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SOLUTION §57Y
For yield-line pattern in Fig. 8.3-7 (b) : :
' (a)
(Ma)as = (ma)ke = m; cos? « from Fig. 8.3-8(a) and Eqn 8.3-7 e ) fe) - fa)

3 s . : Fig. 8.3-8 Angles between yield line and moment axes
For yield-line pattern in Fig. 8.3-7 (c)

=my sin® § + m, cos? (B — )

[n;n}cf =m; cos” @ as for.(ma).s above "
LA . s X e 2 L
(m.).., = m, cos? « from Fig. 8.3-8(b) and Eqn 8.3-7 @ {ma)es 2em o8 (2 TH) FmcOs U )

= : (from Fig. 8.3-8(d) and Eqn 8.3-7)
(mn]fj = Mi; COS (E - ;'3) + mizy Cos (ﬁ - D!] = m, sin® y + m; cos? {y + )

” This worked example demonstrates the useful f th '
{frﬂm F:Ig. 3.3—8{1;'} s Eqﬂ 8.3—'-"] P : gse ulness of the concept of moment axes.
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SOLUTION A reasonable pattern of positive and negative yield lines is that
shown in Fig. 8.4-2. Consider a umit virtual deflection at point e

external work done by the loading = igI?
(where 4 unit is the deflection at the centroid of the total load). From Eqn 8.4-1,

energy dissipation on th itive ¥i i 3
8y P ¢ positive yield line ac Therefore total energy dissipation on all the positive and negative yield lines

umﬂ{aﬁjmﬁv’cﬁ +[n¢}m'45axﬁl . -{szm]=8m[1+ﬂ]
. » Equating this to the work done by the loading,
= 2m since (ae) = 5 /cos 45" and, @ 11 = 8m(l + a)
from Eqn 8.3-11, Tnmsenn
: . 24(1 + a)m
m, = -

energy dissipation on the negative yicld line ab
|
M-LE = 2m,

= Jum since, from Eqn 8.3-11, m, = am
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SOLUTION
A recasonable yicld-line patlern, defined by the parameter 2, is shown in
Fig. 8.4-3. Consider unit virtual deflection along EF.

External work done by the load

= [qzd,d where z is the deflection of the clementary arca dA

From Egn 8.4-1,

= ¢ % (Volume swepl by the slab as EF undergoes unit deflection) energy dissipation for yield line AE

= g2 x tbal + Jb{1 — 2a)l I
A G ‘ I:E> i D I
end central - ) g L :
pyramids prism energy dissipation for yicld line EF
=2, 4-2 R PO L et
i & 2‘1} (8.4-2) =m|2'x i
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Therefore, total energy dissipation for yield lines AE, DE, BF, CF and EF
cd {l — 2a)l
b}Z ol ] Im A b2

_ 2m(1 + 22%q) 1
= e wherel—b

The work equation is therefore;
1+22% bl
2m{ s ) _ abl (3 2&)

qF 3— Za]c: o
The minimum required value of m is the maximum as given by the above work

equation.

%=°w
a=-= (+J1 ¥3E-1) ; i (8.4-4)

©On substitution of this value of o into the work equation,

m=%§,(,/1+:ff—a.)2

Recognizing that ¢ = {{/1+ 327 — 1)?/42%, the answer may also be expressed
as

=t

3 a? where & has the value determined by Eqn 8.4-4
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soLution  The yield-line pattern in Fig %.4-4 s defined by the parameters x

#nd y. Consider a unit virtual deflection along EF.

