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Abstract. This study aims to examine the elastic stiffness properties of Elliptic-Braced Moment Resisting Frame (EBMRF)
subjected to lateral loads. Installing the elliptic brace in the middle span of the frames in the facade of a building, as a new lateral
bracing system not only it can improve the structural behavior, but it provides sufficient space to consider opening it needed. In
this regard, for the first time, an accurate theoretical formulation has been developed in order that the elastic stiffness is
investigated in a two-dimensional single-story single-span EBMRF. The concept of strain energy and Castigliano’s theorem
were employed to perform the analysis. All influential factors were considered, including axial and shearing loads in addition to
the bending moment in the elliptic brace. At the end of the analysis, the elastic lateral stiffness could be calculated using an
improved relation through strain energy method based on geometric properties of the employed sections as well as specifications
of the utilized materials. For the ease of finite element (FE) modeling and its use in linear design, an equivalent element was
developed for the elliptic brace. The proposed relation was verified by different examples using OpenSees software. It was
found that there is a negligible difference between elastic stiffness values derived by the developed equations and those of
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numerical analysis using FE method.
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1. Introduction

Basically, three criteria of strength, stiffness, and elastic
stability are considered in the design of structures. The
criterion of strength originates in the precept that the
stresses applied to a structure by the influence of external
forces should not exceed the allowable amount. Also, the
criterion of stiffness determines that the elastic
displacements of a structure should not exceed the
allowable limit. Last but not least, the criterion of elastic
stability avoids buckling of the compression members. To
determine the dimensions and geometric characteristics of
the sections of structural members, Although the criterion of
strength is decisive in most cases, stiffness is dominant
every so often. To ensure the safety of braced frames
against elastic drift during the linear design process,
appropriate elastic stiffness needs to be provided by the
bracing system. The necessity of meeting the elastic
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stiffness requirement of bracing systems is well established
in the literature (Sabelli et al. 2003, Pan et al. 2018, Pan and
Tong 2020 and Liu and Helwing 2020). Developing a
practical, effective and reliable approach to evaluate the
lateral stiffness of braced steel frames is a major challenge
for engineers. However, few studies have been conducted to
determine the elastic stiffness required for bracing systems
(Grande and Rasulo 2013, Fateh et al. 2016 and MacRae et
al. 2016).

Curved beams are more efficient than straight ones in
transferring loads considering the fact that the load transfer
is affected by bending, shear and membrane action. Some
structures like arches and arch bridges are modeled by
curved beam elements. A significant amount of research has
been devoted to the development of curved beam elements
in recent decades since making use of such elements in
structures is a versatile method of solving structural and
other mechanical problems (Love 1944, Michalos 1958,
Holmes 1957, Palaninathan and Chandrasekharan 1985,
Marquis and Wang 1989, Haktanir 1995, Yu 2004, Yu and
Nie 2005 and 2007, Yu et al. 2006, and Yu 2006). A
majority of the numerical studies have mainly focused on
the exact strain energy or natural shape function while
others are based on assumed displacement fields
(Kardestuncer 1974, Morris 1968, Petrolo and Casciaro
2004, Moradipour 2015 and Wang ef al. 2013).

Dawe (1974) evaluated the performance of curved-beam
finite element models of the circular center line with
different types of strain displacement equations so as to
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come up with solutions to circular arch problems. His
models showed oscillatory behavior in calculating the force
in thin arches. Dawe (1974) extended his previous work to
include circular arches through the corresponding exact
strain element equations. The same conclusions were drawn
in this research project.

Yamada and Ezawa (1977) presented an exact stiffness
matrix for the circular curved element. They assumed that
the shape functions considered in the finite element models
provided the exact deformations of circular arches and
proved that they were the inverse of the flexibility matrix in
a comparison between the inverse of the derived stiffness
matrix and the exact one. Just (1982) presented an exact
stiffness matrix for a circular curved beam subjected to in-
plane loading. The matrix was derived from the governing
differential equations through the finite element procedure.

Litewaka and Rakowski (1988) derived the exact
stiffness matrix for a curved beam element with constant
curvature. Two plane nodes with six degrees of freedom
were considered by taking the effect of flexural, axial and
shear deformations into account. The analytical shape
functions describing radial and tangential displacements, as
well as cross sectional rotations in algebraic trigonometric
form, were presented by incorporating the coupled shear
and membrane effects. Based on the shape functions, using
the strain energy formula, the stiffness matrix for the
flexible and compressible shear arch element was
formulated. Gimena et al. (2008) obtained the equivalent
load vector and the stiffness matrix of a 3D-curved beam
element with a variable cross-section under generalized
loads through a linear ordinary differential equation
governing its structural behavior. Gimena et al. (2008)
studied the simulation of the structural behavior of a general
curved beam element in a Cartesian coordinate system
under generalized loads such as the circular arch and
balcony. They provided the exact analytical solutions and
expressions of transfer and stiffness matrices for widely
spread cases of curved beams.

Rezaiee and Rajabzadeh (2016) presented an explicit
stiffness matrix by a closed-form solution through the
stiffness-based finite element method for a parabolic beam
element with two nodes and six degrees of freedom. They
concluded that applying the suggested explicit form of the
curved beam stiffness matrix could remarkably accelerate
the analysis procedure. Muhaisin (2003) presented a new
form of the stiffness matrix for a reinforced concrete plane
frame element including the effect of shear deformations.
The layered approach was adopted to consider the effect of
variations in material properties on thickness. He achieved
satisfying results compared to other studies. Hadi (2002)
derived a curved beam stiffness matrix by taking the effect
of shear, axial and bending deformations into account. For
this purpose, a curved beam element with hinges at one or
both ends was developed and a good accordance was
obtained with other studies.

Li et al. (2012) assessed the exact solutions for in-plane
displacements of curved beams with pinned-pinned ends
based on the theory of virtual work and the principle of
thermal elasticity. Upadhyay et.al. (2018) derived a stiffness
matrix for the unknown displacements and rotations of a
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Fig. 1 Side view of the steel moment frame equipped with
elliptic brace

curved beam subjected to horizontal and vertical loads and
moments at the ends by using the strain energy concept,
Castigliano’s theorem and the basic mechanics. The
obtained final element stiffness matrix was applicable to a
variety of curved beam samples with practical use, e.g.,
arches, hooks and curved traffic poles subjected to various
loading conditions. Horibe and Mori (2015) reviewed in-
plane and out-of-plane deflections of a J-shaped beam,
which was clamped at one end and was free at the other,
subjected to a point load (both in-plane and out-of-plane
loads). An analytical solution based on Castigliano’s
theorem was adopted through numerical integration of the
modified elliptic integral and differentiation of the beam’s
strain energy. They found that when out-of-plane and in-
plane loads acted simultaneously on a J-shaped beam, the
stresses or deflections of the beam could be estimated
according to each result. Dahlberg (2004) evaluated the
deflections of curved beams in two ways through a well-
known energy method (the Castigliano theorem). In the first
example, the curved beam in the form of a quarter of an
ellipse was clamped at one end and was free at the other. A
force P was applied to the free end perpendicular to the
plane of the curved beam. In the second example, a half-
elliptic beam was clamped at both ends subjected to a force
P at the center of the beam.

Xie et al. (2020) evaluated the hysteretic model and
experimental validation of a Full-scale variable damping
self-centering brace through cyclic tests. They have shown
that this brace presents a quasi-flag-shaped behavior, which
provides reliable energy dissipation. Xu et al. (2021)
presented an innovative self-centering steel buckling-
restrained brace (SC-SBRB) consisting of two independent
and complementary systems, i.e., a buckling-restrained
energy-dissipation system and a pre-compressed disc spring
self-centering system. They investigated the working
mechanism and mechanics of the SC-SBRB under one
cycle of cyclic loading. A good agreement between the
simulation results and the prediction results confirms the
validity of the proposed self-centering hysteretic model. Xu
et al. (2022) investigated a pre-pressed spring self-centering
energy dissipation (PS-SCED) bracing system. They
proposed and verified a novel force method-based
hysteretic analysis model that governs the distribution of the
internal force by a numerical model of the PS-SCED brace
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and tests of the PS-SCED brace specimen. They showed
that the proposed brace has significant energy dissipation
and re-centering abilities.

This study deals with a new elastoplastic lateral bracing
system consisting of an elliptic central core in the middle of
the frame named elliptic brace, as indicated in Fig. 1. The
Elliptic-Braced Moment Resisting Frame (EBMRF) is a
new lateral load system that when installed in the middle
bay of the surrounding frames, not only prepares enough
space for opening in the facade of a building but also
provides an appropriate elastic stiffness and efficiency in
the design and architecture. Moreover, this system can add
to the aesthetics of a structure. In previous studies, the
authors evaluated the seismic performance and failure
mechanism of steel moment frames with elliptic bracing
(Ghasemi et al. 2016, 2019, 2020, 2021 and 2022).

