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Abstract—In this paper, for a two-way relay channel (TWRC)
comprising two multi-antenna transceivers and L single-antenna
potential relay nodes, we propose three network-coded coopera-
tive spatial multiplexing (CSM) schemes that effectively overcome
the rate loss incurred due to the half-duplex limitation of the
transceivers and the relay nodes and achieve high spectral
efficiency. In the following, these three schemes are referred to as
time-division broadcast (TDBC)-CSM, incremental (I)-TDBC-CSM
and multiple-access broadcast (MABC)-CSM. We investigate these
schemes in terms of the outage probability, the average
transmission rate, the asymptotic behavior and the diversity-
multiplexing tradeoff (DMT). The analysis of the paper shows
that: (i) the I-TDBC-CSM scheme achieves the full diversity of
order Lmin(M1,M2) +M1M2, where M1 and M2 are the
numbers of antennas employed by the two transceivers; (ii) the
TDBC-CSM and MABC-CSM schemes achieve the diversity of
order Lmin(M1,M2), where this quantity is the maximum
achievable diversity gain in the absence of the direct link between
the transceivers; (iii) the TDBC-CSM and I-TDBC-CSM schemes
effectively overcome the rate loss incurred due to the half-duplex
limitation of the relay nodes; (iv) the MABC-CSM scheme not
only overcomes the half-duplex limitation of the relay nodes but
also mitigates the spectral efficiency loss incurred due to the
half-duplex limitation of the transceivers; and (v) if one or both
of the transceivers are equipped with a massive antenna array,
the asymptotic average rate of the CSM-based schemes scales
linearly with the number of potential relay nodes, as opposed
to the conventional relaying schemes in which the average rate
is not scalable with L. We provide extensive simulation results
to confirm the theoretical analysis of the paper. The simulation
results show that for a given outage probability, the proposed
schemes outperform the conventional relaying schemes in terms
of the average transmission rate.

Index Terms—Cooperative spatial multiplexing, incremental
relaying, network coding, two-way relay channel (TWRC).

I. INTRODUCTION

A. Background and Related Work

ONE of the main drawbacks of cooperative protocols is
inefficient utilization of spectrum. This problem which is

a consequence of the half-duplex limitation of the relay nodes
can be alleviated by making use of the idea of incremental
relaying [1]–[3]. In incremental relaying, the relay nodes help
the source only if a failure occurs in the direct transmission.
Typically, the success or failure of the direct transmission
is determined based on either the decoding error [2] or the
instantaneous received signal-to-noise ratio (SNR) [3] at the
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destination. Despite the fact that this technique achieves high
spectral efficiency in the high-SNR regime, it has two main
limitations: (i) its performance in the low and medium SNR
regimes is not good enough; and (ii) the existence of a direct
link between the source and the destination is required.

Cooperative spatial multiplexing (CSM) is another tech-
nique that effectively improves the bandwidth efficiency of
half-duplex relaying by making use of the idea of spatial
multiplexing in a distributed manner at the relay nodes [4].
In this technique, the source message is multiplexed onto
multiple single-antenna relay nodes. As a result of the par-
allel transmissions of the relay nodes, a multiplexing gain
is achieved and this leads to a high-rate flow of information
from the source to the destination [4]–[9]. This technique has
been widely investigated in the literature for the decode-and-
forward (DF) [4], [5] and amplify-and-forward (AF) [6]–[9]
relaying strategies.

The focus of [1]–[9] is on the unidirectional flow of
information from the source to the destination. Usually in
practice, instead of a source-destination pair, we have two
transceivers that wish to exchange information with each
other with the help of one or several relay nodes. In this
network configuration, which is referred to as two-way re-
lay channel (TWRC) [10], it is usually assumed that the
transceivers and the relay nodes operate in the time-division
duplex mode [10]–[32]. Under this assumption, if the two
transceivers have the ability to communicate with each other
directly without the help of the relay nodes, two time slots
are sufficient for the exchange of two blocks of information
symbols between the transceivers. However, in a TWRC, the
number of required time slots typically varies from two to
four depending on the protocol. Among the two-way relay-
ing schemes, the four-time-slot scheme is the simplest one.
However, the performance of this scheme is poor in terms of
the spectral efficiency. The time-division broadcast (TDBC)
scheme achieves higher spectral efficiency than the four-time-
slot scheme by employing the idea of network coding [33] and
reducing the number of required time slots to three [11]–[15].
The multiple-access broadcast (MABC) scheme further im-
proves the spectral efficiency of the system by reducing the
number of required time slots to two [16]–[20].

The incremental relaying technique can be coupled with
the network coding operation to further enhance the spectral
efficiency of the TWRC. Obviously, the idea of incremental
relaying is not applicable to the MABC scheme due to the
fact that the direct link cannot be exploited by the half-duplex
transceivers. However, the TDBC scheme can benefit from this
technique to achieve a higher spectral efficiency. This issue
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has been investigated in [21] and [22] for the DF and AF
TWRCs, respectively. It has been shown that by employing
the incremental relaying technique, the spectral efficiency of
the TDBC scheme tends to that of the MABC scheme in the
high-SNR regime, and at the same time, the TDBC scheme
achieves a higher diversity gain compared with the MABC
scheme [21], [22].

In contrast to the incremental relaying technique which is
specific to the TDBC scheme, the spatial multiplexing tech-
nique is applicable to both the TDBC and MABC schemes.
In the literature, this technique has been widely investigated
for the MABC scenario [23]–[32]. In this network configura-
tion which is usually referred to as multiple-input multiple-
output (MIMO) TWRC, the spatial multiplexing is utilized
in a centralized manner. Thus, it is necessary that the relay
nodes are equipped with multiple antennas. In the literature,
different issues related to the MIMO TWRC such as the
design of precoder and decoder at the transceivers and the
relay node [23]–[26], the design of physical-layer network
coding (PNC) [27], [28], the antenna selection at the relay
node [29], [30], and the best relay selection in the multi-
relay scenario [31], [32], have been investigated for the single-
relay DF [23], [27]–[29], single-relay AF [24]–[26], [30] and
multi-relay AF [31], [32] networks. In [34], for a multi-user
MIMO system, a space-time coded linear PNC scheme has
been designed that guarantees the full-diversity and full-rate
transmission. This PNC scheme can be applied to various
system models such as the MIMO TWRC and the MIMO
multiple-access relay network.

B. Motivation and Contributions of the Paper

Usually in practice, the relay nodes are simple terminals
that cannot support multiple antennas due to size or other
practical limitations. For example, consider a wireless network
in which the mobile users that are idle act as relays. Typically,
these terminals are not able to support multiple antennas, or
at least, the number of antennas cannot be large. Under these
circumstances, the centralized version of spatial multiplexing
cannot be utilized efficiently at the relay node to achieve high
spectral efficiency. The CSM technique can overcome this lim-
itation by employing single-antenna terminals in a distributed
manner. To the best of our knowledge, the CSM technique has
not been investigated in the literature for two-way relaying,
and this motivates our work. The aim of the present paper
is to propose and analyze spectrally efficient protocols for the
network-coded TWRC based on the CSM technique. The main
contributions of this paper can be summarized as follows.
• In this paper, for a TWRC comprising two multi-antenna

transceivers and L single-antenna DF relay nodes, we
propose three network-coded CSM schemes that effec-
tively overcome the rate loss incurred due to the half-
duplex limitation of the transceivers and the relay nodes
and achieve high spectral efficiency. In the following,
these three schemes are referred to as TDBC-CSM,
incremental (I)-TDBC-CSM and MABC-CSM.

• We analyze the performance of these schemes in terms of
the outage probability, the asymptotic behavior and the
diversity-multiplexing tradeoff (DMT) over identically

and non-identically distributed Rayleigh fading channels.
The outage probability reflects the rate of unsuccessful
information exchange between the transceivers, and the
diversity order determines how fast the outage probability
decays with increasing SNR. The asymptotic analysis of
the outage probability shows that for a fixed target rate:

1) The I-TDBC-CSM scheme achieves the full diver-
sity of order Lmin(M1,M2) + M1M2, where M1

and M2 are the numbers of antennas employed by
the two transceivers and L is the number of potential
relay nodes.

2) The TDBC-CSM and MABC-CSM schemes
achieve the diversity of order Lmin(M1,M2),
where this quantity is the maximum achievable
diversity gain in the absence of the direct link
between the transceivers.

