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Abstract-A Static Compensator (STAT- 
COM) is a FACTS controller, which can either 
absorb or deliver reactive power to power sys- 
tems. Here it is modelled using an averaging ap- 
proach, resulting in an equivalent circuit model. 
To achieve this, the state space equation of STAT- 
COM is averaged to get an average mathemati- 
cal model, leading to a circuit model. Theoreti- 
cal considerations show that the averaged model 
should agree well with the original system, and 
this is con rmed by MATLAB and PSpice simu- 
lations. The solution is expandable as a Fourier 
series which can be suitably truncated. 

to understand the system’s behaviour under steady 
state and transient conditions, averaged models have 
the advantage that they speed up simulation. 

In this paper, we start with the time-varying 
state space equations of STATCOM. We approxi- 
mate them by averaged equations, giving a math- 
ematical model. Then an equivalent circuit model is 
introduced, which provide a useful tool for analyti- 
cal purposes. The average model gives good agree- 
ment with the original system, as demonstrated us- 
ing MATLAB and PSpice. 

11. OVERVIEW OF STATCOM 

Keywords -STATCOM, modelling, SSA, 
FACTS 

1. INTRODUCTION 

HE use of FACTS controllers can overcome T disadvantages of electromechanically controlled 
transmission systems. The STATCOM can be em- 
ployed as a parallel device in ac power systems, gen- 
erating balanced three-phase sinusoidal voltages at 
fundamental frequency. The amplitude and angle of 
these voltages should be rapidly controllable. Dif- 
ferent voltage-sourced inverters topologies could be 
implemented using GTOs and IGBTs for high power 
utility applications such as voltage regulation. The 
analysis of STATCONI as a FACTS controller is pre- 
sented in [I]-[3]. 

The analysis of a power electronic system is com- 
plex, due to its switching behaviour. Therefore there 
is a need for simpler, approximate models. One com- 
mon approach to the modelling of power converters 
is averaging. This approximates the operation of the 
discontinuous system by a continuous-time model. 
The model produces waveforms that approximate 
the time-averaged waveforms of the original system. 
As well as simplifying analysis and making it easier 

Fig. I(a) shows a three-phase STATCOM, com- 
prising a voltage-sourced inverter connected through 
an inductance in series with a transformer to a power 
system. The converter may consist of several six 
pulse voltage-sourced converters to improve the har- 
monic performance of STATCOM. The capacitor 
carries the dc voltage V c. Now suppose both the ac 
system voltage v and the converter-composed volt- 
age v0 are in phase. When v0 > v, STATCOM de- 
livers reactive power to the power system. When 
v0 = v, reactive power is zero. When v0 < v, STAT- 
COM absorbs reactive power from the power system. 
Thus, by varying v0, reactive power can be controlled 
to emulate a certain application such as voltage reg- 
ulation. 

However, for stable operation of STATCOM, the 
converter output has a small phase di erence with 
the ac system voltage (8). In other words, the cur- 
rent ows through STATCOM contains both reac- 
tive and active components. In fact, changing 8 will 
vary the dc voltage Vc, and consequently the con- 
verter output v’. In [1]-[3], the explained mode of 
operation is modelled by transforming the system to 
a synchronous frame. Then, the resulting state space 
model is analyzed, showing a stable system with os- 
cillatory dynamic response for STATCOM. 
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Figure 1: (a) An equivalent three-phase circuit of STATCOM; (b) equivalent reactive current. active currtnt, and capacitor 
voltage as a linction of a. 

A typical steady state operation of STATCOM as 
a function of Q is depicted in Fig. l(b). Three state 
variables id,  i,: and V c  give the equivalent active 
current, reactive current, and dc voltage respectively. 
This gure shows almost a linear relationship for the 
i, as a function of a over [i1.5 O ,  1.5’1, although the 
state equations represent a nonlinear system. When 
Q is negative, STATCOM works in capacitive mode, 
and positive 8 corresponds to inductive mode. This 
suggests a way of controlling STATCOM, mainly by 
a. 

