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Abstract—In this paper, for a two-way relay channel (TWRC)
comprising two multi-antenna transceivers and L single-antenna
potential relay nodes, we propose three network-coded coopera-
tive spatial multiplexing (CSM) schemes that effectively overcome
the rate loss incurred due to the half-duplex limitation of the
transceivers and the relay nodes and achieve high spectral
efficiency. In the following, these three schemes are referred to as
time-division broadcast (TDBC)-CSM, incremental (1)-TDBC-CSM
and multiple-access broadcast (MABC)-CSM. We investigate these
schemes in terms of the outage probability, the average
transmission rate, the asymptotic behavior and the diversity-
multiplexing tradeoff (DMT). The analysis of the paper shows
that: (i) the I-TDBC-CSM scheme achieves the full diversity of
order L min(M, M>) + M; M, where M1 and M are the
numbers of antennas employed by the two transceivers; (ii) the
TDBC-CSM and MABC-CSM schemes achieve the diversity of
order L min(M;i, M2), where this quantity is the maximum
achievable diversity gain in the absence of the direct link between
the transceivers; (iii) the TDBC-CSM and I-TDBC-CSM schemes
effectively overcome the rate loss incurred due to the half-duplex
limitation of the relay nodes; (iv) the MABC-CSM scheme not
only overcomes the half-duplex limitation of the relay nodes but
also mitigates the spectral efficiency loss incurred due to the
half-duplex limitation of the transceivers; and (v) if one or both
of the transceivers are equipped with a massive antenna array,
the asymptotic average rate of the CSM-based schemes scales
linearly with the number of potential relay nodes, as opposed
to the conventional relaying schemes in which the average rate
is not scalable with L. We provide extensive simulation results
to confirm the theoretical analysis of the paper. The simulation
results show that for a given outage probability, the proposed
schemes outperform the conventional relaying schemes in terms
of the average transmission rate.

Index Terms—Cooperative spatial multiplexing, incremental
relaying, network coding, two-way relay channel (TWRC).

I. INTRODUCTION
A. Background and Related Work

NE of the main drawbacks of cooperative protocols is

inefficient utilization of spectrum. This problem which is
a consequence of the half-duplex limitation of the relay nodes
can be alleviated by making use of the idea of incremental
relaying [1]-[3]. In incremental relaying, the relay nodes help
the source only if a failure occurs in the direct transmission.
Typically, the success or failure of the direct transmission
is determined based on either the decoding error [2] or the
instantaneous received signal-to-noise ratio (SNR) [3] at the

Copyright (c) 2015 IEEE. Personal use of this material is permitted.
However, permission to use this material for any other purposes must be
obtained from the IEEE by sending a request to pubs-permissions @ieee.org.

The authors are with the Department of Electrical Engineering,
K. N. Toosi University of Technology, Tehran 1631714191, Iran (e-mail:
bastami @kntu.ac.ir, ahesam @mail.kntu.ac.ir).

destination. Despite the fact that this technique achieves high
spectral efficiency in the high-SNR regime, it has two main
limitations: (i) its performance in the low and medium SNR
regimes is not good enough; and (ii) the existence of a direct
link between the source and the destination is required.

Cooperative spatial multiplexing (CSM) is another tech-
nique that effectively improves the bandwidth efficiency of
half-duplex relaying by making use of the idea of spatial
multiplexing in a distributed manner at the relay nodes [4].
In this technique, the source message is multiplexed onto
multiple single-antenna relay nodes. As a result of the par-
allel transmissions of the relay nodes, a multiplexing gain
is achieved and this leads to a high-rate flow of information
from the source to the destination [4]—[9]. This technique has
been widely investigated in the literature for the decode-and-
forward (DF) [4], [5] and amplify-and-forward (AF) [6]-[9]
relaying strategies.

The focus of [1]-[9] is on the unidirectional flow of
information from the source to the destination. Usually in
practice, instead of a source-destination pair, we have two
transceivers that wish to exchange information with each
other with the help of one or several relay nodes. In this
network configuration, which is referred to as two-way re-
lay channel (TWRC) [10], it is usually assumed that the
transceivers and the relay nodes operate in the time-division
duplex mode [10]-[32]. Under this assumption, if the two
transceivers have the ability to communicate with each other
directly without the help of the relay nodes, two time slots
are sufficient for the exchange of two blocks of information
symbols between the transceivers. However, in a TWRC, the
number of required time slots typically varies from two to
four depending on the protocol. Among the two-way relay-
ing schemes, the four-time-slot scheme is the simplest one.
However, the performance of this scheme is poor in terms of
the spectral efficiency. The time-division broadcast (TDBC)
scheme achieves higher spectral efficiency than the four-time-
slot scheme by employing the idea of network coding [33] and
reducing the number of required time slots to three [11]-[15].
The multiple-access broadcast (MABC) scheme further im-
proves the spectral efficiency of the system by reducing the
number of required time slots to two [16]-[20].

The incremental relaying technique can be coupled with
the network coding operation to further enhance the spectral
efficiency of the TWRC. Obviously, the idea of incremental
relaying is not applicable to the MABC scheme due to the
fact that the direct link cannot be exploited by the half-duplex
transceivers. However, the TDBC scheme can benefit from this
technique to achieve a higher spectral efficiency. This issue
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has been investigated in [21] and [22] for the DF and AF
TWRCs, respectively. It has been shown that by employing
the incremental relaying technique, the spectral efficiency of
the TDBC scheme tends to that of the MABC scheme in the
high-SNR regime, and at the same time, the TDBC scheme
achieves a higher diversity gain compared with the MABC
scheme [21], [22].

In contrast to the incremental relaying technique which is
specific to the TDBC scheme, the spatial multiplexing tech-
nique is applicable to both the TDBC and MABC schemes.
In the literature, this technique has been widely investigated
for the MABC scenario [23]-[32]. In this network configura-
tion which is usually referred to as multiple-input multiple-
output (MIMO) TWRC, the spatial multiplexing is utilized
in a centralized manner. Thus, it is necessary that the relay
nodes are equipped with multiple antennas. In the literature,
different issues related to the MIMO TWRC such as the
design of precoder and decoder at the transceivers and the
relay node [23]-[26], the design of physical-layer network
coding (PNC) [27], [28], the antenna selection at the relay
node [29], [30], and the best relay selection in the multi-
relay scenario [31], [32], have been investigated for the single-
relay DF [23], [27]-[29], single-relay AF [24]-[26], [30] and
multi-relay AF [31], [32] networks. In [34], for a multi-user
MIMO system, a space-time coded linear PNC scheme has
been designed that guarantees the full-diversity and full-rate
transmission. This PNC scheme can be applied to various
system models such as the MIMO TWRC and the MIMO
multiple-access relay network.

B. Motivation and Contributions of the Paper

Usually in practice, the relay nodes are simple terminals
that cannot support multiple antennas due to size or other
practical limitations. For example, consider a wireless network
in which the mobile users that are idle act as relays. Typically,
these terminals are not able to support multiple antennas, or
at least, the number of antennas cannot be large. Under these
circumstances, the centralized version of spatial multiplexing
cannot be utilized efficiently at the relay node to achieve high
spectral efficiency. The CSM technique can overcome this lim-
itation by employing single-antenna terminals in a distributed
manner. To the best of our knowledge, the CSM technique has
not been investigated in the literature for two-way relaying,
and this motivates our work. The aim of the present paper
is to propose and analyze spectrally efficient protocols for the
network-coded TWRC based on the CSM technique. The main
contributions of this paper can be summarized as follows.

« In this paper, for a TWRC comprising two multi-antenna
transceivers and L single-antenna DF relay nodes, we
propose three network-coded CSM schemes that effec-
tively overcome the rate loss incurred due to the half-
duplex limitation of the transceivers and the relay nodes
and achieve high spectral efficiency. In the following,
these three schemes are referred to as TDBC-CSM,
incremental (I)-TDBC-CSM and MABC-CSM.