External work done by the load (see Eqn 8.4-2 of Example 8.4-2)

‘= ¢ » Yolume swepl
= q{I2)F5x) +-(HSH10 — 2x]]
= (25 — 1'667x)y
From Eqn §.4-1,
energy dissipation for yield lines AE and BF

=2m(§ +£)
y o x

energy dissipation for yield lines DE and CF
R SR e
= zm(j ~y = ]
energy dissipation for yield line EF
(Iﬂ-lx lﬂ—lx)
=l F
¥ S—y

encrgy dissipation for negative yicld line AB
&
=nt
¥

Total energy dissipation

lin: 2 1
= “} I T i
@ m( X.y 3- }')
Therefore the work cguation is

[l e s
10, (— S e e )
i [t S—yJ' { <k
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The worst layoul of the yield line pattern satisfies the conditions

M}nﬂ and Gtam) =0
A

&y ox
Now ) :
dg/m o3 g [1 - e
ﬂy =0 when ﬂ}x+}'+§"—_}'l_ﬂ
i,
2 {—1) 4
=l L ={ giving y =293
y¥oBE ) i

That is g/m is a maximum when y = 293, irrespective of the value of x, {As
expected y > 25 because of the hogging moment of resistance along the edge

AB.)
For y = 293, the Egn 8.4-5 reduces to
1—-1:] + 11:657
m_ 25— 1'667x : (8.4-6)
e{gfm)

P =10 gives x = 2:82

Substituting x = 2-82 into Eqn 8.4-6, or x = 282 and ¥= 293 into Eqn 8.4-5,
g =075m
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> (M, + M 1)=m,; x projection of &y on m, moment axis

+ m; x projection of & on m, moment axis (8.5-4)

IR = f;h 4- fhc {i.B. fg = EE) : 45

Sgaze (6 Hleuin M bz lawgs s A sl sl =l ufat.w Olgs P I, ¥-A0 dJQLx.'o
Bl i (Y-AL S0 ) ol 00l

Y (mal + myl) - my(ae,) + ny(ae;) (8.5-5)

Mote :
aey // m, axis
ae; [/ m, axis
i,q-ae
= ab+«bc+ecd+de

e Fig. 8.5-2
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. S
Y (mu !+ mgl). 05 = my(ae; . 04) + my(ae, . 0,) (8.5-6)

5 energy dissipation

p =m jecti i
foc teglonA i[projection of & on m; moment axis] x

[projection of 84 on m, moment axis]

+ m[projection of kg on m; moment axis] x
[projection of 84 on m, moment axis]  (8.5-7)

JIs YL 5o y55ke,l A¥as g ol 4o ek, Y g0 5l oo 5l 0 4 b ax S ols e
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Example 8.5-1. With reference to Eqn 8.5-7, explain how the projection of 8, on

a moment axis may be found.
y Note :

soLuTioN - Consider the typical rigid region A in Fig. 8.5-3, bounded by the ae, [/ m, axis

positive yield lines ab, be, ed, de and by the axis of rotation ae. Consider a unit

ae i
virtual deflection at, say, point d. Then 2/l my axis

{ R=ae
e - B et
where dd’ is measured in a direction normal to the axis of rotation
The magnitude of the projection of #, on the m; moment axis is
0, cos a where a is the angle between the m, axis and the axis of rotation
Therefore - Fig. 852

Bx o5 i ( 1 )(dd')_ 1
" ~\dd'/\dd,) dd, .

That is, considering a unit deflection at any typical point d on the rigid region A,
the magnitude of the projection of 8, on the m;, moment axis is 1/dd, where dd,
is the distance from d to the axis of rotation measured in a dlrectlon perpendicu-
lar to the m; moment axis.

Similarly, for the same unit deflection at d, the magnitude ol’ the projection of
0, on the m; moment axis is 1/dd, , where the point d; is as shown in Fig. 8.5-3.

(Note for clarity, the m, moment axis in Fig. 8.5-3 has been shown different to
that in Fig. 8.5-2))



Example 8.5-2. An isotropically reinforced triangular slab is simp]y supported

along two edges and carries a uniformly distributed load g N/m? (Fig. 8.5-4(a))
Assuming a collapse modc consmtmg ofa smglc ylcld line extending from the
veriex to the free edge, deiermine

Isotronlcal]v reinforced, we are entitled (scc

SOLUTION Since the siab is

Eqn 8.3-11) to assume for convenience that the reinforcement arrangements on

b
f——s8000mm —]

{a)

Fig. 8.5+4
the two sides of the yield line are as shown in Fig. 8.5-4(b).
Consider unit deflection at d.
: External work = (})(g){} x 8 x 6 sin 70°) = 8 sin 70° newton-metres
From Eqn 8.5-7,
energy dissipation for region A

a)___l__
{ad) sin (70° — a)