111. OVERVIEW OF AVERAGING 

We rst review the theoretical foundations of av- 
erage modelling, then explain how it can be applied 
to STATCOM. State-space averaging (SSA) was es- 
tablished by Middlebrook andCuk [5], and has been 
widely used for modelling dc-dc converters. The 
time-piecewise state equations are averaged over a 
switching cycle to give a time-continuous descrip- 
tion. Essentially SSA assumes that the averaged 
state equations will give waveforms that are close 
to  the averaged exact waveforms. This is true only 
at zero perturbation frequency, and when perturba- 
tions approach the switching frequency the error is ill 
de ned. In classical SSA, the switching frequency is 
absent from the average model, while it is clearly an 
important parameter of the real system. However, in 
[6] a switching-frequency dependent average model 
for dc-dc converters was proposed, giving more ac- 
curate results than standard SSA. 

A. Application to STATCOM 

Assume the converter voltage is synthesized us- 
ing a PWM control to improve the harmonic perfor- 
mance. Note that the control loop focuses on 8 to get 
the required operation point (see Fig. I(b)), while 
the modulation index is xed close to one. Thus, 
there are two main periods involved in STATCOM: 
the reference period TR (16.7ms or 20ms) and the 
switching period Tc, the period of the PWM car- 
rier, typically a few kilohertz. The open-loop aver- 
age equations are obtained1 in a standard form that 
can later be modi ed for closed-loop control: 

X(t) = f(x(t), s ( t ) ,  u(t)) (1) 

where x ( t )  is the state vector [ i a r i b r  V C ] ~ ,  u ( t )  is the 
input vector and s ( t )  = [sa( t ) ,sb( t ) ,sc( t ) lT is the 
vector of switching functian. Note that at this stage 
we do not consider D to be a continuous function 
of time, but rather a discrete value associated with 
an individual switching period, adopting this con- 
vention: ‘1 ’  means the upper switch of STATCOM 
is closed, and ‘-1’ means the lower switch is closed. 
We now apply the averaging operator 

to (1) over [t - Tc, t] ,  to get an average model de- 
scribed by 
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Figure 2: Equivalent circuit average model of STATCOM, suitable for circuit simulators such as SPICE 

where x a ( t )  is the average state vector, and D(t) is 
the approximate continuous duty ratio. This new 
vector D ( t )  is a continuous function of time that is 
controlled by a. These issues as well as the closeness 
of x ( t )  and x a( t )  are detailed in the full paper, val- 
idating the averaging approach to modelling STAT- 
COM. 

IV. AVERAGE MODEL OF STATCOM 

Consider STATCOM of Fig. I(a). There are 
two topological modes for every leg. In the rst, the 
upper switch is closed and the lower switch is open, 
and in second, the upper switch is open and the lower 
switch is closed. The state equations for the two 
modes can be obtained separately then, introducing 
the switching function s ( t )  E { -1, l}, combined into 
a single state equation: 

X( t )  = (A,sa(t)+Absb(t)+Ac.Sc(t))X(t)+bu(t) (4) 

Then (4) is averaged over a switching period to de- 
velop a time-continuous model, in the form of (3). 
Applying the averaging operator of ( 2 ) ,  let xa( t ) ,  the 
averaged state vector, be de ned as 

t - TC: 

( 5 )  

Integrating (4) over 
get 

[t - Tc, t ]  and applying (9, we 

Now, by doing a detailed analysis, three points are 
shown. First, integrating the switching functions 
over [t-Tc, t] de nes the continuous duty-ratio func- 
tion D ( t ) .  Second, the resultant averaged state equa- 
tion is 

jCa(t) = (A,(20,(t) - 1)+ 
-%(2&(t) - 1) + A,(2D,(t) - l))xa(t) + bu(t) 

(7 )  
Third, the error term is obtained as a function of x 
and T c .  This implies that the slower the variation 
of x(t) and the higher the switching frequency, the 
smaller the error. Using Fourier analysis and trun- 
cating higher harmonics other than the fundamental, 
duty ratio for three phases are obtained for a typical 
ramp carrier 