Ghasemi et al. (2022) presented a theoretical formula to
calculate the elastic lateral stiffness in a two-dimensional
single-story single-span simple steel frame equipped with
elliptic brace. They have shown the error percentage
between the elastic stiffness derived from the developed
equations and that of the numerical analyses of finite
element models was very low and negligible.

Achieving economical solutions to ensure the stability
of bracing systems can be at least as important as
benefitting from the advantage of the equation between
stiffness and strength. On the other hand, providing lateral
stiffness in order to reduce elastic drifts is of primary
concerns in the design process of braced steel structures.
This should be done in such a way that the placement of the
brace element in the structure by the design engineer does
not disrupt its architecture. It appears that introducing a
precise formulation to determine the amounts of elastic
stiffness and elastic drift amplification or the percentage of
stiffness variation when using the elliptic brace in a
common story of steel moment frame can pave the way for
a more accurate design and the control of elliptic-braced
moment frames. On the other hand, it leads to a more in-
depth understanding of the elastic behavior of the elliptic
brace in ELBSF. This study aims to provide an exact
formulation to determine the amount of elastic stiffness in a
typical story of EBMREF. In this regard, a simple, linear and
accurate formula is presented to estimate the elastic drift
and elastic stiffness according to the type of the profile of
the elliptic brace utilized in the story. To this end, first, an
exact approach alongside the energy method (Hibbeler,
2018) is presented to calculate elastic drift of a single-story
single-span EBMREF, which can be solved by the existing
mathematical software. All effective factors are taken into
account, including axial and shear loads as well as bending
moment in the elliptic brace. At the end of the analysis, the
lateral stiffness of the EBMRF system can be calculated by
an improved and innovative relation through the energy
method based on the geometric properties of the employed
sections and specifications of the used material. The
proposed method is presented in Section 2 by the applied
concepts of strain energy and Castigliano’s theorem in the
structural analysis. A distinct linear formula covering all
steel profiles of the elliptic brace is proposed to calculate
the amount of elastic stiffness or the percentage of stiffness

variations in an EBMRF. This formula can be readily
implemented by engineers, either in manual or in a software
design process.

In the current study, first, a practical and effective
equation to determine the elastic lateral stiffness through an
improved and innovative formulation for a two-dimensional
single-story single-span EBMRF under lateral load is
presented. Then the proposed relation is evaluated through
various examples. The results indicate that the error
percentage between the elastic stiffness values derived by
the developed equations and the numerical results from the
finite element model is very small and negligible.
Alternative structural elements of the elliptic brace are
presented in a one-story base model to demonstrate the
advantages of the proposed system. The equivalent element
for the elliptic brace can contribute to its accurate and easy
modeling and design. The results reveal that the percentage
of error between the elastic stiffness values obtained by the
developed equations and those of the finite element
numerical analysis is insignificant.

2. A new procedure for calculating elastic stiffness
of a two-dimensional single-story single-span
elliptic-braced steel frame with rigid connections

In this section, first, the exact amount of elastic lateral
stiffness is calculated using the analytical method of strain
energy (Hibbeler 2018) for a two-dimensional single-story
single-span steel moment frame with directly welded beam-
to-column rigid connections equipped with an elliptic brace
(EBMRF) subjected to the lateral force P (Fig. 2(a)).
Hinges are used to connect the four quarters of elliptic
braces to each other. As illustrated in Fig. 2(b), the desired
elliptic-braced steel moment frame can be turned into a
half-frame using the technique of structural analysis
modeling relating to symmetric structures with anti-
symmetric loading. Considering the directly welded beam-
to-column rigid connections of the elliptic-braced steel half-
frame and simple connections of the elliptic brace to the
steel half-frame, as depicted in Fig. 2(b), the geometric
characteristics are expressed in Eq. (1):

Ly L.
(l—? , b=?
b L,
tan0=E=L—=e
b
0 e (1)
sinf = =
Vaz+b2 V1+e?
a 1
cosf =

VaZ+bZ Vite?

Meanwhile, 8 was introduced as a parameter. According
to Fig. 2(b), using the compatibility equation for elliptic-
braced steel half-frame, the vertical component of reaction
at support B is calculated as follows:

PL,
ZF =0 > Rp+Ro=7

y b
PL, )
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Fig. 2 The analysis of the EBMRF after changing into two
half-frames; (a) the desired steel moment frame with
directly welded rigid connections equipped with the
elliptic brace and (b) the half-braced frame after splitting
the steel moment frame

Where P denotes the lateral shear force applied to the
elliptic-braced steel moment frame, and L, and L. are used
for the beam and column length (distance between
centerlines), respectively. The internal actions diagram for
the elliptic-braced steel half-frame elements is shown in
Fig. 3. As indicated in Fig. 4, by adopting the static
equations for the elliptic-braced steel half-frame, the
internal force of the beams 4B and CD is calculated by Eqgs.
(2) and (3), respectively. The values of the shear force and
axial force at both ends of DC and AB members are equal.

In other words, Vj; = Vj; and N = Nj..
Ly
ZMC = - Mpc =Vpc
U MM 3)
- =—
e ="
Ly
Z MB = - Mg = Vap >
2Myp 4)
- Vap = ——
Ly

Using the compatibility equations in nodes 4, B, C and
D, the internal force in the members of the elliptic-braced

Fig. 3 The internal actions of the elliptic-braced steel half-
frame elements
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Fig. 4 The internal actions of beams DC and AB

steel half-frame is calculated as follows (Figs. 5(a) to 5(d)).
- FECSinH — VCD =0

zF = 0 g RC
y 5
R Ve ©

EC ™ sing  sind

Z F =0 4 NDC = —FECCOSG (6)
X
Incorporating Eq. (3) into Eq. (5) leads to the constituent
terms of Eq. (5) as follows:
R. 2Mpc
sin@ L,sinf

()

EC =

Incorporating Eq. (7) into Eq. (6) and using geometrical
Eq. (1) lead to the constituent terms of Eq. (6) as follows:

2Mpc Rc (ZMDC RC>
Lytand tanf \ Lpe e
For node B:

(®)

Np¢ =
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RB VAB
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x

Incorporating Egs. (2) and (4) into Eq. (9) results in the
constituent terms of Eq. (9) as follows:

PL,
P tRe oMy, (1)
EB sin@ Lysinf

Incorporating Eq. (11) into Eq. (10) and using
geometrical Eq. (1) give the constituent terms of Eq. (10) as
follows:

PLe _p
N = L2 e, Re_2Mam) (1)
AB tan6 Lytanf e Lye
For node 4:
PL,
YF =0 o N+l =T (13)
y Ly
P
ZF =0 = Vagp = Ngp — = (14)
x 2

Using geometric Eq. (1) and incorporating Eq. (4) into
Eq. (13) and Eq. (12) into Eq. (14) lead to the terms of Egs.
(13) and (14), respectively as follows:

N = —— = P —

AE =TT L e( L. ) (13
PLle _p

Ly ¢ 2Mpp P _P_Re 2Miz  (16)

V = _ —_ =
AE tan6 Lytan8 2 2 e Lye

For node D:

My 2M
ZF =0 e NDE=VDC= LDCZ LDCe (17)
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P
ZF =0 o Vpp =5+ N (18)
p

Incorporating Eq. (11) into Eq. (10) gives the terms of
Eq. (10) as follows:

P 2Mp,. R. P

2M R
VDE=2+ pc K¢

Lytanf tan 2  Lye e (19

2.1 Strain energy of the elliptic brace

To calculate the strain energy in the elliptic brace
quarter elements EC and EB, all the effects of axial, shear
and bending deformation are taken into account. The
governing equation for the ellipse is calculated by Eq. (A-
14), as shown in Fig.6 (a). The infinitesimal arc length (ds)
on the ellipse for any desired point in coordinates (x, y) is
calculated by Eq. (20):

x x? 20
S+5;=1 - y=b[l-= | 0<xysa (20

AE
M : VAE \"
“AB || N AB
P 4 4
& 'l— =t
A 5
‘ Mg
PL,
(a) "o

(d) NDE

Fig. 5 Analysis of joints in the elliptic-braced steel half-
frame; a) joint 4, b) joint B, c) joint C, and d) joint D

ds = [dx? + dy? = /1 + y2dx (2]

From the elliptic equation (Eq. 20), the inclination angle
of the tangent line from any point relative to the horizontal
axis (¢) on the elliptic brace is calculated by Eq. (22):

x
a?