• The proposed schemes belong to the category of variable-
rate protocols. To characterize the bandwidth efficiency
of these schemes, we analyze their performance in terms
of the average transmission rate. The analysis of the paper
shows that:

1) As L increases, the asymptotic average rate of
the TDBC-CSM scheme tends to that of the case
that two half-duplex transceivers directly exchange
information with each other. This implies that the
TDBC-CSM scheme effectively overcomes the rate
loss incurred due to the half-duplex limitation of the
relay nodes.

2) The asymptotic average rate of the I-TDBC-CSM
scheme equals that of the direct transmission
scheme irrespective of the number of potential relay
nodes. This observation reveals that the I-TDBC-
CSM scheme effectively overcomes the half-duplex
limitation of the relay nodes even when L is small.

3) With increasing the number of potential relay nodes,
the MABC-CSM scheme asymptotically behaves
similar to the case that two full-duplex transceivers
directly exchange information with each other. This
implies that the MABC-CSM scheme not only
overcomes the half-duplex limitation of the relay
nodes but also mitigates the spectral efficiency loss
incurred due to the half-duplex limitation of the
transceivers.

4) If one or both of the transceivers are equipped with
a massive antenna array, the asymptotic average rate
of the CSM-based schemes scales linearly with the
number of potential relay nodes, as opposed to the
conventional relaying schemes in which the average
rate is not scalable with L.

• We provide extensive simulation results to confirm the
theoretical analysis of the paper. The simulation results
show that for a given outage probability, the CSM-based
schemes outperform the conventional relaying schemes
in terms of the average transmission rate over the entire
range of SNR. These observations imply that the CSM-
based schemes are suitable candidates for reliable high
data rate communications.
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C. Outline of the Paper

The remainder of this paper is organized as follows. Sec-
tion II introduces the proposed schemes. Sections III analyzes
the outage probability performance of the proposed schemes.
Section IV investigates the proposed schemes in terms of the
average transmission rate. Section V studies the asymptotic
behavior of the outage probability and derives the DMT
expressions. Section VI provides some simulation results and
numerical examples. Finally, Section VII summarizes the main
results of the paper.

Notation: We use boldface lowercase and uppercase letters
for vectors and matrices, respectively. For the vector x, xtr and
‖x‖ denote the transpose and the norm of x. For the matrix X,
XH , det(X) and ‖X‖F denote the conjugate transpose, the
determinant and the Frobenius norm of X, respectively. IM
denotes the M×M identity matrix. 0M×N denotes an M×N
all-zero matrix. For a set X , |X | denotes the cardinality
of X . C denotes the set of complex numbers. N denotes
the set of natural numbers, i.e. nonnegative integers. dxe
denotes the smallest integer greater than or equal to x. x+

denotes max(0, x). E{.} denotes the expectation operator.
We use P(.) to denote the probability of the given event.
For a random variable X , fX(x) denotes the probability
density function (PDF) of X . We use X ∼ Gamma(t1, t2)
to denote that X is a gamma random variable with pa-
rameters t1 and t2, i.e. fX(x) = xt1−1

t2t1Γ(t1)e
−x/t2 , x > 0.

Γ(t) =
∫∞

0
xt−1e−xdx is the complete gamma function

and Γ (t1, t2) =
∫∞
t2
xt1−1e−xdx is the upper incomplete

gamma function. We use G1(x) ∼ G2(x) to denote that the
functions G1(x) and G2(x) are asymptotically equivalent, i.e.
G1(x)/G2(x)→ 1 as x→∞.

II. SYSTEM MODEL AND PROTOCOL DESCRIPTION

A. General Assumptions

We consider a TWRC comprising two transceivers, denoted
by T1 and T2, and a set of potential relay nodes, denoted by
P = {1, . . . , L}, as shown in Fig. 1. The transceivers T1 and
T2 are equipped with M1 and M2 antennas, respectively, and
the relay nodes are single-antenna terminals. All the nodes
transmit over the same frequency band and operate in a half-
duplex mode. All the links are assumed to be independent of
each other and are subject to frequency non-selective Rayleigh
fading and additive white Gaussian noise (AWGN). It is as-
sumed that the fading channel varies slowly such that it can be
assumed almost constant over each period of N max(M1,M2)
symbol intervals, where N is chosen based on the channel
coherence time. Regarding the availability of the direct link
between T1 and T2, we make the following assumptions:
• In our TDBC-based schemes, we consider the following

two cases: (i) The case that the direct link does not exist
between T1 and T2 (e.g. due to shadowing or severe path
loss). This scheme is referred to as TDBC-CSM. (ii) The
case that the direct link exists. In this case, to make use
of spectrum as efficiently as possible, the relay nodes
cooperate incrementally. This scheme is referred to as
I-TDBC-CSM.

Fig. 1. System model: A TWRC comprising two transceivers T1 and T2,
and L potential relay nodes, denoted by 1, . . . , L.

• In our MABC-based scheme, due to the half-duplex lim-
itation of T1 and T2 and the fact that the two transceivers
simultaneously transmit in the multiple-access phase, the
direct link cannot be exploited, regardless of the fact that
this link is physically available or not. This scheme is
referred to as MABC-CSM.

B. TDBC-CSM Scheme

In time slots 1 and 2, T1 and T2 broadcast their messages to
the relay nodes, respectively. The received signals at relay `
during the first two time slots, i.e. for n = 1, . . . , N , and
n = N + 1, . . . , 2N , can be written as

y`(n)=

√
ET1

M1
htrT1,` s1(n) + z`(n), n=1, . . . , N (1)

y`(n)=

√
ET2

M2
htrT2,` s2(n) + z`(n), n=N+1, . . . , 2N (2)

where y`(n) denotes the received signal at relay ` at time
index n, ETi is the average energy transmitted by Ti over
a symbol period, hTi,` ∈ CMi denotes the MISO channel
from Ti to relay `, si(n) ∈ CMi is the information-bearing
signal transmitted by Ti, where E{si(n)sHi (n)} = IMi

, and
z`(n) is the AWGN process at relay ` and is independent
and identically distributed (i.i.d.) over time with distribution
CN (0, N0), where i = 1, 2 and ` = 1, . . . , L. Under Rayleigh
fading assumption, each entry of hTi,` is a zero mean cir-
cularly symmetric complex Gaussian random variable with
variance σ2

Ti,`
. This variance is proportional to d−vTi,`, where

dTi,` denotes the distance between Ti and relay ` and v is the
path-loss exponent.

Let us define the set of reliable relay nodes C as the set of
relay nodes that can decode s1(n) and s2(n) successfully. Let
R denote the target rate for the transmission of information
in the network. For the desired rate R, the set C can be
described as

C = {` ∈ P | IT1,` ≥ R, IT2,` ≥ R} (3)

where ITi,` is the achievable rate for the link from Ti to relay `
conditioned on the channel vector hTi,`, which is given by

ITi,` = log2

(
1 +

ETi
MiN0

‖hTi,`‖
2

)
, i = 1, 2. (4)
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Each of the relay nodes belonging to the set C performs
the following three steps independent of other relay nodes:
(i) decodes s1(n) and s2(n) and obtains two bit streams
corresponding to these two signals, (ii) combines these two
bit streams using the conventional bitwise XOR-based network
coding operation [12], and (iii) re-encodes and remodulates the
network-coded bit stream to obtain the sequence of symbols
sNC(1), . . . , sNC(N max(M1,M2)).

At the beginning of the broadcast phase, the relay nodes
sequentially inform the transceivers whether they belong to
the set C or not by broadcasting a positive or negative ac-
knowledgement. Let C = {`1, . . . , `θC}, where `1 < · · · < `θC
and θC = |C|. In response to relay `j ∈ C, j = 1, ..., θC , one
of the transceivers, for example T1, sends back the ordering
index j based on which the reliable relay nodes become aware
of the multiplexing pattern. After that, the reliable relay nodes
simultaneously broadcast the spatially multiplexed signal to
the destination nodes. The received signals at T1 and T2 during
the broadcast phase can be described as

yTi(n) =
√
E/θCHC,Ti sC(n) + zTi(n), i = 1, 2 (5)

where n = 2N + 1, . . . , 2N + dN max(M1,M2)/θCe,
yTi(n) ∈ CMi is the received vector by Ti, E is the total
average energy allocated to the relay nodes, HC,Ti ∈ CMi×θC

denotes the distributed MIMO channel matrix from C to Ti,
zTi (n)∼ CN (0Mi×1, N0IMi) is the AWGN process at Ti and
is i.i.d. over time, and sC(n) is a θC×1 vector whose jth ele-
ment is the transmitted symbol by relay `j ∈ C at time index n.
The jth element of sC(n) is constructed by relay `j based
on the multiplexing pattern as sNC ((n− 2N − 1)θC + j),
j = 1, . . . , θC .