« We analyze the performance of these schemes in terms of
the outage probability, the asymptotic behavior and the
diversity-multiplexing tradeoff (DMT) over identically

and non-identically distributed Rayleigh fading channels.
The outage probability reflects the rate of unsuccessful
information exchange between the transceivers, and the
diversity order determines how fast the outage probability
decays with increasing SNR. The asymptotic analysis of
the outage probability shows that for a fixed target rate:

1) The I-TDBC-CSM scheme achieves the full diver-
sity of order L min(My, Ms) + My Ms, where M
and M, are the numbers of antennas employed by
the two transceivers and L is the number of potential
relay nodes.

2) The TDBC-CSM and MABC-CSM schemes
achieve the diversity of order L min(M;,Ms),
where this quantity is the maximum achievable
diversity gain in the absence of the direct link
between the transceivers.

The proposed schemes belong to the category of variable-
rate protocols. To characterize the bandwidth efficiency
of these schemes, we analyze their performance in terms
of the average transmission rate. The analysis of the paper
shows that:

1) As L increases, the asymptotic average rate of
the TDBC-CSM scheme tends to that of the case
that two half-duplex transceivers directly exchange
information with each other. This implies that the
TDBC-CSM scheme effectively overcomes the rate
loss incurred due to the half-duplex limitation of the
relay nodes.

2) The asymptotic average rate of the I-TDBC-CSM
scheme equals that of the direct transmission
scheme irrespective of the number of potential relay
nodes. This observation reveals that the I-TDBC-
CSM scheme effectively overcomes the half-duplex
limitation of the relay nodes even when L is small.

3) With increasing the number of potential relay nodes,
the MABC-CSM scheme asymptotically behaves
similar to the case that two full-duplex transceivers
directly exchange information with each other. This
implies that the MABC-CSM scheme not only
overcomes the half-duplex limitation of the relay
nodes but also mitigates the spectral efficiency loss
incurred due to the half-duplex limitation of the
transceivers.

4) If one or both of the transceivers are equipped with
a massive antenna array, the asymptotic average rate
of the CSM-based schemes scales linearly with the
number of potential relay nodes, as opposed to the
conventional relaying schemes in which the average
rate is not scalable with L.

« We provide extensive simulation results to confirm the

theoretical analysis of the paper. The simulation results
show that for a given outage probability, the CSM-based
schemes outperform the conventional relaying schemes
in terms of the average transmission rate over the entire
range of SNR. These observations imply that the CSM-
based schemes are suitable candidates for reliable high
data rate communications.
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C. Outline of the Paper

The remainder of this paper is organized as follows. Sec-
tion II introduces the proposed schemes. Sections III analyzes
the outage probability performance of the proposed schemes.
Section IV investigates the proposed schemes in terms of the
average transmission rate. Section V studies the asymptotic
behavior of the outage probability and derives the DMT
expressions. Section VI provides some simulation results and
numerical examples. Finally, Section VII summarizes the main
results of the paper.

Notation: We use boldface lowercase and uppercase letters
for vectors and matrices, respectively. For the vector x, x'" and
||x|| denote the transpose and the norm of x. For the matrix X,
XH, det(X) and ||X||,. denote the conjugate transpose, the
determinant and the Frobenius norm of X, respectively. I,
denotes the M x M identity matrix. 05;« n denotes an M x N
all-zero matrix. For a set X,
of X. C denotes the set of complex numbers. N denotes
the set of natural numbers, i.e. nonnegative integers. [x]
denotes the smallest integer greater than or equal to x. x+
denotes max(0,x). E{.} denotes the expectation operator.
We use P(.) to denote the probability of the given event.
For a random variable X, fx(z) denotes the probability
density function (PDF) of X. We use X ~ Gammal(t,t2)
to denote that X is a gamma random 1vatriaxble with pa-
rameters tp and tg, ie. fx(z) = t"’fllm e/t g > (.

fo le=®dx is the complete gamma function
and I‘(tl,tg) f2 a1~ le=%dz is the upper incomplete
gamma function. We use G1(x) ~ Ga(x) to denote that the
functions G (z) and G2(z) are asymptotically equivalent, i.e.
G1(x)/Ga(z) = 1 as x — 0.

II. SYSTEM MODEL AND PROTOCOL DESCRIPTION
A. General Assumptions

We consider a TWRC comprising two transceivers, denoted
by 71 and 75, and a set of potential relay nodes, denoted by
P ={1,...,L}, as shown in Fig. 1. The transceivers 7 and
T, are equipped with M; and M, antennas, respectively, and
the relay nodes are single-antenna terminals. All the nodes
transmit over the same frequency band and operate in a half-
duplex mode. All the links are assumed to be independent of
each other and are subject to frequency non-selective Rayleigh
fading and additive white Gaussian noise (AWGN). It is as-
sumed that the fading channel varies slowly such that it can be
assumed almost constant over each period of N max (M7, M>)
symbol intervals, where N is chosen based on the channel
coherence time. Regarding the availability of the direct link
between 77 and 75, we make the following assumptions:

o In our TDBC-based schemes, we consider the following
two cases: (i) The case that the direct link does not exist
between 73 and 75 (e.g. due to shadowing or severe path
loss). This scheme is referred to as TDBC-CSM. (ii) The
case that the direct link exists. In this case, to make use
of spectrum as efficiently as possible, the relay nodes
cooperate incrementally. This scheme is referred to as
I-TDBC-CSM.

L potential relay nodes

M, antennas

M, antennas

[

Fig. 1. System model: A TWRC comprising two transceivers 77 and 75,
and L potential relay nodes, denoted by 1, ..., L.

¢ In our MABC-based scheme, due to the half-duplex lim-
itation of 7 and 7% and the fact that the two transceivers
simultaneously transmit in the multiple-access phase, the
direct link cannot be exploited, regardless of the fact that
this link is physically available or not. This scheme is
referred to as MABC-CSM.

B. TDBC-CSM Scheme

In time slots 1 and 2, T} and 75 broadcast their messages to
the relay nodes, respectively. The received signals at relay /¢

during the first two time slots, i.e. for n = 1,..., N, and
n=N+1,...,2N, can be written as
Er,
Ye(n)= Y h%, ysi(n) + z(n), n=1,...,N (1
1

ye(n)=1/ LZQTQ hTM so(n) + z¢(n), n=N+1,...,2N (2)
where y;(n) denotes the received signal at relay ¢ at time
index n, E7, is the average energy transmitted by 7; over
a symbol period, hr, , € CM: denotes the MISO channel
from T; to relay £, s;(n) € CMi is the information-bearing
signal transmitted by 7T;, where E{s;(n)s? (n)} = I, and
z¢(n) is the AWGN process at relay ¢ and is independent
and identically distributed (i.i.d.) over time with distribution
CN(0,Ny), where 4 = 1,2 and £ = 1,..., L. Under Rayleigh
fading assumption, each entry of hr, , is a zero mean cir-
cularly symmetric complex Gaussian random variable with
variance U% ¢~ This variance is proportional to dr.”,, where
dr; e denotes the distance between T; and relay / and v is the
path-loss exponent.