7xz= tan ¢ (22)
JiI-@

As shown in Fig. 6(a), by considering the ellipse in the

—y'=b
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Fig. 6 Analysis of the quarter elliptic-brace (a)

configuration of the quarter elliptic-brace (b) the internal
actions of the element EC in the quarter elliptic-brace

second quarter of the coordinate system, the negative sign
in Eq. (22) to calculate the acute angle is ignored. Making
use of trigonometric relations in Eq. (22) leads to the terms
of Eq. (22) as follows:

1+tan*¢ ! ¢ !
an cos?¢p 1+ tan?¢
2
x
! @
b2

2 2.2 2
x bex x
5 5 1 >+ o 1+ ?
sin“¢p =1 —cos“¢p = 2 Dbor?
et Tar
p2x2 X (24)
= at - sing = b?
1— x% | b2x? - X2 bix2
a? a* 1- 2T A

The sing and cos¢ are functions of the parameter x.
Using the equations of static equilibrium, according to Fig.
6(b), the internal actions (axial, shear forces, and bending
moment) of the elliptic brace are obtained by Eqgs. (25) to
(27) as follows:

Z F =0 —  FcosO = N(x)cos¢p +V(x)sing (25)

ZF -0
y

— Fsin@ = N(x)sing =V (x)cos¢ (26)
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ZM =0 - M(x)——Fb(l— 1——2>c056+F(x)sm9 (27)
g \

The angle of 0 is constant for an specific frame. solving
the system of Egs. (25) and (26), the values of axial force
and shear force for the quarter of elliptic element are
calculated in terms of x by Eqgs. (28) and (29), respectively
as follows:

N(x) = F(cos@cos¢ + sinBsing) (28)

V(x) = F(cosOsing — sinfcos¢p) (29)

By summing Eq. (27), Eq. (28) and Eq. (29), the total
amount of strain energy for each element of the quarter
elliptic brace is calculated as follows:

Uelliptic brace,bav — Ub + U + U
M(x)?
—f T V1+y2dx
y 2
N(x) Sty (30)
1+ y2dx
fo 2EA,
J-a ( )2 \/—d
1+y“dx
o 2GA,

Where
x? x? x?
Ji+yZ=[1 Yo et (31)
ye= + x2 X2
1-% 1-%
E s
Where G = 2049) presents the modulus of rigidity, v =

0.3is the Poisson’s ratio, A. indicates the cross-sectional
area of the elliptic brace, E (200,000 MPa) is used for the
elastic modulus of the used steel, I presents the moment of
inertia of the elliptic brace about the bending axis (strong
axis), and «a; is used for the shape dependent factor for
shear, which is equal to 1.2 for a rectangular section, 2 for a

. 10 . . .
HSS section, and 5 for a pipe section. Moreover, it is

equal to the ratio of the area of the entire section to the area
of the web (A/ht) for I-sections, box sections, and channels
(h is the elliptic depth and t is the web thickness).

By placing Egs. (1), (26), and (30) in U, presented in
Eq. (29), the strain energy due to the bending moment in the
quarter elliptic brace is calculated as follows:

2
U, = 2EL —bcosB 1- —2> + siné. x‘
x|, x?
1-"5+b?5
X a adx
1%
o (32)
F2p? x2\ x
2E1(1+ez)f el
2 2
1—x—2+ez%
X = dx
x
-2
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To calculate the integral of Eq. (32), the change of
variable is implemented according to Eq. (33).
dx = adt (33)

t=-— -

Incorporating Eq. (33) into Eq. (32) leads to the terms of
Eq. (32) as follows:

_ F?b%a 1[—1+t+V1—t2J2J1+(e2—1)t2
U =3I, fo (1+e2Vi-t2 de G4
If,
eV \/1+(e — 1)t2 35
%’(e)_fo A+eVi-t2 a3

Y, (e) is presented as per aspect ratio (¢) and can be
calculated numerically. ¥, (e) is graphically shown in Fig
7 for different values of e. By incorporating Eq. (35) into
Eq. (34), the strain energy due to the bending moment in the
quarter elliptic brace is calculated as follows:

F?b2%a

U =251 2EI,

¥p(e) (36)
By placing Egs. (1), (23), (24), (28), and (31) in U,

presented in Eq. (30), the strain energy due to the axial
force in the quarter elliptic brace is calculated as follows:

FZ
U, = Hfo [cosOcos¢p + sinbsing]?

2 2
/1—;6—2+ez%
X—de
X
-z
1-% 37)
1 Z

FZ a
‘ZEAJO \/1+e2\/ X2

1——2+€2x

X2
e \Jl_?—i— 2a2
1——2+

+
\/1+e

To calculate the integral of Eq. (37), the change of
variable is used according to Eq. (33). Incorporating Eq.
(33) into Eq. (37) leads to the terms of Eq. (37) as follows:

f [\/1—t2+e2t]2
Va T 2EA, (1+ez)\/(1—t2)[1+(e2—1)t2]
If

dt  (38)

[VI=¢2 + e?t]’

= 39
l}’a(e) J;) (1 + 82)\/(1 — tz)[l + (ez — 1)t2] t ( )

Y, (e) is merely a function of the parameter e and can
be numerically solved. The value of ¥,(e) for different
values of e is shown graphically in Fig. 7. By incorporating
Eq. (39) into Eq. (38), the strain energy due to the axial
force in the quarter elliptic brace is calculated as follows:

F?a

U
“ ZEA

— ¥, (e) (40)

By placing Egs. (1), (23), (24), (29), and (31) in U,
presented in Eq. (30), the strain energy due to the shear
force in the quarter elliptic brace is calculated as follows:

a FZ a
U, = — J.[cosé’sinqb—sin@coscp]2
» =264, ),
2 2
1—x—2+ez%
X > dx
x
-
2 oca|l 1 e (41)
U, =
T “SZGAJO \/1+e2J 2
——2+€

x2 ’ x2

e 1—? 1——2+€2a2
\/1+ez\/1 x2+e2x2 [ x2
a? a? a2

To calculate the integral of Eq. (41), the change of
variable is employed according to Eq. (33). Incorporating
Eq. (33) into Eq. (41) leads to the constituent terms of Eq.
(41) as follows:

I N [t—\/l——tz]2 47
Uv_aSZGA f (1+€2)\/(1 D1+ (€2 = D] ( )
If
[t-vi—e7]
Y, = d 43
© fo(1+€2)\/(1—t2)[1+(62—1)t2] £ &

Y,(e) is only a function of the parameter e and can be
numerically solved. The value of W¥,(e) for different
values of e is shown graphically in Fig. 8. By incorporating
Eq. (43) into Eq. (42), the strain energy due to the shear
force in the quarter elliptic brace is calculated by Eq. (44) as
follows:

2

s 2GA,

The parameters ¥y(e),¥,(e) and ¥,(e) are merely
functions of the parameter e and can be numerically solved.
The values of ¥,(e),¥,(e) and ¥,(e) for different
values of e are shown graphically in Fig. 7.

Incorporating Egs. (36), (40) and (44) into Eq. (30) leads to
the strain energy saved in each quarter elliptic brace as
follows:

U, = a,——¥,(e) (44)

F?.a Wyu
2EA, 1+ e?

By placing Egs. (1), (7) and (11) in Eq. (45), the strain
energy saved in each quarter elliptic brace (EC and EB) can
be calculated as follows:

(45)

Uelliptic brace,bav —

U = Ly [ReV1+ e? V1 +e? Wba,, (46)
EC ™ 4EA, e e, | 14e?
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Where the parameter ¥,,, is defined by Eq. (48) as
below:

Lc 2 lpb
Wy = [(—) by 260, + wa] (1 +e?) (48)
./ 4
It can be seen that the parameter ¥W,,(e) is only a
function of the parameter e. Therefore, it can be numerically
solved.
The value of W, (e) for different values of e is shown
graphically in Fig. 8.
By placing the linearly fitted values for the diagrams
Y,(e), ¥ (e) and ¥,(e) from Fig. 7 in Eq. (48), Wyav(€)
can be calculated approximately by the following relation.

L A2
Ypar = [(r—c> (-0.0083375e+0.026065)
e

+ 2.6a,(0.24197e — 0.0069) (49)

+ (0.30088e + 0.8807)] (1+e?)

By summing Eq. (46) and Eq. (47), the total value of strain
energy in half of the elliptic brace is calculated as follows:

_ LyWhav [(Re  2Mpc\?
Uelliptic brace,bav — 4EA -
e

e L,
Re  2Mup\2 (50)
+ (—P + =42 ) ]
e L.

2.2 Strain energy of the elliptic braced frame

By summing the values of strain energy due to the
bending deformation for the column elements (elements AE
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and DE) as well as the bending deformation for the beam
elements (elements 4B and DC) as well as calculating the
total values of strain energy in half of the elliptic brace due
to axial and shear forces and bending moment (elements £C
and EB), the total amount of strain energy for the elliptic-
braced steel half-frame is calculated as follows

U= Ucolumn + Ubeams + Uelliptic brace,bav

L 12a, .72\ (PL
U=— [(1 + LSZ'C < ) (—C —R¢Ly — ZMAB) +
c

partial derivative of the total internal strain energy in a
structure relative to the force applied to any point is equal to
the deflection at the point of application of the force in the
direction of its line of action. According to Fig. 2(b) and
based on Castigliano’s second theorem, the conditions of
compatibility at joints C, 4 and D are defined by Eq. (58) as

12a, .12\ (P z
1+ : (ELC — ReLy + ZMDC>

4SEIC 2 LE
12e%r? 5 ,
+3PLc(MAB _MDC)+6RCLb(MDC_MAB) +L—2(4MDC— (PLC_ZMAB) ) (51)
[
Ly 12a,,r? 32
*12E1, [(1 0 =) (MF5 + Mpe) + ﬁ(([)l‘c = ReLp — 2Myp)? + (2Mpc — ReLp)?)
b b

-P+—+
e

44, Ve " L.

