume is 167 cm?.

10. Find the radius and height of the open right circular cylinder of
largest surface area that can be inscribed in a sphere of radius a.
What is the largest surface area?

11. Use the method of Lagrange multipliers to find the dimensions of
the rectangle of greatest area that can be inscribed in the ellipse
x2/16 + y*/9 = 1 with sides parallel to the coordinate axes.

12. Find the dimensions of the rectangle of largest perimeter that can
be inscribed in the ellipse x2/a’ + y*/b* = 1 with sides parallel
to the coordinate axes. What is the largest perimeter?
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14. Find the maximum and minimum values of 3x — y 4+ 6 subject
to the constraint x2 + y? = 4.

15. The temperature at a point (x, y) on a metal plate is 7(x, y) =
4x? — 4xy + y2. An ant on the plate walks around the circle of

sy

radius 5 centered at the Ol'lglﬂ What are the nIUHCSI and lowest
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16. Your firm has been asked to design a storage tank for liquid
petroleum gas. The customer’s specifications call for a cylindrical
tank with hemispherical ends, and the tank is to hold 8000 m*
of gas. The customer also wants to use the smallest amount of
material possible in building the tank. What radius and height do

you recommend for the cylindrical portion of the tank?

Three Independent Variables with One Constraint

17. Find the point on the plane x + 2y + 3z = 13 closest to the point
(1,1

18. Find the point on the sphere x> + y> + z2 = 4 which is farthest
from the point (1, —1, ).
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19. Find the minimum distance from the surface x> + y2 —z2 =1 32. You are in charge of erecting a radio telescope on a newly dis-
to the origin. covered planet. To minimize interference, you want to place it

20. Find the point on the surface z = xy + 1 nearest the origin where the magnetic field of the planet is weakest. The planet is

B

21. Find the points on the surface z* = xy + 4 closest to the origin. tem whose origin is at the center of the planet, the strength of
A9 DOind tha meintle) ~n tha cnrfana vus — 1 ~lacact fr tha ~riain the macnf-t_lc field is mw-n hv M(x, vy, 7) =6x — v‘ + xz +60.
Aikds  LIIU LT PULHIWD ) UH LT DSULLALT Ay — 1 LIUDOSL WU UIC vligiil. SR

S . .. ) . Where should you locate the radio telescope?
23. Find the maximum and minimum values of

JV,2) =x—2y+5 T . .
Jooy ) =x =2y Lagrange Multipliers with Two Constraints

on the sphere x2 + y? + z2 = 30. gy . ) )

24. Find the points on the sphere x? + y* + z2 = 25 where f(x, y, z) constraints 2x —y =0 and y + z = 0.
= x + 2y + 3z has its maximum and minimum values. aa nAi i e e .
- 34. Minimize the function f(x,y,z) = x> + y? + z* subject to the
25  Find three real numbere whoge ciim ic 0 and the cum of whoce oo ceotao - N
~3. NG Wree rea: numoers winose sum i1s Y ang e sum oI winose constraints x + L_y + _) = 0 ana x + _)_y —+ 74 =9.
squares is as small as possible . . .. . . .
q p 35. Find the point closest to the origin on the line of intersection of
26. Find the largest product the positive numbers x, y, and z can the planes y +2z =12 and x + y = 6.
have if x + y + z% = 16. . . . )
27. Find the dimensions of the closed rectangular box with maximum have on the line of intersection of the planes 2x — y =0 and
volume that can be inscribed in the unit sphere. y+z=0.
IR Find tha valumea of tha larcact claced rectancnular hav in tha firet am R I < P
28. Find the volume of the largest closed rectangular box in the first 37. Find the extreme values of f(x,y,z) = x’ yz + 1 on u,c inter-
octant having three faces in the coordinate planes and a vertex on section of the plane z = 1 with the sphere x? + y? + z% = 10.

the plane x/a +y/b+z/c =1, where a > 0,5 > 0, and ¢ > 0. 38. a) Find the maximum value of w = xyz on the line of intersec-

29. A space probe in the shape of the ellipsoid tion of the two planes x + y+z=40and x + y —z = 0.
4x? 4 y? 4472 = 16 b) Give a geometric firgument to suppor.t your claim that you
have found a maximum, and not a minimum, value of w.