Let us define the set of reliable relay nodes C as the set of
relay nodes that can decode s;(n) and s3(n) successfully. Let
R denote the target rate for the transmission of information
in the network. For the desired rate R, the set C can be
described as

C={{eP|Ir¢>R, I, >R} 3)

where I, ; is the achievable rate for the link from T; to relay ¢
conditioned on the channel vector hr, o, which is given by

Er, .
I7, ¢ = log, ( MN | ), 1=1,2. 4)
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Each of the relay nodes belonging to the set C performs
the following three steps independent of other relay nodes:
(i) decodes si(n) and s2(n) and obtains two bit streams
corresponding to these two signals, (ii) combines these two
bit streams using the conventional bitwise XOR-based network
coding operation [12], and (iii) re-encodes and remodulates the
network-coded bit stream to obtain the sequence of symbols
SNc(l), ey SNc(N max(Ml, Mg))

At the beginning of the broadcast phase, the relay nodes
sequentially inform the transceivers whether they belong to
the set C or not by broadcasting a positive or negative ac-
knowledgement. Let C = {{1, ..., lp. }, where {1 < --- < Ly,
and fc = |C|. In response to relay l;eC,j=1,..0c, one
of the transceivers, for example T3, sends back the ordering
index j based on which the reliable relay nodes become aware
of the multiplexing pattern. After that, the reliable relay nodes
simultaneously broadcast the spatially multiplexed signal to
the destination nodes. The received signals at 7} and 75 during
the broadcast phase can be described as

\/E/ecHCT SC +ZT( )

where n = 2N + 1,...,2N + [Nmax(My, M3)/0c],
y7,(n) € CMi is the received vector by Tj, E is the total
average energy allocated to the relay nodes, H¢ 7, € CMix0e
denotes the distributed MIMO channel matrix from C to T;,
zr, (n) ~ CN(0p1, %1, Nolps,) is the AWGN process at T; and
is i.i.d. over time, and s¢(n) is a f¢ x 1 vector whose jth ele-
ment is the transmitted symbol by relay ¢; € C at time index n.
The jth element of s¢(n) is constructed by relay ¢; based
on the multiplexing pattern as snc ((n — 2N —1)0c + j),
ji=1,...,6c.

Finally, 77 and 75 perform detection based on yr,(n)
and yr, (n), respectively, and then cancel the self-interference
caused by the network coding operation to obtain their in-
tended symbols.

i=1,2 (5

C. I-TDBC-CSM Scheme

In time slot 1, T} broadcasts its information-bearing signal
and the relay nodes and the opposite transceiver listen. Simi-
larly, in time slot 2, T5 broadcasts its signal and all the other
nodes listen. The received signals by the transceivers during
the first two time slots can be expressed as

E
yTz(n) = ]\;—; HT1,T2 Sl( )+ZT2(n)7 n:L'--aN (6)
_ |En _
yTl(n)_ ﬁHTé»TI S2(n)+ZT1(n)7 n_N+laa2N
2
(7)

where yr,(n) € CMi is the received vector by T;, Hr, 7, €
CMixMk denotes the channel matrix for the Tj-7; MIMO
link and zz, (n) is the AWGN process at T; with distribution
CN(0pr, %1, NoIps, ), where i,k = 1,2 and ¢ # k. The
received signals at relay ¢ during the first two time slots are
given in (1) and (2).

Let I7, 1, and I, 7, denote the achievable rates for the
Ti-T5 and T5-T; links conditioned on the channel matri-

ces Hp, 1, and Hr, 7, respectively, i.e.

Ir, 1, = log, det <I]V[ + 7]\51\[ HT,€7 " Ti) )
where i,k = 1,2, ¢ # k. Based on Iy, 7, and Iy, 1,, one of
the following modes of operation takes place:

Mode I: Ip, 7, > R and I, 7, > R. In this mode, both
of the direct links are reliable. Thus, 77 and 75 rely on the
direct signals and the cooperation phase is skipped.

Mode 2: I, 1, > R and It, 7, < R. In this mode, only the
link from T} to 15 is reliable. Thus, in the third time slot, the
reliable relay nodes decode, re-encode and forward the signal
received from 75 to 7T by employing the CSM technique
in a similar way as in the broadcast phase of the TDBC-
CSM scheme described in Section II-B. The set of reliable
relay nodes consists of those relay nodes that decode so(n)
successfully, i.e.

C={{ecP|Ir,e >R} 9)

where I7, ¢ is given in (4). In this mode, T performs detection
based on the relayed signal and 75 relies on the direct signal.

Mode 3: I, 1, < Rand Iz, 7, > R. In this mode, only the
link from 75 to 717 is reliable. Thus, in the third time slot, the
reliable relay nodes decode, re-encode and forward the signal
received from T to T, by employing the CSM technique in
a similar way as in the broadcast phase of the TDBC-CSM
scheme. The set of reliable relay nodes comprises those relay
nodes that decode s1(n) successfully, i.e.

C:{£€P|ITM2R} (10)

where I, ¢ is given in (4). In this mode, 15 performs detection
based on the relayed signal and T} relies on the direct signal.

Mode 4: I, 7, < R and It, 7, < R. In this mode, both of
the direct links are unreliable. Thus, in the third time slot, the
reliable relay nodes broadcast the network-coded signal to 7T}
and 75 by employing the CSM technique in the same way as in
the broadcast phase of the TDBC-CSM scheme. In this mode,
T, and 75 perform detection based on the relayed signal.

An expression similar to (5) can be written for the received
signal at the destination corresponding to modes 2—4.

Obviously, in this scheme, the relay nodes need to be aware
of the mode of operation. This information can be easily made
available to the relay nodes by broadcasting a positive or
negative acknowledgement by 77 and T, at the end of the
first and second time slots.

D. MABC-CSM Scheme
In this scheme, during the first time slot, 7} and 75

simultaneously transmit their signals to the relay nodes. The
received signal at relay ¢ can be expressed as

E
\/ T2 hTzZSQ ) + 2e(n)

Y

where n = 1,...,N and ¢/ = 1,...,L. Whether or not
relay ¢ belongs to the set of reliable relay nodes depends
on the detection technique employed by the relay nodes. In
the case of joint detection, each relay node, independent of
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other relay nodes, simultaneously recovers si(n) and ss(n)
from the superimposed signal y¢(n) using the maximum
likelihood (ML) detection technique. Let R, ¢ denote the rate
for the link from 7T; to relay ¢, where i = 1,2. Under the
assumption of joint detection, only those (Rr, ¢, Rr,.¢) pairs
are achievable that satisfy the following three inequalities [35]:

Er
RT1 Vi < 10g2 (1+M N ||hT1 e” ) é 1[@

21y

Er
R, < g, (1452 b )

2
ZRTi,é < log, (1+

=1

Er 2
—1 ||h
M N(] || T17£||

il )—314

(12)

MN

Accordingly, for the target rate R, the set of reliable relay
nodes C (that can reliably decode s;(n) and s2(n)) can be
described as

C:{EGPMIEZR,QI[ZR,3]@22R}. (13)

This set contains those relay nodes whose achievable rate
regions include the rate pair (R, R).

The broadcast phase of the protocol is the same as that of the
TDBC-CSM scheme. In this phase, each of the reliable relay
nodes combines the two decoded signals using the network
coding operation, re-encodes the network-coded signal and
broadcasts the resulting signal back to both transceivers by
employing the CSM technique as described in Section II-B.

III. OUTAGE PROBABILITY ANALYSIS

We say that the exchange of information between 77 and
T, undergoes an outage state if the desired rate cannot be
satisfied for 77 and/or T5. In this section, we investigate the
performance of the proposed schemes in terms of the outage
probability over Rayleigh fading channel.

A. TDBC-CSM Scheme

Let Ic 7, denote the achievable rate for the MIMO link
from C to T;. Based on the aforementioned definition, an
outage state occurs if either of the following events takes
place: () & = {ler, < R, Ier, > R}, (1) & = {lep >
R, Ict, < R}, and (ili) & = {le, < R, Ie, < R}
Accordingly, the outage probability conditioned on the set of
reliable relay nodes C can be computed as
PrReC O™M([R) =1 -P(ler, > R)P(Ier, > R).