The parameters 7, S, O, A, Ny, A, Necand S are
defined for the initial simplification of the above equations
as follows:

_Lblpbav
T 4EA, (2)
L a 12 e’
__be o a=141225 0 NMeT AT
S 28EL, c L, 2 (r_c) (53)
T, ¢
Asp 3
Ly Ap=1+12—2 =—7
= ’ ’ 54
Q= 12z, (%) 02 (%) (54)
I
p== (55)
I

Where, A,and A, present correction coefficients to
consider the effects of the shear deformations in the beam
and the column elements.

Also, 1, and 7, present correction coefficients to
consider the effects of the axial deformations in the beam

Lb%au[@_zzwuc)z +< Rc  2Myp
L

)]

follows:

au

ACV = 6—RC = 0 (58)
U

A0, =——=0 (59)

OM,p

ou

A0, = —aMDC =0 (60)

Using Cactigliano’s second theorem in nodes C, A and
D and placing Eq. (57) in Egs. (58), (59) and (60), the
systems of equations are obtained through:

2 2R, 2M, 2M
O

Lc Lc
+ S[—2LyA.(PL, — 2RcLy, + 2Mp,
- 21\4AB)

+6L,(Mpc — Myp)]
+ Q[—2Lynp(PL; — 2RcLy, + 2Mpc
- 2MAB)] =0

4T ) )
- (e_z +4A.LyS + 4nbLbQ) R

and the column elements. 1 /4T (61)
As a result, it can be concluded that 1, + 71, = 4, and + i (e_z + (42, — 6)L3S
AC i nC ~ /1C' b 2
The stiffness ratio of the beam to the elliptic brace is + 477bLbQ) Myp
defined by 7 as follows: 1 /4T
b, 1 (Gr + 2= 6)18s + amu L) Mo
7R <4T e
= =(— + 4A.L5S + 4n, L3 )P—
1 EA, 4,12 (56) o2 + 4A.LyS + 4n, L3, Q >
Ly
Incorporating Egs. (52), (53) and (54) into Eq. (51)
leads to the terms of Eq. (51) as follows:
R 2Mpe\? Rc  2Myp\°
U=T (—C—i) +(—P+—C+i
e L, e L,
PL, 2 P z
+ 5| (T —R¢Ly — ZMAB) + 2 (ELC —RcLy + ZMDC> (57

+3PL;(Myp — Mp¢) + 6RcLy(Mpe — Map) +1:(4Mpc — (PL — 2Myp)?)]
+ QA (Mg + M3¢) + 1y (PL; — ReLy — 2My3)% + (2Mpe — RcLp)?)]

According to Castigliano’s second theorem, the first

By solving the systems of Eq. (62) to Eq. (63), the
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4 Ry, 2M,p P
T [L— (—P S )] +S [—4,1C (ELC —RcL, — ZMAB) +3PL,
c

c
—6RcLy + 40, (PL, — 2Myp)] + Q24 Mg — 41, (PL; — RcLy — 2Myp)] = 0
AT , 1 /8T , (62)
( + (4, — 6)L3S + 4n, 12 Q) Re + L—( —+8(A, — n)IES + (24, + 8, L2 Q) M5
AT ,
= (6—2 — (3= 24, +4n)I3S + 4nbLbQ) Pe

R¢ ZMDC P
[L ( )] + S |:4AC (ELC - RCLb + 2MDC> - 3PLC + 6RCLb + 8nCMDC]
c

+Q[2/1bMDc +4n,(2Mpc — RcLyp)] =0

AT , 1 (8T , (63)
- —( + (41, — 6)L13S + 4n, L3 Q)RC +L—( +8(A, + n)I3S + (24, + 81,) L3 Q)MDC
= ((3—21)L3S)Pe
unknowns M4z and Mpc are obtained as follows:
Incorporating Egs. (64) and (65) into Eq. (61) leads to
My 47; + (44, — 6)L3S + 41,12 Q g — (3 =2, +4n)I3S + 4n,L2Q
—2=—gr Re + g7 Pe (64)
b 02 + 8(}'0 - UC)L%S + (ZAb + 87]b)L%)Q ? + 8(/15 - nc)LiS + (2/117 + 8771))[‘%0
4T 2
Mpc —7 + (41, — 6)L;S + 4n, L3 Q (3 —21)L3S p 65)
= e
Ly % + 8(AC + 1 )LES + (24, + 8nb)L§,Q 8T =+ 8 + n)LiS + (22, + 8n,)L2Q
the constituent terms of Eq. (61) as follows:
RC = alp (66)
Where
As a result, by assumingd, + 1, = A.and A, —n. = A.:
(42 A3+ mi30) - ( + (4, — 6)LZS +41,130) (— - (3= 24 + 4n)L3S + 40, 130) . (4T4+T(4,1 — 6)L3S +4n,13Q) (3 — 23S
ez +4(A = 1ILGS + (A + 4n,) 150 P 4 +n)LES + (A + 41,)15Q 7
a; = 7
(42 + (4, — O)L3S + 4n,130) (Lt @ -o)izs+ 4nbL§,Q) ©7)
(4 + A0S + 4L57,Q) — 5 b
S+ B0 — L3S + (2 + 8150 2+ B + LGS + (22 + 81)I50
AT (4T + (42, — 6)L2S + 4n, L2 Q)
( +42cL3S + 41,13Q) — 77
2z T 4(Ac +nILES + (A + 4n)L5Q e_e
a1 = - E (68)
2(=+ (42, — 6)L2S + 4npL2Q
(4T+ 42138 + 4131,Q) - 8T ( ‘ v )
=+ 8 + n)LES + (21, + 81,)L5Q
Egs. (64) and (65) can be rewritten using Eq. (68) as As aresult:
follows: 2T + 21, 12Q o)
as = e
? P 69) 37 8T + 8(A, + n)LES + (24, + 87,)12Q
b As it was mentioned before, using small amounts for
My, npandn., the assumption of a, = a; could be a good
I = asP (70) approximation. Of course, the assumption was proved to be
b very satisfactory in numerical calculations.
Where
l —9 % _ 4(/1c + nc)L%‘S + AbL%Q (73)
o, = 2T — 4n L3S + 21, L3Q 2 “e 8T +8(A +n)L2S + (24, + 8n,)12Q

12 0¢ D
8T +8(Ac —nc)LeS + (24, + 81,)L2Q To figure out total strain energy in the main structure

(Ur = 2U), Egs. (68), (69) and (70) need to be supplanted,
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leading to Eq. (74) as follows:
2
Up = 2P2T[2 G— 2%) ]+
a2 1 _ag
2P2%[2S [sac (e—2> -21, (E -2 ?)] + (74)
2 2
2P2I2Q [2,1,, (Z—i) + 21, G - 2%)

To calculate the elastic lateral stiffness of the EBMRF
subjected to lateral load, the value of A needs to be

calculated first. Using Castigliano’s second theorem and Eq.
(74), the value of A is calculated by Eq. (75) as follows:

U, oo (1 az)?
Acxzﬁz (8T+8T}bLCQ) <§—2?) +

a2
(322,128 + 81, 12Q) <e—§) - (5
1 as
81cl25 (5 - 2 ?)] P
The elastic lateral stiffness of the EBMRF subjected to

lateral load P is calculated by Eq. (76) and simplified by Eq.
(72) as follows:

lateral load P is calculated using Eq. (80) as follows:

K 2
A, - e’ n.Be’
el OO )
24y
ncpe? (80)
(pe? + Apeh) [ 1-—F
Yooy + 125
bav 3}/

The normalized stiffness, ¢(y, S, e,ri,as), can be
E

defined as the ratio of lateral stiffness of the EBMRF
system to the elliptic bracing stiffness as follows:

K L
E—Ae—(,b(y;ﬂ;e;Zlas) (81)
L,
where
h B 12y
P B e ) = e trm T 2me —naBe®)
24y (82)

2 3 _ L)
(Abe + ACﬁe ) (1 6y¢bav + Zr]bez

P
== .
Aex (8T + 81, 120) (% —29) + (322125 + 82,12Q) (j_é) — 81 L3S (% -2%) (76)
After placing a; in Eq. (75), the lateral stiffness of
EBMREF subjected to lateral load P is calculated using Eq.
(77) as below:
P
K=
* (8T + 8(A, +n.)I2S + (24, + 81,)[2Q)? (77)

T 4@T + 2, ZQ(Q + 1JI2S + 1, L2Q)? + B(ALLZS + A, Q) 2T + 20, L2Q)% — 81 LAS (A0 + no)LES + ApL2Q) (BT + 8(he + 1)LES + (22, + 81,) 12Q)]

The Eq. (77) could be simplified and rewritten as
follows:

P

K=—
Ac,

(8T + 8BAL2S + (24, + 87,,)[2Q)?