Finally, T1 and T2 perform detection based on yT1
(n)

and yT2
(n), respectively, and then cancel the self-interference

caused by the network coding operation to obtain their in-
tended symbols.

C. I-TDBC-CSM Scheme

In time slot 1, T1 broadcasts its information-bearing signal
and the relay nodes and the opposite transceiver listen. Simi-
larly, in time slot 2, T2 broadcasts its signal and all the other
nodes listen. The received signals by the transceivers during
the first two time slots can be expressed as

yT2
(n) =

√
ET1

M1
HT1,T2

s1(n) + zT2
(n), n=1, . . . , N (6)

yT1(n) =

√
ET2

M2
HT2,T1 s2(n) + zT1(n), n=N + 1, . . . , 2N

(7)

where yTi(n) ∈ CMi is the received vector by Ti, HTk,Ti ∈
CMi×Mk denotes the channel matrix for the Tk-Ti MIMO
link and zTi (n) is the AWGN process at Ti with distribution
CN (0Mi×1, N0IMi

), where i, k = 1, 2 and i 6= k. The
received signals at relay ` during the first two time slots are
given in (1) and (2).

Let IT1,T2
and IT2,T1

denote the achievable rates for the
T1-T2 and T2-T1 links conditioned on the channel matri-

ces HT1,T2 and HT2,T1 , respectively, i.e.

ITk,Ti = log2 det

(
IMi

+
ETk
MkN0

HTk,TiH
H
Tk,Ti

)
(8)

where i, k = 1, 2, i 6= k. Based on IT1,T2 and IT2,T1 , one of
the following modes of operation takes place:

Mode 1: IT1,T2
≥ R and IT2,T1

≥ R. In this mode, both
of the direct links are reliable. Thus, T1 and T2 rely on the
direct signals and the cooperation phase is skipped.

Mode 2: IT1,T2
≥ R and IT2,T1

< R. In this mode, only the
link from T1 to T2 is reliable. Thus, in the third time slot, the
reliable relay nodes decode, re-encode and forward the signal
received from T2 to T1 by employing the CSM technique
in a similar way as in the broadcast phase of the TDBC-
CSM scheme described in Section II-B. The set of reliable
relay nodes consists of those relay nodes that decode s2(n)
successfully, i.e.

C = {` ∈ P | IT2,` ≥ R} (9)

where IT2,` is given in (4). In this mode, T1 performs detection
based on the relayed signal and T2 relies on the direct signal.

Mode 3: IT1,T2
< R and IT2,T1

≥ R. In this mode, only the
link from T2 to T1 is reliable. Thus, in the third time slot, the
reliable relay nodes decode, re-encode and forward the signal
received from T1 to T2 by employing the CSM technique in
a similar way as in the broadcast phase of the TDBC-CSM
scheme. The set of reliable relay nodes comprises those relay
nodes that decode s1(n) successfully, i.e.

C = {` ∈ P | IT1,` ≥ R} (10)

where IT1,` is given in (4). In this mode, T2 performs detection
based on the relayed signal and T1 relies on the direct signal.

Mode 4: IT1,T2
< R and IT2,T1

< R. In this mode, both of
the direct links are unreliable. Thus, in the third time slot, the
reliable relay nodes broadcast the network-coded signal to T1

and T2 by employing the CSM technique in the same way as in
the broadcast phase of the TDBC-CSM scheme. In this mode,
T1 and T2 perform detection based on the relayed signal.

An expression similar to (5) can be written for the received
signal at the destination corresponding to modes 2–4.

Obviously, in this scheme, the relay nodes need to be aware
of the mode of operation. This information can be easily made
available to the relay nodes by broadcasting a positive or
negative acknowledgement by T1 and T2 at the end of the
first and second time slots.

D. MABC-CSM Scheme

In this scheme, during the first time slot, T1 and T2

simultaneously transmit their signals to the relay nodes. The
received signal at relay ` can be expressed as

y`(n) =

√
ET1

M1
htrT1,` s1(n) +

√
ET2

M2
htrT2,` s2(n) + z`(n)

(11)

where n = 1, . . . , N and ` = 1, . . . , L. Whether or not
relay ` belongs to the set of reliable relay nodes depends
on the detection technique employed by the relay nodes. In
the case of joint detection, each relay node, independent of
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other relay nodes, simultaneously recovers s1(n) and s2(n)
from the superimposed signal y`(n) using the maximum
likelihood (ML) detection technique. Let RTi,` denote the rate
for the link from Ti to relay `, where i = 1, 2. Under the
assumption of joint detection, only those (RT1,`, RT2,`) pairs
are achievable that satisfy the following three inequalities [35]:

RT1,` ≤ log2

(
1+

ET1

M1N0
‖hT1,`‖

2

)
, 1I`

RT2,` ≤ log2

(
1+

ET2

M2N0
‖hT2,`‖

2

)
, 2I`

2∑
i=1

RTi,` ≤ log2

(
1+

ET1

M1N0
‖hT1,`‖

2
+

ET2

M2N0
‖hT2,`‖

2

)
,3I`

(12)

Accordingly, for the target rate R, the set of reliable relay
nodes C (that can reliably decode s1(n) and s2(n)) can be
described as

C = {` ∈ P | 1I` ≥ R, 2I` ≥ R, 3I` ≥ 2R} . (13)

This set contains those relay nodes whose achievable rate
regions include the rate pair (R,R).

The broadcast phase of the protocol is the same as that of the
TDBC-CSM scheme. In this phase, each of the reliable relay
nodes combines the two decoded signals using the network
coding operation, re-encodes the network-coded signal and
broadcasts the resulting signal back to both transceivers by
employing the CSM technique as described in Section II-B.

III. OUTAGE PROBABILITY ANALYSIS

We say that the exchange of information between T1 and
T2 undergoes an outage state if the desired rate cannot be
satisfied for T1 and/or T2. In this section, we investigate the
performance of the proposed schemes in terms of the outage
probability over Rayleigh fading channel.

A. TDBC-CSM Scheme

Let IC,Ti denote the achievable rate for the MIMO link
from C to Ti. Based on the aforementioned definition, an
outage state occurs if either of the following events takes
place: (i) E1 = {IC,T1

< R, IC,T2
≥ R}, (ii) E2 = {IC,T1

≥
R, IC,T2

< R}, and (iii) E3 = {IC,T1
< R, IC,T2

< R}.
Accordingly, the outage probability conditioned on the set of
reliable relay nodes C can be computed as

PTDBC-CSM
out|C (R) = 1− P(IC,T1

≥ R)P(IC,T2
≥ R). (14)

Obviously, for the case that C is empty, we have IC,T1
=

IC,T2
= 0. In this case, the outage probability equals 1, i.e.

PTDBC-CSM
out|C=Ø (R) = 1. (15)

Let us focus on the case that the set of reliable relay nodes is
nonempty. Based on (5), IC,T1

and IC,T2
conditioned on the

channel matrices HC,T1
and HC,T2

can be expressed as

IC,Ti = µC log2 det

(
IMi

+
E

θCN0
HC,TiH

H
C,Ti

)
, i = 1, 2

(16)

where the scaling factor µC is due to the fact that the duration
of the broadcast phase of the protocol is µC times that of the
first two time slots, where µC = dN max(M1,M2)/θCe

N . Let q =
dN max(M1,M2)/θCe −N max(M1,M2)/θC . Thus, µC can
be rewritten as µC = (N max(M1,M2) + qθC)/NθC . Noting
the fact that θC ≤ L � N (e.g. we have L = 5 and N =
104)1 and that 0 ≤ q < 1, µC can be well approximated as
µC = max(M1,M2)/θC . Substituting (16) into (14) and using
Jensen’s approximation, we obtain

PTDBC-CSM
out|C6=Ø (R) ≈ 1−

2∏
i=1

P

(
E

θCN0
‖HC,Ti‖

2
F ≥ ψC,i

)
(17)

where ψC,i =
(
2R/µCδi − 1

)
δi, and δi = min(Mi, θC).