(¢}

(14)

Obviously, for the case that C is empty, we have Ic 1, =
Ic 1, = 0. In this case, the outage probability equals 1, i.e.
PEDCSSN () — 1,

o

15)

Let us focus on the case that the set of reliable relay nodes is
nonempty. Based on (5), Ic 7, and I¢ 7, conditioned on the
channel matrices H¢ 7, and H¢ 7, can be expressed as

&)im

(16)

HerH

E
Ier = I det( I,y
c,1; = pc logy de < M’+HCNO

where the scaling factor pc is due to the fact that the duration
of the broadcast phase of the protocol is pyc times that of the
first two time slots, where e = ¥ maX(Ml Mo)/bel Vet q =
[N max(Mi, Ms)/0c] — Nmax(Ml,Mg)/Gc Thus, e can
be rewritten as pc = (N max(My, M) + ¢0¢)/N6c. Noting
the fact that 0 < L <« N (e.g. we have L = 5 and N =
104! and that 0 < ¢ < 1, ue can be well approximated as
pe = max(My, Ms)/6c. Substituting (16) into (14) and using
Jensen’s approximation, we obtain

2
E
TDBC-CSM ~ _ -
Pliczo (R~ 1 J:llp <9cNo

2
F > wc,i

7

where ¢, = (2R/“C‘si 71) 0;, and ¢6; = min(M;,0c).
Under Rayleigh fading assumption, each entry of the j-th
column of H¢ 7, is a zero mean circularly symmetric com-
plex Gaussian random variable with variance a? ;- Since
in general, the relay nodes are in different locatlons the
variances Uej,Ti’ 1 < j <60c, are not necessarily identical.

Let X; = Oc o ||HC T || 7. For arbitrary values of the variances
Uz Ty 1 < j <60, the PDF of X; can be shown to be [37]

Z ki 20 Mitk=1,—2/Fmin,i

= Ty T (0 My + k)
(18)

where Ymin,; and oy ; are given by
Vmin,i = 1gu<n€c Ve, .1 (19)
M;

’lel’l 7
@ZH (20)

’Ye \T;

where Ve, 10 = EUZ T, /Bc Ny is the average SNR per an-
tenna at T; received from relay ¢;, and S, is computed
recursively as

k+1
i = T t At —t.is keN 21
Br+1, k‘—l—ltz:; td Bltr1-t, S (21)
where By ; = 1 and A;; is given by
e Z 1 _ ’len 7 (22)
W T

Setting K = oo in (18) yields an exact expression for fx, ().
However, in practice, a small finite value of K results in an
accurate expression for the PDF. Using (18), the probability
of the event X; > ¢ ; can be obtained as

E (€77

IFor example, in LTE-A, the subframe duration is 1 ms [36]. Assuming
the data rate of 10 MHz, which is less than the typical data rates in current
wireless standards, we conclude that the value of N is at least 10%.

GCM +k qpCZ/’)’mmz)
(QCMz+k)

P(X; > vc,i) - (23)
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6
TDBC-CSM r (Ml’ 27};71) r (MQ’ 27?71) < r (%Mi +k, %)
Pou ’ (R) ~ 1-— EER AN 229 + 1— i ‘min, i
t it Th) eAm R IR | | OBy or
r (Ml 2R71) r (Mg 2R71> T (Ml 2R71) T ( ) 2371>
ML » Ty .0 " Fr Vs
X L X 2 1— 1.3 5 .j (27)
g I'(My) T(Ms) %l;IC (M) T(Ma)

Substituting (23) into (17), the outage probability conditioned
on the nonempty set C can be written as

2 K

r M; i/ Ymin, i

PTDBOCSM Ry l_H i (OcM; + K, Yc.i/Ymin,i)
=1k

ont|C#0 —~ T (0cM; + k)
(24)
Averaging POTu]tD'E’C'CSM(R) over C, the unconditional outage
probability can be calculated as
PIDRC-CSM(R) = Y PIORCCSN(RIB(C)  (25)
c
where Pgl?‘}gc'CSM(R) is given in (15) and (24) for the

cases C = @ and C # O, respectively, and P (C) is the prob-
ability mass function (PMF) of the set C, which is given by

F(MhQR_l) F(M272R—1)

Y1y e Y1y ,e

PO = Zl;[j (M) (M)
r{a5s) TORES)
. 1‘36 b I'(My) I'(Mz)

(26)

where ¥, , = Er,07, ,/M;No is the mean value of vr, , =
Ex,||hr, ¢||?/M;No, where 7, ¢ is the instantaneous received
SNR at relay ¢ from T;, ¢ = 1,2. The derivation of (26) is
given in Appendix A. Substituting (15), (24) and (26) into
(25), the outage probability for the TDBC-CSM scheme is
obtained in closed form as (27), shown at the top of the page.

B. I-TDBC-CSM Scheme
Let PITDBC-CSM(R) denote the conditional outage prob-

. out|mode m .
ability corresponding to the case that the system operates in
mode m. Based on the total probability theorem, the outage
probability can be computed as

out|mode m

4
Pg;l'{‘DBC—CSM(R) — Z PI—TDBC—CSM(R) ]P)(mode m)
m=1

(28)

PI-TDBC-CSM (R) and

In the following, we compute out|mode m
P(mode m) corresponding to modes 1-4.
Mode 1: The probability that the system operates in mode 1
can be computed as
]P’(mode 1) = ]P)(IT;[,TQ Z R) P (ITZ,Tl > R)

Er 9
~P L |H >
<7‘T1N0|| T1,T2||F_T>

Er )
x P :|H >
(MQNO I8z, 1[I 2 T)

(29)
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where the second step follows from Jensen’s approxima-
tion and 7 = (28/min(M1.M2) _ 1) min(M;, M,). Noting

Er
the fact that A ]{,0

2 _
|HT1,T2||F ~ Gamma(MlMQa’YTl,Tz)

E _
- and WTNQO”HTQ,EH? ~  Gamma(MMa, ¥z, 7,), Where

7T1,T2 = ETla%l,TQ/MlNO and 7T27T1 = ETQO-%Q’TI /MQN(),
(29) can be obtained as

P(mode 1) = ' (M1M2 ' WT:,TQ) r <M1M2 ’ WT;TI )
['(My M) (M, M)

(30)
Obviously, in this mode, 7} and 75 successfully decode their

intended signals by relying on the direct links. Thus, we have

PI—TDBC—CSM(R) — 0 (31)

out|mode 1

Mode 2: The probability that the system operates in mode 2
can be computed as

P(mode 2) = P (I, 7, > R) P (I, 1, < R)

F(M1M2,,T ) F(MlMZ,,T )
- Y1y, T 1— V1,1
T(M, M) ['(M, My)

(32)
Obviously, in this mode, 75 successfully decodes its intended
signal by relying on the direct transmission. However, the
decoding process at T is not successful unless I¢ 7, lies above
the desired rate I, where I¢ 7 is the achievable rate for the
MIMO link from C to T, i.e.

E
Ier, = pe1logy det( Iny, + ——He n HY (33)
6c No

where ¢ = % ~ Ms/0c. Thus, the outage event
corresponding to mode 2 can be described as {Ic 1, < R}.
Following similar steps to (15)—(24), the probability of this
event conditioned on C can be obtained as

I-TDBC-CSM

out|mode 2, C=0 (R) =1 (34)

PI-TDBC-CSM
out|mode 2, C#Q

K
L (0c My +k, ¢c1/Fmin,1)
R)—1— , )
( ) kZ:Oak:,l F(GCMl"‘k)
(35)

where Yin,1 and a1 are given in (19) and (20), respectively,
and ¢c1 = (2R/”Cf151 - 1) 01. Following similar steps to
those in Appendix A, the PMF of the set C can be described as

T (M,, 2= T (M, 281
]P’(C|mode 2):HW H 1— (l—x(]w’-}:;’] )
Lec jéc
(36)
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Substituting (34)—(36) into

=2F

I-TDBC—CSM

I TDBC- CSM( )
out|mode 2

out|mode 2, C

P(C|mode 2)

(37

we get

PI -TDBC-CSM (R) — H

out|mode 2
jEP P(Mz)
KT (0cMy 4k, o)
x-S b
C70 T (6c My + k)
( . 2R _ 1) F(Mg 2R71>
’ TN T Umye ) > Ary,5
X 1-— 38
g I'(My) H I'(M>) %)
j¢c

Mode 3: In a similar fashion to mode 2, the following results
can be obtained:

T (M, My, =T
P(mode3) = | 1— ( WTI'TQ)

(M M)
X F (MlMQ’ 7TZ«TI) (39)
I'(MyMs)
I-TDBC-CSM I (Ml’ 271;_1)
Pout\mode3 (R) = 1- F(T)IJ
jEP 1
(90M2 +k, ¢c 2 )
+ Z 1- Z Qg2 2
C70 T (6c M2 + /4?)
r (i, —%’}j) r (i, 2=1)
—_ 7 1-— L) 40
=11 T 40

Lec j¢c
where Ymin,2 and a2 are given in (19) and (20), respectively,
and (ﬁc}g = (QR/”C'Q(SZ — 1) do, where peo = |—NJV§\1]/9C1 ~
M /6c.