- [42T + 21, L2Q) (47 L2S + A, L2Q)?% + 8(4A.L2S + A, L2Q) (2T + 2n,L2Q)? — 81 L2S (41 L2S + A, L2Q) (8T + 8A L%S + (22, + 81,)L2Q)] (78)

_ 2(AT + 4, L2Q + 4ALES + 2, 12Q)
T (4AL2S + A, LZQ) (4T + 41, L2Q — 81 L2S)

—

The stiffness equation can be simplified as follows,
neglecting 7, as compared to A..
P

K=—
A,

(8T + 8BAL2S + (24, + 87;,)[2Q)?

- [42T + 21, L2Q) (47 L2S + A, L2Q)?% + 8(4A.L2S + A, L2Q) (2T + 2n,L2Q)? — 81 L2S (41 L2S + A, L2Q) (8T + 8A L%S + (22, + 81,)L2Q)] (78)

_ 2(AT + 4, L2Q + 44 LZS + 2, 12Q)
(44125 + A, L2Q) (4T + 47, 12Q — 81 L2S5)

-

The stiffness equation can be simplified as follows,
neglecting 7. as compared to A..

Finally, by incorporating Egs. (52), (53) and (54) into
Eq. (77), the lateral stiffness of the EBMRF subjected to

1

The first term is the contribution of the steel moment
frame and the second one is the contribution of the elliptic

K= +
2T + 21, L2Q — 41 L2S)

(42,128 + 2,12Q) (1

~ 4n L3S ) (79)
2T + 21,120
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brace in Eq. (82). According to Eq. (82), if the stiffness of
the brace is higher than that of the beam (is y was small),
and the stiffness of the beam is not much different from that
of the column (is § was normal), the participation of the
second term will be higher than the first one, and the
normalized stiffness value (¢) can be considered equal to

2 . . . . .
— This approximation can be usually carried out in
bav

engineering structures. On the other hand, it should be
noted that by considering a small value for y and a large
value for f, the lateral stiffness equation for the EBMRF
can be obtained using Eq. (82).

Finally, the elastic lateral stiffness of the EBMRF subjected
to the lateral force (P) can be calculated by an improved and
innovative relation through the strain energy method based on
the geometric properties of the employed sections and
specifications of the utilized material as follows:

1. Calculate e by dividing the column length to beam
length (Eq. (1)).
2. Calculate £ by dividing the moment of inertia of the
beam to that of the column (Eq. (55)).
. Calculate y (Eq. (56)).

. Calculated.and 7. using %, a. and e (Eq. (53)).
. Calculated,and 1, using :—Z,ab and e (Eq. (54)).

AN N A~ W

. Calculate the parameter ¥,,,(e) for different values
of e (Eq. (49) or Fig. 8).
. Calculate the normalized stiffness (¢) (Eq. (79)).

8. Calculate the elastic lateral stiffness of EBMRF (Eq.
(80)).

3

2.3 Special cases of elastic stiffness in EBMRF
system

The elastic stiffness of a steel moment frame with a two
dimensional one-story one-span elliptic brace with rigid
connections under the lateral load of P in roof level
considering the effects of all of the deformations due to the
axial and shear forces and bending moments in beams,
columns and the elliptic brace can be calculated using Eq.
(79).

If the effects due to the deformations caused by axial
and shear forces were neglected in beams and columns, the
elastic stiffness of a moment steel frame with a two
dimensional one-story one-span elliptic brace under the
lateral load of P in roof level would be simplified as below
by adding lateral stiffness of moment frame and elliptic
brace.

24 El, 2 EA,

_+ .
e? + 63;_17 L} Ypay Ly (83)
c

K =

The difference between the amounts of elastic stiffness
of a two dimensional one-story one-span steel moment
frame and an elliptic frame with rigid connections under the
lateral load of P considering the effects of the deformations
due to axial and shear forces in beams and columns (Eq.
(79)) and without considering those (Eq. (83)) is about three
percent. Since the effects of the deformations due to axial

and shear forces in beams and columns are usually
neglected in studies, the simplified Eq. 83 could be used as
a proper equation to calculate elastic stiffness of a two
dimensional one-story one-span steel moment frame with
an elliptic brace and with rigid connections subjected to the
lateral load of P. The below-mentioned special cases could
be evaluated.

Case 1) A rigid beam

1.a) A single story frame with n; spans and elliptic
braces in n, spans are considered here. If the beam was
considered as a rigid element with an infinite flexural
rigidity, the elastic stiffness of steel moment frame with an
elliptic brace under the lateral load of P in roof level could
be exactly and explicitly calculated as follows. The support
of both columns are fixed. Therefore, in this special case,
each column will behave as a beam with a fixed support at

one end and a sliding support at the other end with a

12E1 .
. <. In this case, the lateral force
c

is distributed between the columns of the frame and its
elliptic braces. The displacement of the columns and the
braces will be the same, showing that columns and elliptic
braces behave as parallel springs; therefore, the stiffnesses
of the springs are summed. In this frame with n, spans,
there are n; + 1 columns. Therefore,

K = (n, + 1)<12Elc>+ ( 2 EAe) 34)
= n —_—
! L(;3 2 lpbav Lb

1.b) The elastic stiffness of a two-dimensional frame
with n; spans and the elliptic braces installed in n, spans
was calculated by Eq. (84). In this case, the frame has n,
stories and the lateral force of P in roof level is tolerated all
stories, and the lateral relative deformations of the stories
(drift) are summed and resulted in the roof displacement.
With this explanation, the equivalent lateral stiffness of
different stories of the structure are combined as series
springs. The equivalent stiffness of the set of n springs

translational stiffness of

. o . K
which combined in series manner, equals e

A ns- story frame with n, spans is considered. The

number of the spans with an elliptic brace is assumed n,. If
the beams were rigid, the flexural rigidity of the beams
would tend to infinity. If the lateral load P was applied in
the roof level, the elastic stiffness could be exactly and
explicitly calculated as follows:

K—i 1 12EI, N ( 2 EAE) 05
_n3 (nl ) Lc3 "2 l/)bav Lb ( )

Case 2) An elastic beam

2.a) A single story, with n; spans frame, n, spans of
which with elliptic braces is considered. If the beam was
considered as an elastic element, moreover, if the number of

the spans of the frame was assumed as 2" (n, = 2Y), and
the flexural rigidity of the middle columns was two times
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Fig. 9 Changes in normalized stiffness,¢, versus parameter y for different values of § based on numerical models

the other columns, the elastic stiffness of the bending
moment with an elliptic brace under the lateral load of P in
the roof

X 24 El), ( 2 EAe) (36)
=N _— n R
! ez + €3§—b L:Z 2 1phav Lb
c

In this case, the stiffness of the different frames and the
elliptic braces are summed. In other words, they act as
parallel springs. The frame could be decomposed in n,
separate spans and the stiffness of the frame could be
assumed as n, times the stiffness of one span considering
the two above-mentioned assumptions as well as the rules
govern the axially symmetric structures subjected to
antisymmetric loadings.

3. Numerical OpenSees Modeling and Verification

OpenSees 2.4.6 software (2013) was employed in
modeling and conducting the analysis of the two-
dimensional single-story single-span steel moment frames
equipped with an elliptic brace under the lateral load. To
model the elements of the braced frame within a linear
deformation range, the following assumptions are made:

(1) The elastic beam-column elements are adopted to model
the beams, columns and the elliptic brace.

(2) The beams and the columns are divided into two equal
parts to determine the connection point of the elliptic
brace to the elements of beam and column.

(3) To enhance accuracy of the analysis, each quarter
elliptic brace is divided into 10 parts with equal length
dx.

(4) Two equal and antisymmetric lateral forces of 5000 N
are applied to each of the upper nodes of the two-
dimensional frame.

(5) The two-dimensional structures and lateral forces are
considered in an xz plane and the degrees of freedom
for all the nodes, except for those of the bracing, are
rigid in the y direction.

(6) Rigid beam-to-column connections are considered.

(7) The connection of the elliptic brace to the middle points
of the beams and columns is considered as a hinge
using the zero-length element.

(8) The uniaxial elastic material is assigned for the beam
and columns.

(9) In this modeling, the effect of linear geometric
transformation is considered.

(10) In the finite element analysis, the effects of the
geometric nonlinearities are ignored because of the
theoretical premises adopted in calculating the elastic
drift of the frames.