( t )  
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Figure 3:  MATLAB simulation results for the average Figure 4: Results of the average equivalent circuit model 
model, two cases: (a) a = 1' (inductive); (b) a = -lo (ca- simulated with PSpice: (a) n = 1' (inductive); (b) a = -lo 
pacitive). (capacitive). 

voltage sources (VCVS) g ( D ( t ) ,  Vc) and current- 
controlled current sources '(CCCS) shown in Fig. 2. sin(7rlM) . 7-r 

n/I sin(wt - - + a)] ( 8 )  
1 

VI. SIMULATION RESULTS 
Da(t )  = -[1 + 'm 

2 n/M 

where m is the xed modulation index. A MATLAB 
program was written to calculate the error between 
the exact duty ratio 
and the continuous approximation in (8). For 
40 (e.g. 2kHz carrier, 50Hz reference), the worst-case 
error is less than 2%. 

(at t = nTc , 'n = 1 , 2 , .  . . , M )  
n/l = 

V. AVERAGE CIRCUlT MODEL 

Using the mathematical model (7), an equivalent 
circuit is introduced by the aid of voltage-controlled 

In this section we comlpare various simulation re- 
sults for STATCOM and our models, performed with 
MATLAB and PSpice. The parameters used here 
are based on those of a practical STATCOM is cur- 
rently being designed for a distribution substation. 
First, the average model of STATCOM was simu- 
lated. The input voltage was u(t) = 155.6[.si,n(wt + 
and L = l.OmH, C = 1.2mF, R = 0 . 0 6 ~ .  The ini- 
tial state vectors were x (0) = xa(0) = [0, -10, 320IT, 

7r/2), sin(wt  + n/2 - 27r/3), si,n(wt + n / 2  + 2-./3)]T, 
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and modulation index was xed to 0.9. Figs. 3(a) [5] B. Lehman and R.M. Bass, “Switching frequency depen- 
and (b) show the state variables of STATCOM for dent averaged models for PWM dc-dc converters”, IEEE 

Transactzons on Power Electronzcs, vol. 11, no. 1, Jan. 
1996 two cases: a = 1” (inductive mode) and 

(capacitive mode). 
i61 P.T. Krein. J. Bentmian, R. M. Bass and B.C. Lesieu- 

a = -1” 

tre, “On the use of averaging for the  analysis of power 
electronic systems”, IEEE Transactzons on Power Elcc- 
tronzcs, vol. 5, no. 2, pp. 182-190, April 1990 

Second, the equivalent circuit model of Fig. 2 to- 
gether with the exact switched-system model of Fig. ~. 

i were simulated with PSpice. -The parameters are 
the same as for the MATLAB simulations of Fig. 3. 
Figs. 4 (a) and (b) depict the state variables for both 
exact and average models. Apart from the ripples, 

[7] B. Lehman and R.M. Bass, “Extension of averaging the- 
ory for power electronic systems“, IEEE Trwnsactions on 
Power Electronics, vol. 11, no. 4, July 1996 

[8] B. Lehman, J .  Bentmian, S. Verduyn Lune1 and E. Ver- 
the agreement is good, demonstrating the compati- 
bility of average model for the involved perturbation 
frequency. The PSpice simulation results can also 

riest, ‘Vibrational coutrol of noriliriear time lag systems: 
averaging theory, stabilizability, and transient behaviour”, 
IEEE Transactzons on Automatzc Control, vol. 39, no. 5, 
PP. 898-912. Mav 1994 _ _  , ”  

be compared with those of MATLAB, presented by 
Fig. 3. Again the agreement is good, validating the 
equivalent circuit as well as the mathematical aver- 
age model. But the average model ran much faster 
than the exact model, o ering useful savings in situ- 
ations where accurate waveforms are not important 
(e.g. investigating system transients). 

VII. CONCLUSION 

A theoretically sound averaging method has been 
applied to approximate the behaviour of STATCOM. 
Starting with the exact state equations, an average 
model was developed. An equivalent circuit model 
was derived from the resulting equations. The exact 
system (simulated with PSpice) and the approximate 
model (simulated with MATLAB and PSpice) are all 
in good agreement, verifying that the necessary and 
su cient conditions of the averaging theorems in [8] 

satis ed by the proposed models. 
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