Under Rayleigh fading assumption, each entry of the j-th
column of HC,Ti is a zero mean circularly symmetric com-
plex Gaussian random variable with variance σ2

`j ,Ti
. Since

in general, the relay nodes are in different locations, the
variances σ2

`j ,Ti
, 1 ≤ j ≤ θC , are not necessarily identical.

Thus in general, ‖HC,Ti‖
2
F is not a Gamma random variable.

Let Xi , E
θCN0
‖HC,Ti‖

2
F . For arbitrary values of the variances

σ2
`j ,Ti

, 1 ≤ j ≤ θC , the PDF of Xi can be shown to be [37]

fXi(x) =
K∑
k=0

αk,i

γ̄θCMi+k
min,i Γ (θCMi + k)

xθCMi+k−1e−x/γ̄min,i

(18)
where γ̄min,i and αk,i are given by

γ̄min,i = min
1≤j≤θC

γ`j ,Ti (19)

αk,i = βk,i

 θC∏
j=1

γ̄min,i

γ`j ,Ti

Mi

(20)

where γ`j ,Ti = Eσ2
`j ,Ti

/θCN0 is the average SNR per an-
tenna at Ti received from relay `j , and βk,i is computed
recursively as

βk+1,i =
1

k + 1

k+1∑
t=1

t λt,i βk+1−t,i, k ∈ N (21)

where β0,i = 1 and λt,i is given by

λt,i =
Mi

t

θC∑
j=1

(
1− γ̄min,i

γ`j ,Ti

)t
. (22)

Setting K =∞ in (18) yields an exact expression for fXi(x).
However, in practice, a small finite value of K results in an
accurate expression for the PDF. Using (18), the probability
of the event Xi ≥ ψC,i can be obtained as

P (Xi ≥ ψC,i) =
K∑
k=0

αk,i
Γ (θCMi + k , ψC,i/γ̄min,i)

Γ (θCMi + k)
. (23)

1For example, in LTE-A, the subframe duration is 1ms [36]. Assuming
the data rate of 10MHz, which is less than the typical data rates in current
wireless standards, we conclude that the value of N is at least 104.
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PTDBC-CSM
out (R) ≈

∏
j∈P

1−
Γ
(
M1,

2R−1
γT1,j

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,j

)
Γ(M2)

+
∑
C6=Ø


1−

2∏
i=1

K∑
k=0

αk,i
Γ
(
θCMi + k ,

ψC,i
γ̄min,i

)
Γ (θCMi + k)


×
∏
`∈C

Γ
(
M1,

2R−1
γT1,`

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,`

)
Γ(M2)

∏
j /∈C

1−
Γ
(
M1,

2R−1
γT1,j

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,j

)
Γ(M2)

 (27)

Substituting (23) into (17), the outage probability conditioned
on the nonempty set C can be written as

PTDBC-CSM
out|C6=Ø (R) ≈ 1−

2∏
i=1

K∑
k=0

αk,i
Γ (θCMi + k , ψC,i/γ̄min,i)

Γ (θCMi + k)
.

(24)

Averaging PTDBC-CSM
out|C (R) over C, the unconditional outage

probability can be calculated as

PTDBC-CSM
out (R) =

∑
C
PTDBC-CSM

out|C (R)P (C) (25)

where PTDBC-CSM
out|C (R) is given in (15) and (24) for the

cases C = Ø and C 6= Ø, respectively, and P (C) is the prob-
ability mass function (PMF) of the set C, which is given by

P (C) =
∏
`∈C

Γ
(
M1,

2R−1
γT1,`

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,`

)
Γ(M2)


×
∏
j /∈C

1−
Γ
(
M1,

2R−1
γT1,j

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,j

)
Γ(M2)


(26)

where γTi,` = ETiσ
2
Ti,`

/MiN0 is the mean value of γTi,` =

ETi‖hTi,`‖
2
/MiN0, where γTi,` is the instantaneous received

SNR at relay ` from Ti, i = 1, 2. The derivation of (26) is
given in Appendix A. Substituting (15), (24) and (26) into
(25), the outage probability for the TDBC-CSM scheme is
obtained in closed form as (27), shown at the top of the page.

B. I-TDBC-CSM Scheme
Let P I-TDBC-CSM

out|modem (R) denote the conditional outage prob-
ability corresponding to the case that the system operates in
mode m. Based on the total probability theorem, the outage
probability can be computed as

P I-TDBC-CSM
out (R) =

4∑
m=1

P I-TDBC-CSM
out|modem (R) P(modem).

(28)

In the following, we compute P I-TDBC-CSM
out|modem (R) and

P(modem) corresponding to modes 1–4.
Mode 1: The probability that the system operates in mode 1

can be computed as

P(mode 1) = P (IT1,T2 ≥ R) P (IT2,T1 ≥ R)

≈ P
(

ET1

M1N0
‖HT1,T2

‖2F ≥ τ
)

× P
(

ET2

M2N0
‖HT2,T1

‖2F ≥ τ
)

(29)

where the second step follows from Jensen’s approxima-
tion and τ = (2R/min(M1,M2) − 1) min(M1,M2). Noting
the fact that ET1

M1N0
‖HT1,T2

‖2F ∼ Gamma(M1M2, γT1,T2
)

and ET2
M2N0

‖HT2,T1
‖2F ∼ Gamma(M1M2, γT2,T1

), where
γT1,T2

= ET1σ
2
T1,T2

/M1N0 and γT2,T1
= ET2σ

2
T2,T1

/M2N0,
(29) can be obtained as

P(mode 1) =
Γ
(
M1M2 ,

τ
γT1,T2

)
Γ(M1M2)

×
Γ
(
M1M2 ,

τ
γT2,T1

)
Γ(M1M2)

.

(30)

Obviously, in this mode, T1 and T2 successfully decode their
intended signals by relying on the direct links. Thus, we have

P I-TDBC-CSM
out|mode 1 (R) = 0. (31)

Mode 2: The probability that the system operates in mode 2
can be computed as

P(mode 2) = P (IT1,T2
≥ R) P (IT2,T1

< R)

≈
Γ
(
M1M2 ,

τ
γT1,T2

)
Γ(M1M2)

1−
Γ
(
M1M2 ,

τ
γT2,T1

)
Γ(M1M2)


(32)

Obviously, in this mode, T2 successfully decodes its intended
signal by relying on the direct transmission. However, the
decoding process at T1 is not successful unless IC,T1

lies above
the desired rate R, where IC,T1

is the achievable rate for the
MIMO link from C to T1, i.e.

IC,T1
= µC,1 log2 det

(
IM1

+
E

θCN0
HC,T1H

H
C,T1

)
(33)

where µC,1 = dNM2/θCe
N ≈ M2/θC . Thus, the outage event

corresponding to mode 2 can be described as {IC,T1 < R}.
Following similar steps to (15)–(24), the probability of this
event conditioned on C can be obtained as

P I-TDBC-CSM
out|mode 2, C=Ø(R) = 1 (34)

P I-TDBC-CSM
out|mode 2, C6=Ø(R)=1−

K∑
k=0

αk,1
Γ (θCM1 + k , φC,1/γ̄min,1)

Γ (θCM1 + k)

(35)

where γ̄min,1 and αk,1 are given in (19) and (20), respectively,
and φC,1 =

(
2R/µC,1δ1 − 1

)
δ1. Following similar steps to

those in Appendix A, the PMF of the set C can be described as

P (C|mode 2)=
∏
`∈C

Γ
(
M2,

2R−1
γT2,`

)
Γ(M2)

∏
j /∈C

1−
Γ
(
M2,

2R−1
γT2,j

)
Γ(M2)


(36)
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Substituting (34)–(36) into

P I-TDBC-CSM
out|mode 2 (R) =

∑
C
P I-TDBC-CSM

out|mode 2, C (R) P(C|mode 2)

(37)

we get

P I-TDBC-CSM
out|mode 2 (R) =

∏
j∈P

1−
Γ
(
M2,

2R−1
γT2,j

)
Γ(M2)


+
∑
C6=Ø


1−

K∑
k=0

αk,1
Γ
(
θCM1 + k ,

φC,1
γ̄min,1

)
Γ (θCM1 + k)