Mode 4: The probability that the system operates in mode 4
can be computed as

P(mode 4) =P (I, 7, < R) P(In,, 1, < R)
r (MIMQ, - )
~ |1-— AEED
T(M;Ms)
r (1\411\42,7 r )
x | 1- N (41)

(M Ms)

As described in Section II-C, when the system operates
in mode 4, the I-TDBC-CSM scheme behaves the same
as the TDBC-CSM scheme. Thus, PITPBC-CSM(p) can be

out|mode 4

expressed in terms of PTDBC-CSM(R) ag

PI TDBC-CSM (R)

out|mode 4

PTDBC CSM (R)

out

(42)

where PEPBC-CSM(R) s given in (27).
Having obtained the mode-specific outage probabilities and
the probability of occurrence of each mode, we can now

compute PLTPBC-CSM(RY in closed form by substituting
(30)—(32) and (38)—(42) into (28).

C. MABC-CSM Scheme

Since the broadcast phase of the MABC-CSM scheme is
the same as that of the TDBC-CSM scheme, the conditional
outage probabilities of both schemes for a given set of reliable
relay nodes are equal, i.e. we have

PYARCOSM(R) — PIRRCCSM(R)

(43)
where POTu?‘%C CSM(R) is given in (15) and (24) for C = @
and C # @, respectively. To average Pxﬁgc CSM(R) over C,
we first need to compute the PMF of the set C. Based on the

definition of C given in (13), this PMF can be described as

~ HF(WTl,eaVTQ,eaR) H(l _F(7T17j77T2,j7R>)

tec Jjgc
(44)
where
2R_1 22R_2R
- B A F( 1, :YTL[) r (M27 YTy, )
F (’-YTth V15,05 R) - T (M) T'(Ms)
92R_9R oR_ 1
+ . (Ml’ 1y ¢ ) r (MQ’ 77T2’£>
T (M) I (Mz)
92R_9R 2R _oR
F<M1) A1y ¢ ) F(MQ’ VTy.e )
I (Ml) r (MQ)
(45)

The derivation of (44) is given in Appendix B. Substituting
(43) and (44) into

MABC CSM

Pcl)\l/IJ?BC CSM 0ut| c ) P (C) (46)
we obtain the outage probablhty in closed form as
POMufBC CSM(R) - H (1 — _F(WTM,WTZWR))
JEP
(9CM k)
+Z HZO"“ T (0cM; + k)
C£D i=1k=0
X HfWTl,eﬁTg,eaR) H (1 —]:WTl,jﬁTz,jaR))
tec j¢c
(47)

IV. AVERAGE TRANSMISSION RATE ANALYSIS

As described in Section II, in all of the three CSM-
based schemes, the transmission rate varies depending on the
number of reliable relay nodes. Moreover, in the I-TDBC-
CSM scheme, the transmission rate also depends on the
success or failure of the direct transmissions. One of the most
important performance measures that characterizes the merits
of a variable-rate protocol is the average transmission rate’
[1], [38]. In this section, we investigate the proposed schemes

>This performance measure should not be confused with the ergodic
capacity.
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in terms of this performance measure. We can easily show that
the amount of signaling overhead is negligible compared with
the number of symbols exchanged between the transceivers.
Thus, in the following analysis, we ignore it.

A. TDBC-CSM Scheme

As described in Section II-B, for a given set of reliable
relay nodes C, the number of required symbol intervals for
the exchange of N(M; + Ms) information symbols between
Ty and Ty equals 2N + [N max(My, Ms)/6c]. Thus, the
transmission rate? conditioned on the set C can be expressed as

RIDBC-CSM _ N(M, + M)
sum | C 2N + [Nmax(Mth)/ed
Oc(Mi+Mp) 48)

2 Gc + maX(Ml, Mg)
By averaging Rg}iﬁ%‘CSM over C, the average transmission

rate can be obtained in closed form as

— SORIGON P (O
C

%

RTDBC—CSM

sum

Oc (M1 + Mo)
20c + max(My, My)

( ’ 1) (
Ls YTy .8
X

R

2% 1
My, 21
Tyt

X

e (M) ['(Ms)
21 21
% H 1_F(M1’7T1,j) F(MQ’VTW')
ido I(M) I'(Ma)

(49)

where the second step follows from (26).
By letting 74, , — o0 and 7, , — 00 in (49), we can also
study the asymptotic behavior of RIDPBC-CSM The asymptotic

v sum
average rate, denoted by RIDBC-CSM ' cap be calculated as

sum

STDBC-CSM __ : TDBC-CSM
Rsum - lim Rsum
Y1y ,5 R
Y1y, 7700
L(M; + My)

© 2L+ max(M;, M,) k. (50)
The derivation of (50) is given in Appendix C. For comparison,
we look at the asymptotic average rates of the following
two basic schemes: (i) the conventional TDBC scheme, and;
(ii) the case that two half-duplex transceivers directly exchange
information with each other*:

~ M1 + M2
R TDBC _ 51
sum 2 + max(M;, M>) f oD

- . M, + M.
Rga;dlrect — % R. (52)

3We characterize the performance of the system in terms of the sum
transmission rate (i.e. 1 -2 + 2—1).

4In this scheme, it is assumed that the two transceivers are able to
communicate with each other directly without the help of the relay nodes, as
opposed to our system model in which the help of the relay nodes is needed.
Although the assumption of this scheme is not the same as our assumption,
this scheme can provide a benchmark for the average transmission rate.

Remark:
1) We observe that as L increases, RIPBC-CSM tends to

sum

1(Miy + M>)R, i.e. the asymptotic average rate linearly
scales with the total number of antennas employed by
Ty and T5. This implies that the TDBC-CSM scheme
asymptotically behaves similar to the case that 77 and
Ty are able to directly exchange information with each
other. This observation reveals that the TDBC-CSM
scheme effectively overcomes the half-duplex limitation
of the relay nodes.

2) To compare the TDBC-CSM and conventional TDBC

schemes, we compute the following ratio:
RIDBO-CSM - 1(9 4 max(M, My))
2L +max(My, M)

= (53)
Clearly, this ratio is greater than 1 and tends to 1 +
3 max(My, Ms) as L goes to infinity. This implies that
the TDBC-CSM scheme outperforms the conventional
TDBC scheme in terms of the average transmission
rate. Moreover, the performance gain of the TDBC-CSM
scheme over the conventional TDBC scheme enhances
with increasing M; and/or M.
3) It is seen that if one or both of the transceivers are
equipped with a massive antenna array, REBHBC‘CSM
scales linearly with the number of potential relay nodes,
as opposed to the conventional TDBC scheme in which
the average rate is not scalable with L under the massive

antenna array conditions.

B. I-TDBC-CSM Scheme

I-TDBC-CSM o
Let Rsum‘modem denote the average transmission rate

corresponding to the case that the system operates in mode m,
where m = 1,...,4. Using the total probability theorem, the
average transmission rate can be calculated as

(54)

4

REEDPCCSM — 3 RETECCM Pinode )
m=1

where P(modem) is given in (30), (32), (39) and (41) for

m =1,...,4, respectively. Thus, to obtain RLIDBC-CSM e

only need to compute the mode-specific rates corresponding

to modes 1-4.