(where the zero within the brackets occurs because 1he rotation vector
has a zero projection on one of the moment axes)

=m|(ad) cos (70° —

+ 0] newton-metres

= m cot (70° — a) newton-metres

energy dissipation for region B

1
=m ’(ad) cos & —-——— + 0 newton-metres

(ad) sin o

= m col a newton-metres

The work equation is therefore
m cot (70° — a) + m cot & = 84 sin 70°
which simplifies to

g- 8 sin a sin (70° — o)

The worst layout for the assumed yield-line pattern is when

d
(::4) = 0= —sin o cos (70° — &) + sin (70" —a) cos a

or
$in(70° — 2a) =

The work equation then becomes

therefore a = 35°

g =8sin?35° or g=038m N/m?

Example 8.5-4. The skew slab in Fig. 8.3-7(a) is subjected to a central peint load
Q and a uniformly distributed load g. Considering a yield-line pattern as shown

in Fig. 8.3-7(c), where the length hg is I, determine the algebraic relation be-
tween O, g, and 1.*

soLuTioN  For clarity, Fig. 8.3-7(c) is redrawn in Fig. 8.5-7.

*_{ L Reinforcement at
top and bottom

Consider a unit deflection at the central point j.
external work done — qiL + @
energy dissipation in region A (using Eqn 8.5-7):
(1) Positive yield lines ej and jh:
my [projection of eh on m; moment axis] x
[projection of 8, on m, moment axis]
+ my [projection of eh on m, moment axis] x

[projection of 8, on m; moment axis]

= L.L. + 0 (since B4 has zero projection on m; moment axis)
s

= 2m, L/l
(2) Negative yield line eh:
2my L/l as for g plus jh
Therefore the total energy dissipation for region A = 4m; Lyl

Similarly, the reader should verify that the total energy dissipation for region
B = dm, | cos? o/L

Therefore the total energy dissipation for the four rigid regions is
2[4m,y LI + 4mg 1 cos?® /L)

The 'required algebraic relation between (@, g) and 1 is given by the work
equation:

1IL + @ = 8[m; L{l + my! cos? o/L] ~
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Comments

(a) The main purpose of Example 8.5-4 is to demonstrate the powerfulness of
Eqn 8.5-7 in dealing with a fairly complicated problem. The reader should
attempt a solution using Eqn 8.4-1; he will immediately realize how cumber-
some the solution becomes.

(b) In practice, the designer would first investigate some simpler pattermns, such
:as that in Fig. 8.3-7(b). Also, where a heavy concentrated load is present, a slab
may fail by the so called fan mechanism. Figure 8.5-8(a) shows part of a slab
which is isotropically reinforced with top and bottom steel. Suppose the slab
supports a uniformly distributed load g and a rather heavy point load @. Con-
sidering the circular fan mechanism with a unit deficction at the centre,

external work done = 4qnr? + Q

(where r is the radius of the fan mcchanism)

(b)

{a)
Fig, 85-8 Fan mechanism

To determine the internal energy dissipation, consider the typical rigid region A

in Fig 85-8(b) Since the slab is isotropically reinforced, we are entitled to

assume that, locally, the moment axes are as shown.
Using Eqn 8.5-7,

energy dissipation for region A
= mled][1/r] + med}{1/r]

(m +m )[ d]
Therefore, the total energy dissipation for entire fan mechanism
m+mz(cd m+m2‘.'tr
= 2n(m i m')

The work equation is therefore

gqrzh+ Q =2n(m +m) -

" Therefore, if the distributed load is absent,

Q = 2x(m + m’) and is independent of the radius of the fan

Conversely, if the point load is absent,

gqr2 = 2n(m + m')
or

B(m +m' \Jeidetl) :
= ﬁ(TJ which reduces as r increases.

In other words, where a slab supports a distributed load, a fan mechanism.
always extends to a siab boundary; where a slab supports a point load only, the

fan mechanism gives a constant value for the collapse load which is mdependent
of the radius of the mechanism.
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