The finite element analysis using OpenSees software
(2013) is performed so as to evaluate the reliability and
accuracy of Eq. (81). To this end, 2500 single-story, single-
span SEM-ELs under two equal and anti-symmetric lateral

forces of g applied to the two upper nodes of the frame,

each of which is equal to 5000 N, are modeled. The story
height and span length (centerline to centerline distance) for
the EBMRFs are equal to 4000 mm and 8000 mm,
respectively. The cross-sectional area (4,) and the moment
of inertia of the elliptic brace about the bending axis (strong
axis), I,, are 105 mm? and 6.4x10% mm?, respectively. The
slenderness ratio of the elliptic brace (L./r,)and the aspect
ratio of the elliptic-braced frame (e) are 50 and 0.5,
respectively. For the geometry of the elliptic-braced frame
with 50 different values of bending stiffness ratio of the
beam to the elliptic brace (y) and 50 different values of
bending stiffness ratio of the beam to the column (f), the
values of the moment of inertia for the beam (/;) and the
column (/) about the bending axis can be calculated by
Egs. (57) and (54), respectively. All known parameters are
defined using MATLAB programming code and assigned to
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Fig. 10 Changes in normalized stiffness,¢, versus parameter f for different values of y based on numerical models

numerical models in OpenSees software. The numerical
models are implemented in OpenSees software and the
lateral displacement for one of the upper nodes is recorded.
Then the elastic lateral stiffness of the EBMRFs is
calculated by dividing the lateral force of 10000 N by the
lateral displacement of the elliptic-braced frame

Fig. 9 shows the diagrams for the changes in normalized
stiffness of the SFM-EL system with different flexural
stiffness ratios of beam to elliptic bracing (¢ —y). The
¢ — y graphs are drawn with constant elliptic bracing
slenderness ratio (L./7,) equal to 50, the shear shape
coefficient (a;) equal to zero and the aspect ratio of the
frame (e) equal to 0.5 for 50 different values of the flexural
stiffness ratio of the beam to the elliptic brace (y) ranging
from 0.01 to 10 and 50 different values of the moment of
inertia ratio of the beam to the column (f) between 0.01 and
10. To better illustration the graphs, only 11 values from 50
values between 0.01 and 10 are selected for §. Interpolation
can be done for intermediate values. The reason behind
disregarding the shear shape coefficient (ag) in numerical
models is that OpenSees finite element software is capable
of considering the shear effects in the analysis. For this
reason, in this section, the numerical models are validated
through the analytical equation by assuming the value of «a;
equal to zero. According to Eq. (82), it can be observed that
the normalized stiffness of the SFM-EL system is a linear
function of £ and increases with an increase in y. Using this
mode, the normalized diagrams of the stiffness change (¢)
with the parameter y for different values of § should be
normally linear and start from zero.

Fig. 10 shows diagrams for the changes in normalized
stiffness of the SFM-EL system for different beam-to-
column ratios of moment of inertia(¢p — ). The (¢ —
B)diagrams are obtained with constant elliptic bracing
slenderness ratio (L./7,)equal to 50, the shear shape
coefficient (o) equal to zero and the aspect ratio of the

frame (e) equal to 0.5 for 50 different flexural stiffness
ratios of the beam to the elliptic brace (y) between 0.01 and
10 and 50 different moment of inertia ratios of the beam to
the column (f) between 0.01 and 10. To distinguish the
graphs, only 11 values of y were selected from 50 values
between 0.01 and 10, and the graphs were plotted, and
interpolation could be used for intermediate values. In this
section, the numerical models are validated by the
analytical equation assuming that the value of a; equals
zero. According to Eq. (82), the effect of the parameter £ on
the normalized stiffness of the SFM-EL system is harmonic,
and the normalized stiffness decreases with any increase in

The theoretical equation to calculate the stiffness will be
simplified by neglecting the shear effect in the beams and
columns (1, = Oand 7, = 0). The results of the equation
will be comparable to those of the finite element models.

2 24y

h
Be,— o) =—+——F 573
¢(Y ﬁ T S) lplmv (/11792 + /16:893)

(87)

In Fig. 11, for a given value of y, the constant
slenderness ratio of the elliptic brace (L./1.)equal to 50,
the shear shape coefficient (@) equal to zero and the aspect
ratio of the frame (e) equal to 0.5, the values of the
computational parameter(¢) from the numerical models
with different amounts of y are completely consistent with
those obtained by Eq. (82), which in turn, indicates
complete consistency of the proposed relationship with the
numerical models. The ¢ —  diagram is depicted in Fig.
11.

A fixed value of F(f =4.901) and the constant
slenderness ratio of the elliptic brace (L./7, = 50), the
zero shear shape coefficient (ag = 0) and the constant
aspect ratio of the frame (e = 0.5) are assumed to
calculate the parameter¢, the picket in Fig. 12. Regarding
the linear variation of the normalized stiffness (¢) in term
of y align is fitted to the carve.
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(¢) versus parameter y assuming constant § = 4.901

4. The equivalent Element for the Elliptic-Braced
Element

4.1 Calculation of the elastic axial stiffness of the
equivalent element for the elliptic-braced element

To account for the overall strength and elastic axial
stiffness of the EBMREF, an equivalent simple linear element
is used, which transmits the force to the middle points of the
beams and columns. This modeling leads to a marked

reduction in the number of elements constituting the elliptic
brace. Details of the EBMRF and schematics of the
equivalent element model are presented in Fig. 13.

The strain energy of each quarter elliptic brace is
calculated by Eq. (45). Incorporating Eq. (1) into Eq. (45)
results in the constituent terms of Eq. (45) as follows:

Fsz l‘ubav

88
4EA, 1 + e? %)

Uelliptic brace,bav =

By differentiating the strain energy with respect to the
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axial force F, the increase in the equivalent spring length
can be calculated by Eq. (89):
_0U _ FLy, Ypay
T OF  2EA. 1+ e?

(89)

The stiffness of the linear spring (K) for a structure is a
measure of the resistance offered by an elastic structure
against deformation. For an elastic structure with a Single
Degree Of Freedom (SDOF), stretching or compressing of a
rod, the stiffness is defined as K=F/4, where F denotes the
force on the structure and 4 presents the deformation. The
equivalent spring stiffness for each quarter elliptic brace is
calculated by Eq. (90).

F
k= Z - L l‘"bav (90)

The parameter ¥, (e) is calculated using Eq. (48) or
Eq. (56) and is only a function of the parametere; therefore,
it can be numerically solved. The value of ¥,,,(e) for
different values of e is illustrated in Fig. 8. Given that the
normalized stiffness is defined as the ratio of the axial

rigidity of the elliptic brace to the beam length,%, the
b
normalized stiffness for each of the equivalent spring

elements of the quarter elliptic brace can be defined by Eq.
(91) as follows:

K _ 2 .
%_lpbav( e) (91)
Ly

4.2 The effects of strain energy of bending moment,
shear and axial forces on the amount of lateral stiffness
of the elliptic brace

The objective of this section is to determine the amount
of contribution of each internal action in the strain energy.

In this regard, bending moment, shear and axial forces
are considered for calculating the elastic lateral stiffness of
the equivalent element for the elliptic brace. The elastic
lateral stiffness is obtained by a quarter elliptic brace from
Eq. (92) as follows:

2
(1+e?)=
'3 2 92
bav (LC) —l‘l;b +2.6a,%, +¥, ©2)

d):

Te

As Eq. (92) shows, all of the three effects of axial force,
shear force and bending moment are located on the
denominator of the fraction. Therefore, the lowest value of
Y will have the greatest effect on the total elastic stiffness.
Accordingly, Eq. (92) can be rewritten as follows:

1 ¥ [/LN\N? Y, 26aW
—=2 (—C) > =T 41 (93)
o 2 |\r.) ay, Y,

2.6(as)¥y

Each of the terms can be plotted as a

:’7’; and 2
function of the parameter e. The contribution of bending
moment in the total strain energy in much greater than those
of axial and shear forces, as shown in Figs. 14 and 15.
demonstrate that the effect of the expression for bending

moment energy.
5. Numerical Example for the Calculation of Stiffness

5.1 Calculation of elastic stiffness in a two-
dimensional single-story single-span EBMRF

In this section, the developed equations are validated in
the calculation of elastic lateral stiffness of a steel moment
frame equipped with an elliptic brace. In this regard, a
single-story single-span frame equipped with elliptic
bracing in SAP software.

The quality of the results is evaluated by comparing the
outcomes of a finite element analysis to those of the
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proposed elastic lateral stiffness formulation for a two-
dimensional single-story single-span EBMRF.

The quality of the results is evaluated by comparing the
outcomes of an analysis by the SAP2000 software and those
of the proposed eclastic lateral stiffness formulation for a
two-dimensional single-story single-span EBMRF. This
example is used to illustrate the design method described in
section 3.