Mode I: In this mode of operation, the exchange of N (M; +
M>) information symbols between 77 and T5 is completed
within 2N symbol intervals. Thus, we can write

grrroBecsm _ M+ Mo

sum | mode1l )

(55)

Mode 2: When the system operates in mode 2, the transmis-
sion rate depends on the cardinality of the set C. For a given C,
the exchange of N(M; + M>) information symbols between
Ty and T5 requires 2N + [N M3/0c] symbol intervals. Thus,
the conditional transmission rate can be written as

_ N(M; + My) R
ON + [NMa/6c]
(M + M)

20c + My

RI—TDBC-CSM
sum| mode 2, C

R. (56)
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Averaging (56) over C, we obtain

Rumlmode s = Z Rum| mode 2.c P (C [ mode 2)
_ Z fc( M1+M2)R HF(MQ’ZWI;;D
200+ My LT T(My)
()
e\ Tom) .

Mode 3: By replacing M; and M, with each other and
substituting 7, ; with 77, 5 in (57), the transmission rate
corresponding to mode 3 can be written as

R
e Y (LRSI APY 4z )
C Lec
< I (1 7(%%) (58)
(M)

Jj¢c

Mode 4: Noting the fact that in mode 4, the TDBC-CSM
scheme and its incremental counterpart are equivalent, we
can write

RI-TDBC-CSM

TDBC-CSM
sum| mode 4 R

sum

(59)

where RIDBC-CSM g oiven in (49).

Having obtained the mode-specific transmission rates, the
average transmission rate can now be expressed in closed form
by substituting (55) and (57)—(59) into (54).

By letting ¥, 1, — o0 and ¥, 1, — o0 in (30), (32), (39)
and (41), and noting the fact that lims, o I'(¢1,¢2) = T'(t1),

we obtain
lim P(modem) = L, m=1 (60)
7T1’T2—>oo - O, m =2 3,4
Y1y, 0
Thus, the asymptotic average rate can be computed as
ST-TDBC-CSM _ . I-TDBC-CSM
7?'S'IJIII 'YTl ,I;IQH_M)O Rsum
Y1y, 70
My + M.
= % R. (61)

Remark:
1) By comparing (61) and (52), it is seen that the asymp-
totic average rate of the I-TDBC-CSM scheme equals
that of the direct transmission scheme irrespective of
the number of potential relay nodes, as opposed to
the TDBC-CSM scheme where the asymptotic average
rate depends on L. This observation reveals that the I-
TDBC-CSM scheme effectively overcomes the rate loss
incurred due to the half-duplex limitation of the relay
nodes even when L is not large.
2) To compare the TDBC-CSM and I-TDBC-CSM
schemes, we compute the ratio
RluTn?BC -CSM 2L 4 max(My, Mo)
RTDBC-CSM 2L

sum

(62)

which is greater than 1. We therefore conclude that
the - TDBC-CSM scheme outperforms the TDBC-CSM
scheme in terms of the average transmission rate. It is
also seen that as L increases, the performance of the
TDBC-CSM scheme tends to that of the I-TDBC-CSM
scheme.

C. MABC-CSM Scheme

Noting the fact that the exchange of N(M; + M) in-
formation symbols between T and 75 is completed within
N + [N max(Mi, M3)/0c] symbol intervals, the transmis-
sion rate conditioned on the set C can be written as

N(M; + M)
N + [N max(M;, Ms)/6c]

Oc(My + My)

- 9(} + II’I&X(]\417 MQ)
Averaging (63) over C, the average transmission rate can be
calculated in closed form as

Z RMABC-CSM P (C)

sum | C

MABC-CSM _
Rsum |C -

R

R. (63)

MABC-CSM _
Rbum

_ Z 95 M1 + MQ)
Oc + max (M, Ms)

X H f iTl,ZaiTg,b R)
lec

< [T -7
j¢c
where the second step follows from (44).
By letting 57, , and 7p, , in (64) go to infinity, the
asymptotic average rate can be obtained as

R

le,j,sz,j,Rﬂ} (64)

L(M; + Ms)

RMABC CSM __ R 65
sam L+maX(M1,M2) 65)
where to obtain (65), we have used the fact that

limVTl,lavTé,E*)oo ’F(WTLZ77T2;Z7R) =1

For comparison, we consider the following two ba-
sic schemes: (i) the conventional MABC scheme, and;
(i) the case that two full-duplex transceivers directly
exchange information:

My + M,

sumo Ty max (M, M) (66)
REmArect = (My + My) R. (67)

Remark:

1) It is worth noting that with increasing the number of

potential relay nodes, RMABC-CSM endg 1o RED-direct
This observation reveals that the MABC-CSM scheme
asymptotically behaves similar to the case that two full-
duplex transceivers directly exchange information with
each other. This implies that the MABC-CSM scheme
not only overcomes the half-duplex limitation of the
relay nodes but also mitigates the spectral efficiency
loss incurred due to the half-duplex limitation of the
transceivers.
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2L+ M; * 2L+ M; -

ATDBC-CSM (,.\ — 1hin (Mo M. ; 1 22T o L—96 1— Jo [ 74
(r) = min(M, Q)OSHO}CH%L LM, + M) ( e}t LM, + Mo)ucsi, ) ¢ i

2r * 2r y 2r '
ALTDBC-CSM () _ ¢ 1—— =% )M Mo+ (1— —= ) (L — 0. )Mo+ (1— Oc M
(r) < min on s ann,) MMt anan) B0t (U e, ) Pt

2r + 2r y 2r "
- — =" Y MM+ (1— —2" ) (L — b)) M+ (1 Oc Mo,
( (M7 + Mz)Mz'o> e ( M + M2> ( e)M < (My + MZ)“CQ‘S?) e

2(1 %>+MM+(1 27’)+(L 0)M4+<1 2’")+9 M,
(M + My)M;,) 7 My + M, ¢/ (My + My)pcd,) <%

(75)

L+Mjo

L+Mj0

+ +
AMABC-CSM .y _ s i e B L—06 in( M. M. 1-— Oc min(M;, M.
r) = Bpin, LM, + M) (£ = be)min(My, 3) + LMy + Mopcdi, ) ¢ (i, )

(L —0c)(My + M) + <1 T

L+ Mjo
My + Ma)ucdi,

+
r) Oc min( My, Mg)} (76)

2) We note that
RMABC-CSM

sum

_ L(1 + max(My, My))
L+ max(M,, M)

= (68)
RAA
This ratio is greater than 1 and tends to 1 +
max(My, M) as L goes to infinity. This observation
shows that the MABC-CSM scheme outperforms the
conventional MABC scheme in terms of the average
transmission rate. Moreover, the performance gain of
the MABC-CSM scheme over the conventional MABC
scheme enhances with increasing M7 and/or M.
3) We observe that if one of the transceivers is equipped
with a massive antenna array, R%QBC'CSM increases up
to LR. In the conventional MABC scheme, this quantity
equals R. If both of the transceivers are equipped with
massive antenna arrays, RMABC-CSM tends to 2LR,
which is L times RYABC

sum

V. DMT ANALYSIS

In this section, we analyze the proposed schemes in terms
of the DMT, i.e. the diversity order as a function of the
multiplexing gain [39], [40].