×
∏
`∈C

Γ
(
M2,

2R−1
γT2,`

)
Γ(M2)

∏
j /∈C

1−
Γ
(
M2,

2R−1
γT2,j

)
Γ(M2)

 . (38)

Mode 3: In a similar fashion to mode 2, the following results
can be obtained:

P(mode 3) =

1−
Γ
(
M1M2,

τ
γT1,T2

)
Γ(M1M2)


×

Γ
(
M1M2,

τ
γT2,T1

)
Γ(M1M2)

(39)

P I-TDBC-CSM
out|mode 3 (R) =

∏
j∈P

1−
Γ
(
M1,

2R−1
γT1,j

)
Γ(M1)


+
∑
C6=Ø


1−

K∑
k=0

αk,2
Γ
(
θCM2 + k ,

φC,2
γ̄min,2

)
Γ (θCM2 + k)


×
∏
`∈C

Γ
(
M1,

2R−1
γT1,`

)
Γ(M1)

∏
j /∈C

1−
Γ
(
M1,

2R−1
γT1,j

)
Γ(M1)

 (40)

where γ̄min,2 and αk,2 are given in (19) and (20), respectively,
and φC,2 =

(
2R/µC,2δ2 − 1

)
δ2, where µC,2 = dNM1/θCe

N ≈
M1/θC .

Mode 4: The probability that the system operates in mode 4
can be computed as

P(mode 4) = P (IT1,T2
< R) P (IT2,T1

< R)

≈

1−
Γ
(
M1M2,

τ
γT1,T2

)
Γ(M1M2)


×

1−
Γ
(
M1M2,

τ
γT2,T1

)
Γ(M1M2)

 . (41)

As described in Section II-C, when the system operates
in mode 4, the I-TDBC-CSM scheme behaves the same
as the TDBC-CSM scheme. Thus, P I-TDBC-CSM

out|mode 4 (R) can be
expressed in terms of PTDBC-CSM

out (R) as

P I-TDBC-CSM
out|mode 4 (R) = PTDBC-CSM

out (R) (42)

where PTDBC-CSM
out (R) is given in (27).

Having obtained the mode-specific outage probabilities and
the probability of occurrence of each mode, we can now

compute P I-TDBC-CSM
out (R) in closed form by substituting

(30)–(32) and (38)–(42) into (28).

C. MABC-CSM Scheme

Since the broadcast phase of the MABC-CSM scheme is
the same as that of the TDBC-CSM scheme, the conditional
outage probabilities of both schemes for a given set of reliable
relay nodes are equal, i.e. we have

PMABC-CSM
out| C (R) = PTDBC-CSM

out| C (R) (43)

where PTDBC-CSM
out| C (R) is given in (15) and (24) for C = Ø

and C 6= Ø, respectively. To average PMABC-CSM
out| C (R) over C,

we first need to compute the PMF of the set C. Based on the
definition of C given in (13), this PMF can be described as

P (C) ≈
∏
`∈C

F
(
γT1,`, γT2,`, R

)∏
j /∈C

(
1−F

(
γT1,j , γT2,j , R

))
(44)

where

F
(
γT1,`, γT2,`, R

)
,

Γ
(
M1,

2R−1
γ̄T1,`

)
Γ (M1)

×
Γ
(
M2,

22R−2R

γ̄T2,`

)
Γ (M2)

+
Γ
(
M1,

22R−2R

γ̄T1,`

)
Γ (M1)

×
Γ
(
M2,

2R−1
γ̄T2,`

)
Γ (M2)

−
Γ
(
M1,

22R−2R

γ̄T1,`

)
Γ (M1)

×
Γ
(
M2,

22R−2R

γ̄T2,`

)
Γ (M2)

.

(45)

The derivation of (44) is given in Appendix B. Substituting
(43) and (44) into

PMABC-CSM
out (R) =

∑
C
PMABC-CSM

out| C (R)P (C) (46)

we obtain the outage probability in closed form as

PMABC-CSM
out (R) =

∏
j∈P

(
1−F(γT1,j , γT2,j , R)

)

+
∑
C6=Ø


1−

2∏
i=1

K∑
k=0

αk,i
Γ
(
θCMi + k ,

ψC,i
γ̄min,i

)
Γ (θCMi + k)


×
∏
`∈C

F(γT1,`, γT2,`, R)
∏
j /∈C

(
1−F(γT1,j , γT2,j , R)

) .

(47)

IV. AVERAGE TRANSMISSION RATE ANALYSIS

As described in Section II, in all of the three CSM-
based schemes, the transmission rate varies depending on the
number of reliable relay nodes. Moreover, in the I-TDBC-
CSM scheme, the transmission rate also depends on the
success or failure of the direct transmissions. One of the most
important performance measures that characterizes the merits
of a variable-rate protocol is the average transmission rate2

[1], [38]. In this section, we investigate the proposed schemes

2This performance measure should not be confused with the ergodic
capacity.
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in terms of this performance measure. We can easily show that
the amount of signaling overhead is negligible compared with
the number of symbols exchanged between the transceivers.
Thus, in the following analysis, we ignore it.

A. TDBC-CSM Scheme

As described in Section II-B, for a given set of reliable
relay nodes C, the number of required symbol intervals for
the exchange of N(M1 + M2) information symbols between
T1 and T2 equals 2N + dN max(M1,M2)/θCe. Thus, the
transmission rate3 conditioned on the set C can be expressed as

RTDBC-CSM
sum | C =

N(M1 +M2)

2N + dN max(M1,M2)/θCe
R

≈ θC(M1 +M2)

2 θC + max(M1,M2)
R. (48)

By averaging RTDBC-CSM
sum | C over C, the average transmission

rate can be obtained in closed form as

RTDBC-CSM
sum =

∑
C
RTDBC-CSM

sum | C P (C)

=
∑
C

{
θC(M1 +M2)

2 θC + max(M1,M2)
R

×
∏
`∈C

Γ
(
M1,

2R−1
γT1,`

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,`

)
Γ(M2)


×
∏
j /∈C

1−
Γ
(
M1,

2R−1
γT1,j

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,j

)
Γ(M2)


(49)

where the second step follows from (26).
By letting γT1,` →∞ and γT2,` →∞ in (49), we can also

study the asymptotic behavior ofRTDBC-CSM
sum . The asymptotic

average rate, denoted by R̃TDBC-CSM
sum , can be calculated as

R̃TDBC-CSM
sum = lim

γT1,j→∞
γT2,j→∞

RTDBC-CSM
sum

=
L(M1 +M2)

2L+ max(M1,M2)
R. (50)

The derivation of (50) is given in Appendix C. For comparison,
we look at the asymptotic average rates of the following
two basic schemes: (i) the conventional TDBC scheme, and;
(ii) the case that two half-duplex transceivers directly exchange
information with each other4:

R̃TDBC
sum =

M1 +M2

2 + max(M1,M2)
R (51)

R̃HD-direct
sum =

M1 +M2

2
R. (52)

3We characterize the performance of the system in terms of the sum
transmission rate (i.e. 1→2 + 2→1).

4In this scheme, it is assumed that the two transceivers are able to
communicate with each other directly without the help of the relay nodes, as
opposed to our system model in which the help of the relay nodes is needed.
Although the assumption of this scheme is not the same as our assumption,
this scheme can provide a benchmark for the average transmission rate.

Remark:
1) We observe that as L increases, R̃TDBC-CSM

sum tends to
1
2 (M1 +M2)R, i.e. the asymptotic average rate linearly
scales with the total number of antennas employed by
T1 and T2. This implies that the TDBC-CSM scheme
asymptotically behaves similar to the case that T1 and
T2 are able to directly exchange information with each
other. This observation reveals that the TDBC-CSM
scheme effectively overcomes the half-duplex limitation
of the relay nodes.

2) To compare the TDBC-CSM and conventional TDBC
schemes, we compute the following ratio:

R̃TDBC-CSM
sum

R̃TDBC
sum

=
L(2 + max(M1,M2))

2L+ max(M1,M2)
. (53)

Clearly, this ratio is greater than 1 and tends to 1 +
1
2 max(M1,M2) as L goes to infinity. This implies that
the TDBC-CSM scheme outperforms the conventional
TDBC scheme in terms of the average transmission
rate. Moreover, the performance gain of the TDBC-CSM
scheme over the conventional TDBC scheme enhances
with increasing M1 and/or M2.