The studied problem consists of a single-story single-span
steel moment frame with rigid beam-to-column connections
equipped with an elliptic brace (EBMRF). The connection of
four quadruple elliptic braces to each other is made by hinges.
Each quarter elliptic brace is divided into 10 parts to increase
the accuracy of the analysis. The connection of four
quadruple elliptic braces to each other is made by hinges.
Each quarter elliptic brace is divided into 10 parts to
increase the accuracy of the analysis.

The ratio of the length to the height (e) is chosen equal
to 0.8, which results in the values of 5000 mm and 4000 mm
for the beam length and column length (distances between
centerlines) of EBMREF, respectively. Boundary elements,
including beams and columns of the I-shape profile with the
specifications of outside height, flange width, flange
thickness and web thickness are considered equal to 300,
150, 10 and 6 mm, respectively. The moment of inertia of
the beam and column elements about the bending axis
(strong axis) is equal to 74076000 mm?. In the EBMRF
bracing system, the cross-section of the elliptic brace is
box-shape 100 % 6. The cross-section area of the elliptic
brace is 2256 mm’, and the radius of gyration and the
slenderness ratio of the elliptic brace(L./7,)are 38.45 mm
and 104.022, respectively.

The shape coefficient (a;) for the elliptic brace profile is

equal to 2.0. Also, the elastic modulus of the utilized steel
(E) is equal to 200,000 MPa. The structure, loading and
seismic force on the xz plane are considered two-
dimensional. Two equal and antisymmetric lateral forces,
each equal to 5000 N, are applied to the two upper nodes B
and C (Fig. 16).

The elastic lateral stiffness of the EBMRFs is calculated
by dividing lateral force of 10000 N by the lateral
displacement resulting from the finite element analysis.

P 10000

A~ 35327

The elastic lateral stiffness of the EBMRFs is calculated
using the formulation proposed in this study and presented
in Table 1.

The comparison of the obtained results from the finite
element analysis and the proposed formulation of elastic
lateral stiffness for a two-dimensional single-story single-
span EBMRF (Eq. 81) shows the lack of suitable pure error of
less than two percent. If the value of the shear shape
coefficient was set to zero in the proposed formulation, it
would be observed that the role of this coefficient in
calculating the elastic lateral stiffness of the EBMRF would
be very small and negligible.

= 2830.69i (94)
mm

5.2 The calculation of elastic stiffness for the
equivalent linear spring element of a quarter elliptic brace

In this section, the developed equation is verified in the
calculation of elastic lateral stiffness for a quarter elliptic
brace. For this purpose, a linear spring element of a quarter
elliptic brace is modelled in SAP software. The quality of the
results is evaluated by comparing the outcomes of the finite
element analysis and those of the proposed formulation for the
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Table 1 The lateral stiffness of the elliptic-brace moment resisting frame (EBMRFs) using the proposed formulation

No. Eq. or Fig. No. Parameters Calculated parameter(s)
1 Eq. 1 e 0.8
2 Eq. 55 B 1
Eq. 56 y 0.001313
4 Eq. 53 andn. A, Ae = 1.019
n. = 0.008
5 Eq. 54 andny, 4, Ap = 1.012
1, = 0.003
Y,(e) =0.077
6 Egs. (35), (39) and (43) or Fig.6 Yy,(e), ¥ (e) and ¥, (e) ¥.(e) =0.121
Y,(e) =0.124
7 Eq. 48 or Eq. 49 or Fig. 8 Ypav(e) 347.347
8 Eq. 82 o, B, e,i—:,as) 0.033
9 Eq. 80 K 2830.79%

Table 2 The axial stiffness of the equivalent linear spring element from a quarter elliptic brace using the proposed formulation

No. Equation and Fig. No. Parameters The calculated parameter(s)

1 Eq. 1 e 0.8
¥,(e) =0.077
2 Egs. (35), (39) and (43) or Fig.6 ¥,(e), ¥ (e) and ¥,(e) y.(e) =1.121
Y,(e) =0.124

According to the geometric characteristics of EA,
3 the braced frame Ly 90240
4 Eq. 48 or Eq. 49 or Fig. 8 Yyav(e) 346.124146
N
6 Eq. 91 K 856.107 —
mm
elastic axial stiffness of the equivalent linear spring element. p 1000 N
The problem under study consists of a quarter elliptic =—_= =856.971 — (95)
4  1.1669 mm

brace, which supports the beginning and the end of the joint.
The length to height ratio (e) is set to 0.8, giving the values for
the length of the span and the height of the floor of an EBMRF
(distances between centerlines) equal to 5000 mm and 4000
mm, respectively. The profile assigned for the quarter elliptic
brace is Box-shape 100 x 6. The cross-sectional area of the
elliptic brace is 2256 mm?, and the radius of gyration and the
slenderness ratio of the elliptic brace (L./7,)are 38.45 mm
and 104.022, respectively.

The shape coefficient (a;) for elliptic bracing profiles is
equal to 2.0. The elastic modulus of the utilized steel (E) is
equal to 200,000 MPa. The structure and the load applied
along the input line at the beginning and the end of the quarter
elliptic brace on the xz plane are considered two-dimensional.
A concentrated force of 1000 N along the input line at the
beginning and the end of the quarter elliptic brace is applied to
the upper node C (Fig. 17).

The elastic axial stiffness of an equivalent element for a
quarter elliptic brace is calculated using the finite element
analysis. For this purpose, the concentrated force equal to
1000 N along the input line at the beginning and the end of
the quarter elliptic brace is divided by the displacement
along with the force as follows:

The elastic axial stiffness of the equivalent spring
element for a quarter elliptic brace is calculated using the
formulation proposed in Table 2.

A comparison between the results obtained from the
finite element analysis for a quarter elliptic brace and those
by the formulation provided for an equivalent spring
element of a quarter elliptic brace (Eq. (89)) results in a
very small relative error (less than 1%).

If the value of the shear shape coefficient (a;) in the
proposed formulation was set to zero, it would be observed
that the role of this coefficient would be very small and
negligible in calculating the elastic axial stiffness of the
equivalent spring element for an elliptic brace.

6. Elliptical bracing system and its comparison with
other types of braces

The elliptic-braced frames as a new lateral braced
system, when installed in the middle bay of the frames in
the facade of a building, not only causes any problem to the
opening space of the facade, but also improves the
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Fig. 17 (a) Two-dimensional modeling of a quarter elliptic brace with a simple two-headed end under the effect of a
concentrated force along the input line at the beginning and the end of the quarter elliptic brace equal to 1000 N (b) elastic

displacement at the same direction of the force.
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Fig. 18 (a) The von-Mises stress (Pa) in the X-braced frame at the final load step, 32 mm displacement, equal with 2.1%

drift, and (b) hysteretic behavior
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Fig. 19 (a) The von-Mises stress (Pa) in the K-braced frame at the final load step, 50 mm displacement, equal with 3.2%

drift, and (b) hysteretic behavior

structural behavior. In recent studies, the authors have
investigated several studies on the seismic performance of
elliptic-braced frames (Ghasemi et al. 2016, 2019, 2020,
2021 and 2022). In one of the studies, Ghasemi et al. (2020
and 2021) evaluated the seismic behavior, energy
absorption capacity, and global- and local-type failure

mechanisms of a 2 scale single-story single-span elliptic-
braced moment resisting frame (ELBRF) under cyclic
quasi-static loading through experimental and analytical
studies, and compared its result with the other types of
braces such as X-, K- and Diamond-bracing systems in a
story base model.
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Fig. 20 (a) The von-Mises stress (Pa) in the Diamond-braced frame at the final load step, 54 mm displacement, equal with

3.2% drift, and (b) hysteretic behavior
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Fig. 21. The hysteresis behavior in the experimental and FEM analyses of the Elliptic-braced frame

Observations and output of the X-bracing finite element
model revealed that the behavior mechanism of the system
was shear failure. Out-of-plane sudden buckling of the
bracing member in X-bracing caused damage to gusset
plate, middle connection, and significant loss in structural
strength and energy dissipation of the structure. The
relatively small post-yield capacity and the brittle failure
mode of the X-braced frame made this system inappropriate
for a ductile design. It should be noted that despite the
increase in the stiffness of the X-braced frame, the ductility
and energy absorption capacity of the system reduced, Fig.
18.