Lemma 1: The upper incomplete gamma function can be
expressed asymptotically as

L (t1,t2) ~T(t1) — (t2)" /t1 as to — 0.  (69)

Proof: See Appendix D. [ |
Proposition 1: The TDBC-CSM scheme achieves the DMT
of (74), shown at the top of the page, where A(.) is the diver-
sity order, r is the multiplexing gain, 79 = argmin, ;<o M;
and jpo = argmax; «;<q M;. o
Proof: Without loss of generality and for ease of ex-
pOSitiOﬂ, let E’T1 /NO = €1SNR, ET2/NO = €QSNR and
E/Ny = e3SNR, where SNR is a reference signal-to-noise
ratio and €1, €5 and €3 are three positive constants indicating
the power ratios allocated to 73, 75 and the set of reliable
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relay nodes, respectively. Thus, ¥, o, 7, , and Ve, 1, can
be written as a function of SNR as 55, , = &, ¢SNR,
Yro0 = &1, ¢SNR, and Ve, = &ijiSNR, where &, 4 =
€107, o/ M, ér,0 = €207, o/Ma, and &, 1, = 63033.@/90

For a variable-rate protocol, the multiplexing gain is defined as
the ratio of the average transmission rate to log SNR as SNR
goes to infinity [38]. Thus, RIDBC-CSM cap be described as

(70)

RIDBC-CSM 1 log SNR.
Substituting (70) into (50), we obtain R ~ nrlog SNR, where
n = [2L+ max (M, Ms)]/L(M; + M,). Having obtained
the asymptotic behavior of R, the diversity order as a function
of the multiplexing gain can now be formulated as
log PTPBC-CSM(p 1100 SNR)
log SNR

Let us focus on the numerator of (71). Based on Lemma 1, for
r < n~1, we can write the following asymptotic expression:

r—1\ M
r (Mz- ) ~T (M) — — <W> (72)

M; &t
where i = 1,2. For r > n~!, the left-hand side of (72) tends
to zero as SNR goes to infinity. Similarly, for » < n~tucd;,
we have

ATDBC—CSM (T) = — lim

71
SNR— o0 ( )

2R 1

YT, .0

r (9CM1- +k, Ve ) ~T (0 M; + k) — (0cM; + k)"
fYInin,’i
Oc M;+k
5;SNR7#c5 !
1?;131‘1% bt

where i = 1,2. For r > 0~ 'pcd;, the left-hand side of (73)
tends to zero as SNR goes to infinity. Substituting (72) and
(73) into (27) and then computing (71), we get (74). |

Proposition 2: The 1-TDBC-CSM and MABC-CSM
schemes achieve the DMTs of (75) and (76), respectively,
shown at the top of the page.
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Proof: Following similar steps to those used for deriving
(74), the DMT expressions for the -TDBC-CSM and MABC-
CSM schemes can be obtained as (75) and (76), respectively.
We omit the details due to the space limitations. ]
Remark:

1) Based on (74)—(76), we conclude that for a fixed R (i.e.
r = 0 [39]), the outage probabilities behave asymptoti-
cally as

PC:Il‘l]tDBC-CSM(R) x SNR*L min(Ml,Mz)

(77)

PI—TDBC—CSI\/I(R) o SNR—(Lrnin(Ml,Mg)-‘erJ\lg) (78)

out

PMABC-CSM(R) o SNR—L min(Mi,Mz)

out

(79)

These expressions show how fast the rate of unsuccessful
information exchange between 77 and 7, decays with
increasing SNR.

2) Noting the fact that in the absence of the direct link, the
number of independent bidirectional paths between T3
and T is at most L min(M;, M5), we conclude that the
TDBC-CSM and MABC-CSM schemes guarantee the
maximum achievable diversity gain.

3) Noting the fact that in the presence of the direct link,
the number of independent bidirectional paths between
T, and Ty is at most Lmin(My, Ms) + My M, we
conclude that the [-TDBC-CSM scheme achieves the full
diversity gain.

VI. SIMULATION RESULTS AND NUMERICAL EXAMPLES

Throughout our numerical examples, it is assumed that
v = 4 and K = 20. Unless otherwise stated, the curves are
plotted under the assumption of equal power allocation, i.e.
€1 = €3 = €3 = 1/3. Figs. 2-4 show the outage probability of
the TDBC-CSM, I-TDBC-CSM and MABC-CSM schemes as
a function of SNR for different values of My, M5 and L. From
the figures, we observe that the simulation results confirm the
theoretical analysis of the paper. We also observe that the slope
of the outage probability curves increases with increasing M7,
My and L in the high-SNR regime. This observation confirms
the fact that a higher diversity gain is achieved with increasing
either of these parameters. From Figs. 2 and 4, we observe
that the outage probability curves corresponding to the case
{My = My =1, L = 2} and the case {M; = My = 2,
L = 1} decay with the same slope with increasing SNR in the
high-SNR regime. This observation is in agreement with the
asymptotic analysis of Section V.

Fig. 5 compares the proposed schemes in terms of the
outage probability for different values of R. As we observe,
there is no significant gap between the outage probabilities
of the TDBC-CSM and I-TDBC-CSM schemes in the low-
SNR regime. This is due to the fact that at low SNRs, the
direct transmissions usually fail, and hence, the I-TDBC-CSM
scheme operates in mode 4 most of the time. Recall that
when the system operates in mode 4, there is no difference
between the TDBC-CSM and I-TDBC-CSM schemes. We also
observe that there is no significant gap between the outage
probabilities of the TDBC-CSM and MABC-CSM schemes for

Outage probability

Theory
i Simulation
0 5 10 15 20 25 30
SNR (dB)

Fig. 2. Outage probability versus SNR for the TDBC-CSM scheme.
R=1 bpS/HZ and dTl,Z = dT2’g =0.5 dTl,Tz’ for £ = 1, veey L.

10" 1

107

)

H
] o\
b

Outage probability
=
o

IS

10"
10°
10°
0 5 10 15 20 25 30
SNR (dB)
Fig. 3.  Outage probability versus SNR for the I-TDBC-CSM scheme.

R=1 bpS/HZ and dTl,l = de’[ =0.5 dTl,T2’ for £ = ].7 ceey L.

small value of the target rate. This can be explained as follows.
(i) For small values of R, with high probability, the condition
s3Iy > 2R is satisfied in (13). Under these circumstances, (13)
reduces to (3). This implies that both of the schemes rely on
the same set of relay nodes (intuitively, in the low-R regime,
with high probability, the decoding process at the relay node is
successful regardless of whether the multiple-access channel
is interference-limited or not. Thus, in this case, there is no
significant difference between the TDBC-CSM and MABC-
CSM schemes in terms of the set of reliable relay nodes).
(ii) Recall that for a given set of reliable relay nodes, the
TDBC-CSM and MABC-CSM schemes behave the same in
terms of the outage probability. These two facts justify what
we observe in Fig. 5. On the other hand, we also observe
that as the target rate increases, a significant performance gap
between these two schemes appears. This is due to the fact that
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Fig. 4. Outage probability versus SNR for the MABC-CSM scheme.
R=1 bpS/HZ and dleg = dTQ,E =0.5 dTl,T2s for £ = ].7 vy L.

as R increases, it is likely that in (13), the condition 31, > 2R
cannot be satisfied. Thus, the cardinality of the set of reliable
relay nodes in the MABC-CSM scheme is smaller than that
in the TDBC-CSM scheme. Thus, we expect the TDBC-CSM
scheme to outperform the MABC-CSM scheme (intuitively,
since the multiple-access phase of the MABC-CSM scheme
is interference-limited, it is likely that the target rate cannot
be achieved in the high-R regime, and this increases the risk
of outage in the MABC-CSM scheme).

Fig. 6 shows the outage probability as a function of the
target rate for different values of SNR. As we observe, the
TDBC-CSM and MABC-CSM curves are very close in the
low-rate regime, which is in agreement with our observations
in Fig. 5. We also observe that in the high-rate regime,
the outage probability of the I-TDBC-CSM scheme tends
to that of the TDBC-CSM scheme. This is due to the fact
that in the high-rate regime, the direct links are not able to
support the desired rate and hence, the - TDBC-CSM scheme
switches to the TDBC-CSM scheme. Table I summarizes these
observations.