3) It is seen that if one or both of the transceivers are
equipped with a massive antenna array, R̃TDBC-CSM

sum

scales linearly with the number of potential relay nodes,
as opposed to the conventional TDBC scheme in which
the average rate is not scalable with L under the massive
antenna array conditions.

B. I-TDBC-CSM Scheme

Let RI-TDBC-CSM
sum |modem denote the average transmission rate

corresponding to the case that the system operates in mode m,
where m = 1, ..., 4. Using the total probability theorem, the
average transmission rate can be calculated as

RI-TDBC-CSM
sum =

4∑
m=1

RI-TDBC-CSM
sum |modem P(modem) (54)

where P(modem) is given in (30), (32), (39) and (41) for
m = 1, . . . , 4, respectively. Thus, to obtain RI-TDBC-CSM

sum , we
only need to compute the mode-specific rates corresponding
to modes 1–4.

Mode 1: In this mode of operation, the exchange of N(M1+
M2) information symbols between T1 and T2 is completed
within 2N symbol intervals. Thus, we can write

RI-TDBC-CSM
sum |mode 1 =

M1 +M2

2
R. (55)

Mode 2: When the system operates in mode 2, the transmis-
sion rate depends on the cardinality of the set C. For a given C,
the exchange of N(M1 + M2) information symbols between
T1 and T2 requires 2N + dNM2/θCe symbol intervals. Thus,
the conditional transmission rate can be written as

RI-TDBC-CSM
sum|mode 2, C =

N(M1 +M2)

2N + dNM2/θCe
R

≈ θC(M1 +M2)

2 θC +M2
R. (56)
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Averaging (56) over C, we obtain

RI-TDBC-CSM
sum|mode 2 =

∑
C
RI-TDBC-CSM

sum|mode 2, C P (C |mode 2)

=
∑
C

θC(M1 +M2)

2 θC +M2
R
∏
`∈C

Γ
(
M2,

2R−1
γT2,`

)
Γ(M2)

×
∏
j /∈C

1−
Γ
(
M2,

2R−1
γT2,j

)
Γ(M2)

 . (57)

Mode 3: By replacing M1 and M2 with each other and
substituting γT2,j with γT1,j in (57), the transmission rate
corresponding to mode 3 can be written as

RI-TDBC-CSM
sum|mode 3 =

∑
C

θC(M1 +M2)

2 θC +M1
R
∏
`∈C

Γ
(
M1,

2R−1
γT1,`

)
Γ(M1)

×
∏
j /∈C

1−
Γ
(
M1,

2R−1
γT1,j

)
Γ(M1)

 . (58)

Mode 4: Noting the fact that in mode 4, the TDBC-CSM
scheme and its incremental counterpart are equivalent, we
can write

RI-TDBC-CSM
sum|mode 4 = RTDBC-CSM

sum (59)

where RTDBC-CSM
sum is given in (49).

Having obtained the mode-specific transmission rates, the
average transmission rate can now be expressed in closed form
by substituting (55) and (57)–(59) into (54).

By letting γT1,T2
→∞ and γT2,T1

→∞ in (30), (32), (39)
and (41), and noting the fact that limt2→0 Γ(t1, t2) = Γ(t1),
we obtain

lim
γT1,T2→∞
γT2,T1→∞

P(modem) =

{
1, m = 1
0, m = 2, 3, 4.

(60)

Thus, the asymptotic average rate can be computed as

R̃I-TDBC-CSM
sum = lim

γT1,T2→∞
γT2,T1→∞

RI-TDBC-CSM
sum

=
M1 +M2

2
R. (61)

Remark:
1) By comparing (61) and (52), it is seen that the asymp-

totic average rate of the I-TDBC-CSM scheme equals
that of the direct transmission scheme irrespective of
the number of potential relay nodes, as opposed to
the TDBC-CSM scheme where the asymptotic average
rate depends on L. This observation reveals that the I-
TDBC-CSM scheme effectively overcomes the rate loss
incurred due to the half-duplex limitation of the relay
nodes even when L is not large.

2) To compare the TDBC-CSM and I-TDBC-CSM
schemes, we compute the ratio

R̃I-TDBC-CSM
sum

R̃TDBC-CSM
sum

=
2L+ max(M1,M2)

2L
(62)

which is greater than 1. We therefore conclude that
the I-TDBC-CSM scheme outperforms the TDBC-CSM
scheme in terms of the average transmission rate. It is
also seen that as L increases, the performance of the
TDBC-CSM scheme tends to that of the I-TDBC-CSM
scheme.

C. MABC-CSM Scheme

Noting the fact that the exchange of N(M1 + M2) in-
formation symbols between T1 and T2 is completed within
N + dN max(M1,M2)/θCe symbol intervals, the transmis-
sion rate conditioned on the set C can be written as

RMABC-CSM
sum | C =

N(M1 +M2)

N + dN max(M1,M2)/θCe
R

≈ θC(M1 +M2)

θC + max(M1,M2)
R. (63)

Averaging (63) over C, the average transmission rate can be
calculated in closed form as

RMABC-CSM
sum =

∑
C
RMABC-CSM

sum | C P (C)

=
∑
C

{
θC(M1 +M2)

θC + max(M1,M2)
R

×
∏
`∈C

F(γT1,`, γT2,`, R)

×
∏
j /∈C

[
1−F(γT1,j , γT2,j , R)

]}
(64)

where the second step follows from (44).
By letting γT1,` and γT2,` in (64) go to infinity, the

asymptotic average rate can be obtained as

R̃MABC-CSM
sum =

L(M1 +M2)

L+ max(M1,M2)
R (65)

where to obtain (65), we have used the fact that
limγT1,`,γT2,`→∞

F(γT1,`, γT2,`, R) = 1.
For comparison, we consider the following two ba-

sic schemes: (i) the conventional MABC scheme, and;
(ii) the case that two full-duplex transceivers directly
exchange information:

R̃MABC
sum =

M1 +M2

1 + max(M1,M2)
R (66)

R̃FD-direct
sum = (M1 +M2)R. (67)

Remark:
1) It is worth noting that with increasing the number of

potential relay nodes, R̃MABC-CSM
sum tends to R̃FD-direct

sum .
This observation reveals that the MABC-CSM scheme
asymptotically behaves similar to the case that two full-
duplex transceivers directly exchange information with
each other. This implies that the MABC-CSM scheme
not only overcomes the half-duplex limitation of the
relay nodes but also mitigates the spectral efficiency
loss incurred due to the half-duplex limitation of the
transceivers.
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∆TDBC-CSM(r) = min(M1,M2) min
0≤θC≤L

{(
1− 2L+Mj0

L(M1 +M2)
r

)+

(L− θC) +

(
1− 2L+Mj0

L(M1 +M2)µCδi0
r

)+

θC

}
(74)

∆I-TDBC-CSM(r) = min
0≤θC≤L

{(
1− 2 r

(M1 +M2)Mi0

)+

M1M2+

(
1− 2 r

M1 +M2

)+

(L− θC)M2+

(
1− 2 r

(M1 +M2)µC,1δ1

)+

θCM1,(
1− 2 r

(M1 +M2)Mi0

)+

M1M2+

(
1− 2 r

M1 +M2

)+

(L− θC)M1+

(
1− 2 r

(M1 +M2)µC,2δ2

)+

θCM2,

2

(
1− 2 r

(M1 +M2)Mi0

)+

M1M2+

(
1− 2 r

M1 +M2

)+

(L− θC)Mi0 +

(
1− 2 r

(M1 +M2)µCδi0

)+

θCMi0

}
(75)

∆MABC-CSM(r) = min
0≤θC≤L

{(
1− L+Mj0

L(M1 +M2)
r

)+

(L− θC) min(M1,M2) +

(
1− L+Mj0

L(M1 +M2)µCδi0
r

)+

θC min(M1,M2),

(
1− 2(L+Mj0)

L(M1 +M2)
r

)+

(L− θC)(M1 +M2) +

(
1− L+Mj0

L(M1 +M2)µCδi0
r

)+

θC min(M1,M2)

}
(76)

2) We note that

R̃MABC-CSM
sum

R̃MABC
sum

=
L(1 + max(M1,M2))

L+ max(M1,M2)
. (68)

This ratio is greater than 1 and tends to 1 +
max(M1,M2) as L goes to infinity. This observation
shows that the MABC-CSM scheme outperforms the
conventional MABC scheme in terms of the average
transmission rate. Moreover, the performance gain of
the MABC-CSM scheme over the conventional MABC
scheme enhances with increasing M1 and/or M2.