The K-brace and diagonal members of the diamond
brace are connected to the columns at the mid-height. The
use of K-bracing and diamond brace has been prevented in
seismic regions because of the high potential for the failure
of columns when the compression braces undergo buckling.
Output of the finite element model for the K- and diamond-
braced systems indicated that the axial force was directly
transmitted from the braces to the columns and with
buckling of the compression brace, it immediately caused
column failure. In these structural systems, energy
absorption is low. In the K-braced and diamond-braced
frames, buckling of the bracing member due to the cyclic

behavior of the structure tightened the hysteresis loops,
resulting in their poor energy absorption performance. Also,
pinching effects were observed in the K-braced and
diamond-braced frames, Figs. 19 and 20

Observation of the experimental studies and finite
element model of the proposed ELBRF bracing system
indicates that as the lateral force increased, plastic hinges
occurred first at the elliptic brace, then at both ends of the
beam, and finally at both ends of the column in the final
steps of loading. In ELBRF bracing system, the lack of
buckling of the columns and out-of-plane buckling of the
elliptic brace is evident in all stages of cyclic loading.

In the ELBRF system, against to X-bracing, K-bracing,
and diamond-bracing systems, there is a considerable
difference between the drift corresponded to the first yield
and ultimate drift resistance and the maximum relative
deformation after entering the plastic zone, which leads to a
strength degradation. Also, there exists a great interval
between the formation of the first plastic hinge and the
collapse time of the structure. Considering the formation of
plastic hinges in ELBRF frames, it was found out that, first,
the elliptic brace entered the plastic deformation, reached
results in energy dissipation. Then, plastic structure hinges
occurred at both ends of the beam and finally, they reached
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Fig. 22 The deformation and von-Mises stress (Pa) due to experimental and numerical studies in the Elliptic-braced frame
(a) at 46 mm displacement, equal with 3.0% drift, (b) at 62 mm displacement, equal with 4.1% drift and (c) at 78 mm

displacement, equal with 5.1% drift

both ends of the column, hence avoiding early destruction.
With regard to the cracks, which appeared in the weld lines,
the transmission path at the junction of the elliptic bracing
to the beams and columns was parallel to the longitudinal
axis of the borderline elements. In other words, the force

transmission path of the elliptic bracing in the middle of the
columns was not perpendicular to the vertical axis, and
therefore, no buckling was observed in the column. From
all the observations, it can be concluded that the system did
not behave similarly to K-brace and diamond brace.
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Fig. 23 The force transmission path from elliptic brace to beam and column, plastic areas at different points and cracks in the

welds of the Elliptic-braced frame in test and FEM

Another significant point in this study of the proposed
bracing system is that, due to the geometric shape of the
elliptic brace, which is curved, in each step of the
directional change in the cyclic quasi-static loading, the
internal tensile forces in the members of the elliptic brace,
unlike in linear braces, are quickly replaced by a
compressive force.

Another merit of the curvature of elliptic brace is that by
changing the direction of the lateral force, the elliptic
element under pressure returns to its original state quickly
and does not cause permanent deformations. Thus, no out-
of-plane buckling occurs. The cyclic test results revealed
that the ELBRF system had stable hysteresis loops and
behaved as a lateral loading system of energy dissipation
without any pinching, deterioration of stiffness, and
resistance in the envelope curve. The experimental and
numerical results of the behavior of the elliptic-braced
frame are presented in Figs. 21 to 23.

7. Conclusions

In the current research project, an accurate method was
deployed to obtain the elastic drift utilizing mathematical
procedures along with structural analysis rules. For this
purpose, for the first time, an equation for the elastic lateral
stiffness of a two-dimensional single-story single-span
EBMREF subjected to lateral force was developed. In the
EBMREF, the beam-to-column connections were rigid, and
the four-quarter connections of the elliptic braces were
hinged to each other.

After verifying the accuracy of the proposed method to
calculate the elastic lateral stiffness by conducting several
finite element analyses of the EBMRF using OpenSees
software, a numerical example was utilized to determine the
elastic drift and elastic lateral stiffness of the EBMRF.
Finally, the developed formulas were employed and
equivalent stiffness for elliptic brace was developed. The
most important findings are outlined below:

* For the first time to determine the actual value of
elastic drift and elastic lateral stiffness of EBMRF, a
developed analytical approach with simple linear formulas
were proposed.

* According to the results, proper evaluation of the exact
amount of elastic lateral stiffness helps to come up with an
optimum design of the elastic behavior of the EBMRF
system design.

¢ In this study, all of the effects of the deformations of
the beams, columns and the elliptic brace caused by axial
and shear forces and the bending moment were considered
in calculating the lateral elastic stiffness of an EBMRF.
There was almost a 2% error with elastic drift and lateral
elastic stiffness obtained from the developed equations,
which shows the accuracy of the developed equations.
Moreover, the linear design equations proposed in this study
are easy to use and possess enough conservative
considerations.

* The proposed linear formulas are capable of
calculating the elastic drift and elastic lateral stiffness of
EBMREF using any type of steel profile for frame elements.

* The strain energy due to the bending moment of the
elliptic brace has a greater effect on the elastic lateral
stiffness of EBMRF.

* The equations proposed to calculate elastic drift and
lateral elastic stiffness could be generalized for complex
structures.
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Appendix A
A.1. Strain energy of the column

Assuming infinite axial stiffness for the columns, the
strain energy due to the axial forces in the elements AF and
DE is zero. As demonstrated in Fig. Al, in the analysis of
the internal actions of the column AD in the elliptic-braced
steel half-frame, the amounts of the internal bending
moments in the elements AE and DE are calculated by Egs.
(A-1) and (A-2).

L

MAE(X) = _VAEX_MAB B 0<x< ?C (Al)
L,

MDE(x) = _VDEx+MDC B 0<x< ? (Az)

The values of the strain energy due to the bending, shear
and axial deformations for the column element of the
elliptic-braced steel half-frame are calculated by Egs. (A-3)

and (A-4):
vis <(3) , Mie x(5)

26A, | 2EA,

Use = 757 f MEp(0)dx +

ZEIf (- VAEx_MAB)de

+ FAC (a5, Vi + Niz)
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(as,cVAZE + N}E)Lc
4EA,
_ Viel:  MapVagl2 Mgl
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n (a’s,cVAZE + NAZE)LC
4EA,
L L
., JM v VX (F) N x ()
DE = 3F], pE(X)AX + e~ b 2EA,
= 2EL
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1 (% )
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4EA,
V3el?  MpcVpplZ  MpcL.
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Where Usr and Upg are the strain energies due to the
bending deformations of the column elements AE and DE,
Myr and Mpg are the internal bending moments of the
elements AE and DE, and Vg and Vpg are the internal shear
forces of the elements AE and DE, respectively.
Furthermore, E is the elastic modulus of the utilized steel,

Fig. A1 The internal actions of column 4D in the elliptic-
braced steel half-frame

and I.is the moment of inertia of the column about the
bending axis (strong axis). Also, as.and agj,are shape
dependent factors for shear in beam and column elements,
respectively.

Given tanf = = = =e, A,
Lp

into Eq. (A3) and Eq. (19) into Eq. (A4) leads to the terms
of Egs. (A3) and (A4), respectively, as follows:

= ;—Cz, incorporating Eq. (16)
c

Uro = 2 e L. M,ZBLC
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By summing Eq. (A5) and Eq. (A6) and simplifying
bye = %, the total value of strain energy for the column
b

elements AE and DE due to bending, shear and axial
deformations in the elliptic-braced steel half-frame is
calculated as follows:

Ucotumn = Uag + Upg

L 12a,,.12\ (P 2
Ueonunn = g7 |( 1+ =15 ) (3 ke = Rebo = 2Ma)

3 (A7)
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12e%r?
L7

(4Mpc — (PL. — 2Myp)*)

A.2 Strain energy of the beams

According to the analysis of the internal forces in the
elliptic-braced steel half-frame, as shown in Fig. 4, the
values of the internal bending moment for the elements AE
and DE are calculated by Eqgs. (A8) and (A9), respectively.

L

Mup(x) = —Vypx + Myp nggéi (A8)
L

MDc(x) = _VDCx+MDC ) 0 S X S 7 (A9)

The values of strain energy due to the bending, shear and
axial deformations for the beam elements AB and DC of the
elliptic-braced steel half-frame are calculated by Egs. (A-10)
and (A11), respectively as follows:
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Where Uyz and Upg are the strain energies because of the
bending deformations of the column elements 4F and DE,
Mye and Mpg are the internal bending moments of the
elements AE and DE, and Vg and Vpg are the internal shear
forces of the elements AF and DE, respectively. Also, E is
the elastic modulus of the utilized steel, and I. is the
moment of inertia of the column about the bending axis
(strong axis).

Incorporating Eq. (4) into Eq. (A10) and Eq. (3) into Eq.
(All) leads to the constituent terms of Egs. (A10) and
(A11), respectively, as follows:

4oy Mip Re  2Mup\°
y _ MisLy ( T (P- Lye ) >Lb (A12)
4B T 12EI, 4EA,
4aspMpc | (2Mpe  Re\?
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By summing Eq. (A12) and Eq. (A13) and using4, = :—’;,
b

the total value of strain energy for the beam elements 4B
and DC due to the bending, shear and axial deformations in
the elliptic-braced steel half-frame is calculated as follows:

Ugeams = Uap + Upc
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