Figs. 7-9 show the average transmission rate of the pro-
posed schemes as a function of SNR for different values
of My, Ms and L. As we observe, the simulation results
are in good agreement with the theoretical analysis of the
paper. Table II compares the proposed schemes in terms of the

TABLE 1
COMPARISON OF DIFFERENT SCHEMES IN TERMS OF THE OUTAGE
PROBABILITY

The symbols =z, > and >> stand for “almost performs the same as”,
“performs better than”, and “performs much better than”, respectively.
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Fig. 5. Outage probability versus SNR. Comparison of different schemes.

My = My =3, L =3 and dTl,Z = dTQ,g =0.5 dTl,TQ» for £ = 1,...,L.
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Fig. 6. Outage probability versus R. Comparison of different schemes. M1 =
M2 =3, L = 3 and dTl,Z = de’g =0.5 dleTQ, for £ = 1, ,L

average transmission rate for different values of R and SNR.

It is important to note that in Table II, different schemes
are compared independent of their outage probability per-
formances. To compare the proposed schemes fairly, we

TABLE 11
COMPARISON OF DIFFERENT SCHEMES IN TERMS OF THE AVERAGE
TRANSMISSION RATE

R SNR Performance comparison R SNR Performance comparison
Low Low I-TDBC-CSM =~ TDBC-CSM =~ MABC-CSM Low Low MABC-CSM > I-TDBC-CSM ~ TDBC-CSM
Low High I-TDBC-CSM > TDBC-CSM =~ MABC-CSM Low High MABC-CSM > I-TDBC-CSM > TDBC-CSM
High Low I-TDBC-CSM =~ TDBC-CSM > MABC-CSM High  Low I-TDBC-CSM =~ TDBC-CSM > MABC-CSM
High High | I-TDBC-CSM > TDBC-CSM >»> MABC-CSM High  High MABC-CSM > I-TDBC-CSM > TDBC-CSM
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should consider Tables I and II simultaneously. To this end,
in Fig. 10, we compare the proposed schemes in terms of the
outage capacity (i.e. the maximum transmission rate such that
the outage probability does not exceed a target level). In this
figure, we fix the outage probability at 1072, As we observe
from the figure, in the high-SNR regime, the I-TDBC-CSM
scheme significantly outperforms the other two schemes. The
superior performance of this scheme is due to the existence
of the direct link and the incremental nature of the protocol
that shows itself in the high-SNR regime. It is also interest-
ing to note that in the high-SNR regime, the TDBC-CSM
scheme performs slightly better than the MABC-CSM scheme,
whereas in the low-SNR regime, the MABC-CSM scheme
outperforms the other schemes. To explain this observation, it
is sufficient to note that in this figure, the low-SNR and high-
SNR regimes are equivalent to the low-R and high- R regimes,

T
Theory L=5
45H . Simulation i
4

w
o
T

w
T

N
T

Average transmission rate
[ N
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Fig. 9. Average transmission rate versus SNR for the MABC-CSM scheme.
R=1 bpS/HZ and dTl,l = dT2’[ =0.5 dTl,T2’ for £ = ].7 ceey L.
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Fig. 10. Outage capacity versus SNR. The outage probability is fixed at

1072, M1 =My =L=4,dp, ¢ =dr,0=05dp 1, for £ =1, ..., L.

respectively. As explained earlier, in the high-R regime, the
TDBC-CSM scheme significantly outperforms the MABC-
CSM scheme in terms of the outage probability. Thus, for
a given outage probability, it is expected that the TDBC-CSM
scheme achieves higher transmission rate than the MABC-
CSM scheme. On the other hand, in the low-R regime, as
explained earlier, there is no significant difference between the
outage probabilities of these two schemes. However, due to the
nonorthogonality of the multiple-access phase of the MABC-
CSM scheme, this scheme achieves higher transmission rate
than the TDBC-CSM scheme in which the multiple-access
phase is orthogonal. For comparison, in this figure, we have
also depicted the outage capacity curves corresponding to
the conventional TDBC and MABC schemes. In these two
schemes, only the best relay node transmits in the broadcast
phase. The best relay node is selected among the reliable relay
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nodes such that the minimum SNR of the relay-7; and relay-
T links is maximized. We clearly observe that the CSM-based
schemes outperform their non-CSM-based counterparts.

Fig. 11 shows the diversity order as a function of the
multiplexing gain for different values of L. We clearly observe
that with increasing L, a greater diversity order is achieved.
Fig. 12 shows the outage probability as a function of the total
power ratio allocated to 7T} and 75, i.e. €1 + €2. It is assumed
that €1 = €5 and €; + €5+ €3 = 1. We observe that under these
circumstances, allocating equal power to the transceivers and
the set of reliable relay nodes is almost optimal in the sense
of minimizing the outage probability.

VII. CONCLUSION

In this paper, we have proposed and analyzed three network-
coded CSM schemes for a TWRC with DF relaying. The anal-

ysis of the paper showed that the proposed schemes achieve
high spectral efficiency and at the same time guarantee the
maximum achievable diversity gain. Interestingly, we observed
that both of these performance measures improve with increas-
ing the number of potential relay nodes. We, therefore, con-
clude that the CSM schemes are suitable candidates to meet the
growing demand for reliable high data rate communications.
In this paper, the relay nodes operate in the DF processing
mode. An interesting issue for future work is to investigate
these schemes under the assumption of AF relaying.

APPENDIX A
DERIVATION OF (26)

The PMF of the set C can be expressed as
PC) = [[rwecc) [[PG¢o).
tec j¢c

Based on the definition of C given in (3), the probability that
relay ¢ belongs to the set C can be computed as

P(¢eC) =P(Ir,¢>R)P(Ip,, > R)
=P (’yThg > 2R — 1) P('YTQ,Z > 2R - 1) . (81)

(80)

Noting the fact that y7, o ~ Gamma(My, ¥z, ,) and 1, ¢ ~
Gamma(Ma, ¥, ,), (81) can be obtained as

F(M 2R71) F(M 2R71)
L Yy e 2 Yry,e

L(My) ['(Ma)
Substituting (82) into (80), we get (26).

P(teC) = (82)

APPENDIX B
DERIVATION OF (44)

Based on the definition of C given in (13), the probability
that relay ¢ belongs to the set C can be expressed as

P (¢ €C)=P((vry,0:V1.0) € D)
~F (V1,00 710.00 R) (83)

where the region D is defined as D = {yp, ¢ > 2R—1, Voo =
on _ Loy e +v1mm0 > Q2R _ 1} and the second step follows
from approximating the region D by D; U D,, where D; =
{yre > 28 — 1, 10 > 22°F — 2B} and Dy = {y7, 0 >
22R 2R 2R _ 1 < ~p, , < 228 — 2R} Substituting (83)
into (80), we get (44).

APPENDIX C
DERIVATION OF (50)

Noting the fact that lim,, o I'(t1, t2) = I'(¢1), we can write

F(M 21?'71) F(M 2R71>
H L RZ W) % 2 Yry,e
Tr

lim _q
jTLZ‘}OO ec (Ml) F(MQ)
VY1y,0 0
2 T (M ﬁ;l) (84)
im ] 1_H& _J1, ¢c=P
Ny, ;00 - / F(Mi) - 0, C£P
= ! ¢c i=1
Vg, J
(85)

Letting 57, , — 00 and ¥, , — oo in (49) and using (84)
and (85), we get (50).
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APPENDIX D
PROOF OF LEMMA 1
The upper incomplete gamma function can be expressed in
terms of the complete gamma function as

to
T (t1,t2) =T (t1) —/ e da. (86)
0

Using the Taylor’s series expansion for the exponential term,

(86) can be computed as _

(-
(f1,t2) (t1) Z(Z—Ftl)z!

=0

(ta) ™. (@87

For the case that ¢ goes to zero, the term corresponding to
i = 0 is the dominant term of the summation. Thus, (87) can
be expressed asymptotically as (69).
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