3) We observe that if one of the transceivers is equipped
with a massive antenna array, R̃MABC-CSM

sum increases up
to LR. In the conventional MABC scheme, this quantity
equals R. If both of the transceivers are equipped with
massive antenna arrays, R̃MABC-CSM

sum tends to 2LR,
which is L times R̃MABC

sum .

V. DMT ANALYSIS

In this section, we analyze the proposed schemes in terms
of the DMT, i.e. the diversity order as a function of the
multiplexing gain [39], [40].

Lemma 1: The upper incomplete gamma function can be
expressed asymptotically as

Γ (t1, t2) ∼ Γ (t1)− (t2)
t1/t1 as t2 → 0. (69)

Proof: See Appendix D.
Proposition 1: The TDBC-CSM scheme achieves the DMT

of (74), shown at the top of the page, where ∆(.) is the diver-
sity order, r is the multiplexing gain, i0 = arg min1≤i≤2Mi

and j0 = arg max1≤i≤2Mi.
Proof: Without loss of generality and for ease of ex-

position, let ET1/N0 = ε1SNR, ET2/N0 = ε2SNR and
E/N0 = ε3SNR, where SNR is a reference signal-to-noise
ratio and ε1, ε2 and ε3 are three positive constants indicating
the power ratios allocated to T1, T2 and the set of reliable

relay nodes, respectively. Thus, γT1,`, γT2,` and γ`j ,Ti can
be written as a function of SNR as γT1,` = ξT1,`SNR,
γT2,` = ξT2,`SNR, and γ`j ,Ti = ξ`j ,TiSNR, where ξT1,` =

ε1σ
2
T1,`

/M1, ξT2,` = ε2σ
2
T2,`

/M2, and ξ`j ,Ti = ε3σ
2
`j ,Ti

/θC .
For a variable-rate protocol, the multiplexing gain is defined as
the ratio of the average transmission rate to log SNR as SNR
goes to infinity [38]. Thus, RTDBC-CSM

sum can be described as

RTDBC-CSM
sum ∼ r log SNR. (70)

Substituting (70) into (50), we obtain R ∼ η r log SNR, where
η = [2L+ max(M1,M2)]/L(M1 +M2). Having obtained
the asymptotic behavior of R, the diversity order as a function
of the multiplexing gain can now be formulated as

∆TDBC-CSM(r)=− lim
SNR→∞

logPTDBC-CSM
out (η r log SNR)

log SNR
(71)

Let us focus on the numerator of (71). Based on Lemma 1, for
r < η−1, we can write the following asymptotic expression:

Γ

(
Mi,

2R − 1

γTi,`

)
∼ Γ (Mi)−

1

Mi

(
SNRηr−1

ξTi,`

)Mi

(72)

where i = 1, 2. For r > η−1, the left-hand side of (72) tends
to zero as SNR goes to infinity. Similarly, for r < η−1µCδi,
we have

Γ

(
θCMi + k ,

ψC,i
γ̄min,i

)
∼ Γ (θCMi + k)− (θCMi + k)

−1

×

δiSNR
ηr
µCδi

−1

min
1≤j≤θC

ξ`j ,Ti

θCMi+k

(73)

where i = 1, 2. For r > η−1µCδi, the left-hand side of (73)
tends to zero as SNR goes to infinity. Substituting (72) and
(73) into (27) and then computing (71), we get (74).

Proposition 2: The I-TDBC-CSM and MABC-CSM
schemes achieve the DMTs of (75) and (76), respectively,
shown at the top of the page.
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Proof: Following similar steps to those used for deriving
(74), the DMT expressions for the I-TDBC-CSM and MABC-
CSM schemes can be obtained as (75) and (76), respectively.
We omit the details due to the space limitations.
Remark:

1) Based on (74)–(76), we conclude that for a fixed R (i.e.
r = 0 [39]), the outage probabilities behave asymptoti-
cally as

PTDBC-CSM
out (R) ∝ SNR−Lmin(M1,M2) (77)

P I-TDBC-CSM
out (R) ∝ SNR−(Lmin(M1,M2)+M1M2) (78)

PMABC-CSM
out (R) ∝ SNR−Lmin(M1,M2). (79)

These expressions show how fast the rate of unsuccessful
information exchange between T1 and T2 decays with
increasing SNR.

2) Noting the fact that in the absence of the direct link, the
number of independent bidirectional paths between T1

and T2 is at most Lmin(M1,M2), we conclude that the
TDBC-CSM and MABC-CSM schemes guarantee the
maximum achievable diversity gain.

3) Noting the fact that in the presence of the direct link,
the number of independent bidirectional paths between
T1 and T2 is at most Lmin(M1,M2) + M1M2, we
conclude that the I-TDBC-CSM scheme achieves the full
diversity gain.

VI. SIMULATION RESULTS AND NUMERICAL EXAMPLES

Throughout our numerical examples, it is assumed that
v = 4 and K = 20. Unless otherwise stated, the curves are
plotted under the assumption of equal power allocation, i.e.
ε1 = ε2 = ε3 = 1/3. Figs. 2–4 show the outage probability of
the TDBC-CSM, I-TDBC-CSM and MABC-CSM schemes as
a function of SNR for different values of M1, M2 and L. From
the figures, we observe that the simulation results confirm the
theoretical analysis of the paper. We also observe that the slope
of the outage probability curves increases with increasing M1,
M2 and L in the high-SNR regime. This observation confirms
the fact that a higher diversity gain is achieved with increasing
either of these parameters. From Figs. 2 and 4, we observe
that the outage probability curves corresponding to the case
{M1 = M2 = 1, L = 2} and the case {M1 = M2 = 2,
L = 1} decay with the same slope with increasing SNR in the
high-SNR regime. This observation is in agreement with the
asymptotic analysis of Section V.

Fig. 5 compares the proposed schemes in terms of the
outage probability for different values of R. As we observe,
there is no significant gap between the outage probabilities
of the TDBC-CSM and I-TDBC-CSM schemes in the low-
SNR regime. This is due to the fact that at low SNRs, the
direct transmissions usually fail, and hence, the I-TDBC-CSM
scheme operates in mode 4 most of the time. Recall that
when the system operates in mode 4, there is no difference
between the TDBC-CSM and I-TDBC-CSM schemes. We also
observe that there is no significant gap between the outage
probabilities of the TDBC-CSM and MABC-CSM schemes for
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Fig. 2. Outage probability versus SNR for the TDBC-CSM scheme.
R = 1 bps/Hz and dT1,` = dT2,` = 0.5 dT1,T2

, for ` = 1, ..., L.
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Fig. 3. Outage probability versus SNR for the I-TDBC-CSM scheme.
R = 1 bps/Hz and dT1,` = dT2,` = 0.5 dT1,T2

, for ` = 1, ..., L.

small value of the target rate. This can be explained as follows.
(i) For small values of R, with high probability, the condition
3I` ≥ 2R is satisfied in (13). Under these circumstances, (13)
reduces to (3). This implies that both of the schemes rely on
the same set of relay nodes (intuitively, in the low-R regime,
with high probability, the decoding process at the relay node is
successful regardless of whether the multiple-access channel
is interference-limited or not. Thus, in this case, there is no
significant difference between the TDBC-CSM and MABC-
CSM schemes in terms of the set of reliable relay nodes).
(ii) Recall that for a given set of reliable relay nodes, the
TDBC-CSM and MABC-CSM schemes behave the same in
terms of the outage probability. These two facts justify what
we observe in Fig. 5. On the other hand, we also observe
that as the target rate increases, a significant performance gap
between these two schemes appears. This is due to the fact that
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Fig. 4. Outage probability versus SNR for the MABC-CSM scheme.
R = 1 bps/Hz and dT1,` = dT2,` = 0.5 dT1,T2
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as R increases, it is likely that in (13), the condition 3I` ≥ 2R
cannot be satisfied. Thus, the cardinality of the set of reliable
relay nodes in the MABC-CSM scheme is smaller than that
in the TDBC-CSM scheme. Thus, we expect the TDBC-CSM
scheme to outperform the MABC-CSM scheme (intuitively,
since the multiple-access phase of the MABC-CSM scheme
is interference-limited, it is likely that the target rate cannot
be achieved in the high-R regime, and this increases the risk
of outage in the MABC-CSM scheme).