enters the earth’s atmosphere and its surface begins to heat. After

one hOl;r the temperature at the point (x, y, z) on the probe’s 39. Find the extreme values of the function f(x,y,z) =xy + z> on
p p p the circle in which the plane y —x =0 mtersects the sphere
surface is 2 2. 2
R xX+y +z"=4
T(x,y,2) = 8x“+4yz — 16z + 600. . . .. . .
x.3.2) Y + 40. Find the point closest to the origin on the curve of intersection
Find the hottest point on the probe’s surface. of the plane 2y + 4z = 5 and the cone z? = 4x? + 4y?.
30. Suppose that the Celsius temperature at the point (x, y, z) on the
sphere x2 + y2 + z2 = 1 is T = 400xyz2. Locate the highest and — . = .
sphere x* + y* 4 00xyz*. Locate the highest and Theory and Exampies
lowest temperatures on the sphere.
e f . . 41. The condition V f = 4V g is not sufficient. While Vf = AVg
31 A'? .examp e from economics. In ecor}omlcs, the usefulness 9r is a necessary condition for the occurrence of an extreme value of
uttltty.of amounts x and y of 'two capital goods G, and G, is f(x, y) subject to the condition g(x, y) = 0, it does not in itself
somet}mes measured by‘ a function U (x, y)'. For example, G, and guarantee that one exists. As a case in point, try using the method
G, might be two chemicals a pharmaceutical company needs to of Lagrange multipliers to find a maximum value of f(x,y) =
have on hand a-nd .U(x, V) theﬁ%fun from manufa?u‘mng: a PF‘"?‘ X + y subject to the constraint that xy = 16. The method will
uct whose synthesis requires different amounts of the chemicais identify the two points (4, 4) and (—4, —4) as candidates for the
depending on the process used. If G, costs a dollars per kilo- location of extreme values. Yet the sum (x + y) has no maximum
gram, G, costs b dollars per kilogram, and the total amount value on the hyperbola xy = 16. The farther you go from the
allocated for the ;,)urchase of G and G, lf)gélher 15 ¢ dol!ars, origin on this hyperbola in the first quadrant, the larger the sum
then the company’s managers want to maximize U (x, y) given f(x,y) =x + y becomes

that ax + by = c. Thus, they need to solve a typical Lagrange
multiplier problem.
Suppose ihai

42. A least squares plane. The plane z = Ax + By + C is to be

“fitted” to the ’mllnwmo nmnl( (X, Vi, Z20):

..... > Yk Lk

Utr.y) = xy +2x 0,0,0, (O, 1,1), (I,1,1), (1,0,=1).

Find the values of A, B, and C that minimize the sum

4
2x +y = 30. Z(Axk + By, +C — )%,

Find the maximum value of U and the corresponding values of
. " P

and that the equation ax + by = ¢ simplifies to
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43. a) Show that the maximum value of a’b*c? on a sphere of b) Determine all the first partial derivatives of A, including the
radius r centered at the origin of a Cartesian abc-coordinate partials with respect to 4, and A,, and set them equal to 0.
system is (r2/3)3. c) Solve the system of equations found in (b) for all the unknowns,
and ¢, d) Eva]uate f at each of the solution points found in (c) and select

s a+b+c the extreme value subject to the constraints asked for in the
(aoc)’” = 3 exercise.

45. Minimize f(x,y,z) = xy + yz subject to the constraints x2 +

y?—2=0and x> 427> -2=0.

That is, the geometric mean of three numbers is less than
or equal to the arithmetic mean.

46. Minimize f(x, y, z) = xyz subject to the constraints x*> + y> —
l=0and x —z=0.

Maximize f(x,y,z) = x +yr+ z subject to the constraints
4y+4z—3—uana4x +4y? -2 =0.

T -
3", aix; subject to the constraint Y ;_, x,2 = 1. 47

48. Minimize f(x,y,z) = x>+ y? +2° subject to the constraints

& CAS Explorations and Projects x2—xy+y'—z2—1=0and x>+ >~ 1=0.
In Exercises 45-50, use a CAS to perform the following steps imple-  49. Minimize f(x, y, z, w) = x> + y* + z* + w? subject to the con-
menting the method of Lagrange multipliers for finding constrained straints 2x —y+z—w—-1=0andx+y—-z+w—-1=0.
extrema; 50. Determine the distance from the line y = x + | to the parabola
a) Form the function 7 = f' — A8, — A,g,, where f is the function y? = x. (Hint: Let (x, y) be a point on the line and (w, z) a point
to optimize subject to the constraints g, = 0 and g, = 0. on the parabola. You want to minimize (x — w)? + (y — 2).)

This section uses Taylor’s formula (Section 8.10) to derive the second derivative
test for local extreme values (Section 12.8) and the error formula for linearizations
of functions of two independent variables (Section 12.4, Eq. 5). The use of Taylor’s
formula m these derlvauons leads to an extension of the formula that provides

Franots af indamandant vaes
rders for functions of two inacpenaciit variaoics

The Derivation of the Second Derivative Test

=1 Let f(x,y) have continuous partial derivatives in an open region R containing a
Sa+h,b+k) point P(a,b) where f, = f, =0 (Fig. 12.67). Let h and k be increments small
Parametrized

enough to put the point S(a + h, b + k) and the line segment joining it to P inside

DY,

segment / IX. VWE pdrdmcmzc U]C 5egmcm l’.) as
inR \ / - -
me (a+ th, b+ tk), _ _
\ a typical point x =a+th, y=b+tk, 0<tr<l.
on the segment If F(t) = f(a+th,b+tk), the Chain Rule gives

F(t)—ﬁ +f» _hfx+kf\"

qlm‘e f: and f; are differentiable (they have continuous partial derivatives)

c n_IaDIc (Cy nNave COIMINUOUs panrt nvalv 5

F'is adi fferentlable function of ¢ and

0F dx 9F'dy 9 3
F' = hf. +kf,) « h+ — (hf. +kf,) -
T dr T oy dr = ax e TRA) SR oo (Rf k)

hzfxx+2hkfx)v+k2fw. foo= 1.

and F’ are continuous on {0, 1] and F’ is differentiablie on (0, 1), we can

i
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o
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Part of open region R

12.67 We begin the derivation of the
second derivative test at P(a, b) by
parametrizing a typical line segment

PR S T

from P toa p()l?ll > nearoy. Since
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