Fig. 6 shows the outage probability as a function of the
target rate for different values of SNR. As we observe, the
TDBC-CSM and MABC-CSM curves are very close in the
low-rate regime, which is in agreement with our observations
in Fig. 5. We also observe that in the high-rate regime,
the outage probability of the I-TDBC-CSM scheme tends
to that of the TDBC-CSM scheme. This is due to the fact
that in the high-rate regime, the direct links are not able to
support the desired rate and hence, the I-TDBC-CSM scheme
switches to the TDBC-CSM scheme. Table I summarizes these
observations.

Figs. 7–9 show the average transmission rate of the pro-
posed schemes as a function of SNR for different values
of M1, M2 and L. As we observe, the simulation results
are in good agreement with the theoretical analysis of the
paper. Table II compares the proposed schemes in terms of the

TABLE I
COMPARISON OF DIFFERENT SCHEMES IN TERMS OF THE OUTAGE

PROBABILITY

The symbols ≈, > and � stand for “almost performs the same as”,
“performs better than”, and “performs much better than”, respectively.

R SNR Performance comparison

Low Low I-TDBC-CSM ≈ TDBC-CSM ≈ MABC-CSM
Low High I-TDBC-CSM > TDBC-CSM ≈ MABC-CSM
High Low I-TDBC-CSM ≈ TDBC-CSM � MABC-CSM
High High I-TDBC-CSM � TDBC-CSM � MABC-CSM
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average transmission rate for different values of R and SNR.

It is important to note that in Table II, different schemes
are compared independent of their outage probability per-
formances. To compare the proposed schemes fairly, we

TABLE II
COMPARISON OF DIFFERENT SCHEMES IN TERMS OF THE AVERAGE

TRANSMISSION RATE

R SNR Performance comparison

Low Low MABC-CSM > I-TDBC-CSM ≈ TDBC-CSM
Low High MABC-CSM > I-TDBC-CSM > TDBC-CSM
High Low I-TDBC-CSM ≈ TDBC-CSM > MABC-CSM
High High MABC-CSM > I-TDBC-CSM > TDBC-CSM
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should consider Tables I and II simultaneously. To this end,
in Fig. 10, we compare the proposed schemes in terms of the
outage capacity (i.e. the maximum transmission rate such that
the outage probability does not exceed a target level). In this
figure, we fix the outage probability at 10−2. As we observe
from the figure, in the high-SNR regime, the I-TDBC-CSM
scheme significantly outperforms the other two schemes. The
superior performance of this scheme is due to the existence
of the direct link and the incremental nature of the protocol
that shows itself in the high-SNR regime. It is also interest-
ing to note that in the high-SNR regime, the TDBC-CSM
scheme performs slightly better than the MABC-CSM scheme,
whereas in the low-SNR regime, the MABC-CSM scheme
outperforms the other schemes. To explain this observation, it
is sufficient to note that in this figure, the low-SNR and high-
SNR regimes are equivalent to the low-R and high-R regimes,
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respectively. As explained earlier, in the high-R regime, the
TDBC-CSM scheme significantly outperforms the MABC-
CSM scheme in terms of the outage probability. Thus, for
a given outage probability, it is expected that the TDBC-CSM
scheme achieves higher transmission rate than the MABC-
CSM scheme. On the other hand, in the low-R regime, as
explained earlier, there is no significant difference between the
outage probabilities of these two schemes. However, due to the
nonorthogonality of the multiple-access phase of the MABC-
CSM scheme, this scheme achieves higher transmission rate
than the TDBC-CSM scheme in which the multiple-access
phase is orthogonal. For comparison, in this figure, we have
also depicted the outage capacity curves corresponding to
the conventional TDBC and MABC schemes. In these two
schemes, only the best relay node transmits in the broadcast
phase. The best relay node is selected among the reliable relay
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nodes such that the minimum SNR of the relay-T1 and relay-
T2 links is maximized. We clearly observe that the CSM-based
schemes outperform their non-CSM-based counterparts.

Fig. 11 shows the diversity order as a function of the
multiplexing gain for different values of L. We clearly observe
that with increasing L, a greater diversity order is achieved.
Fig. 12 shows the outage probability as a function of the total
power ratio allocated to T1 and T2, i.e. ε1 + ε2. It is assumed
that ε1 = ε2 and ε1 +ε2 +ε3 = 1. We observe that under these
circumstances, allocating equal power to the transceivers and
the set of reliable relay nodes is almost optimal in the sense
of minimizing the outage probability.

VII. CONCLUSION

In this paper, we have proposed and analyzed three network-
coded CSM schemes for a TWRC with DF relaying. The anal-

ysis of the paper showed that the proposed schemes achieve
high spectral efficiency and at the same time guarantee the
maximum achievable diversity gain. Interestingly, we observed
that both of these performance measures improve with increas-
ing the number of potential relay nodes. We, therefore, con-
clude that the CSM schemes are suitable candidates to meet the
growing demand for reliable high data rate communications.
In this paper, the relay nodes operate in the DF processing
mode. An interesting issue for future work is to investigate
these schemes under the assumption of AF relaying.

APPENDIX A
DERIVATION OF (26)

The PMF of the set C can be expressed as

P (C) =
∏
`∈C

P (` ∈ C)
∏
j /∈C

P (j /∈ C). (80)

Based on the definition of C given in (3), the probability that
relay ` belongs to the set C can be computed as

P (` ∈ C) = P (IT1,` ≥ R) P (IT2,` ≥ R)

= P
(
γT1,` ≥ 2R − 1

)
P
(
γT2,` ≥ 2R − 1

)
. (81)

Noting the fact that γT1,` ∼ Gamma(M1, γT1,`) and γT2,` ∼
Gamma(M2, γT2,`), (81) can be obtained as

P (` ∈ C) =
Γ
(
M1,

2R−1
γT1,`

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,`

)
Γ(M2)

. (82)

Substituting (82) into (80), we get (26).

APPENDIX B
DERIVATION OF (44)

Based on the definition of C given in (13), the probability
that relay ` belongs to the set C can be expressed as

P (` ∈ C) = P
(
(γT1,`, γT2,`) ∈ D

)
≈ F

(
γT1,`, γT2,`, R

)
(83)

where the regionD is defined asD = {γT1,` ≥ 2R−1, γT2,` ≥
2R− 1, γT1,` + γT2,` ≥ 22R− 1} and the second step follows
from approximating the region D by D1 ∪ D2, where D1 =
{γT1,` ≥ 2R − 1, γT2,` ≥ 22R − 2R} and D2 = {γT1,` ≥
22R − 2R, 2R − 1 ≤ γT2,` < 22R − 2R}. Substituting (83)
into (80), we get (44).

APPENDIX C
DERIVATION OF (50)

Noting the fact that limt2→0 Γ(t1, t2) = Γ(t1), we can write

lim
γT1,`→∞
γT2,`→∞

∏
`∈C

Γ
(
M1,

2R−1
γT1,`

)
Γ(M1)

×
Γ
(
M2,

2R−1
γT2,`

)
Γ(M2)

 = 1

(84)

lim
γT1,j→∞
γT2,j→∞

∏
j /∈C

1−
2∏
i=1

Γ
(
Mi,

2R−1
γTi,j

)
Γ(Mi)

 =

{
1, C = P
0, C 6= P

(85)

Letting γT1,` → ∞ and γT2,` → ∞ in (49) and using (84)
and (85), we get (50).
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APPENDIX D
PROOF OF LEMMA 1

The upper incomplete gamma function can be expressed in
terms of the complete gamma function as

Γ (t1, t2) = Γ (t1)−
∫ t2

0

xt1−1e−x dx. (86)

Using the Taylor’s series expansion for the exponential term,
(86) can be computed as

Γ (t1, t2) = Γ (t1)−
∞∑
i=0

(−1)
i

(i+ t1) i!
(t2)

i+t1 . (87)

For the case that t2 goes to zero, the term corresponding to
i = 0 is the dominant term of the summation. Thus, (87) can
be expressed asymptotically as (69).
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