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�|QDmO |wHWv=O� �|kO=YQ}t|H=L =[QOtLt O}U

�Q=}O=DU=� |�=vi QO=v
|Uw] u}Or=Q}Yv xH=wN |DavY x=oWv=O 'u=Qta |UOvyt |xOmWv=O

p�=Ut R= |NQ@ pL |=Q@ =yv; Orwt `@=wD w |DWoR=@ |=yxr=@vO R= u=v=O|[=} Q CU=yuQk
p}rLD QO C=}[=} Q |=@} R VN@ u}= R= xO=iDU= |rw 'Ovvm|t xO=iDU= C=}[=} Q QO

Q@=Q@ pw] =@ xv=yOOvJ |QU=QU Q}D l} |=Q@ =OD@= 'Q=DWwv u}= QO "CU= xOv=t QwHyt =yxR=U
|WtN Qovr QF= CLD xm '|mDre Q=OQ}o =yDv= w Q=OQ}o =yDv= 'pYit =yDv= |=yCr=L QO

x@U=Lt u; Qovr w xOt; CUOx@ =yx=ox}mD Qovr |x]@=[ 'Ov=xDiQo Q=Qk Q}D |=OD@= QO RmQtDt
=@ xk@] wO w l} |=y?=k 'xOWx�=Q= VwQ OQ@ Q=m uO=Ou=Wv Qw_vt x@ TBU "CU= xOW

R= '=yuwDU |QwLt |DNU R= uOQmQ_vhQY =@ w xOW xDiQo Q_v QO Q@=Q@ |xv=yO pw]
|DWoR=@ |=yxr=@vO R= xO=iDU= =@ ,=OOHt w xO=iDU= =yuwDU |=H x@ |WJ}B |=yQvi

"CU= xOW x@U=Lt uwDU w Q}D p=YD= pLt |=yQovr
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?} Q[ '|y=ox}mD \}=QW '|v=QwO |DNU '|]N |DWoR=@ |x]@=Q %|O}rm u=oS=w
"Qovr p=kDv=

xtOkt "1
%OvDUy |]N |DWoR=@ \@=wQ <RH R}v �3 |x]@=Q� =mwr |=yOOa |xr=@vO w �2

%|J=vw@}i |xr=@vO ��
Fn = Fn�1 + Fn�2 n � 2
F0 = 0; F1 = 1
xr=@vO : 0; 1; 1; 2; 3; 5; 8; 13; ::: (2)

%=mwr |xr=@vO ��
an = an�1 + an�2 n � 3
a1 = 1; a2 = 3
xr=@vO : 1; 3; 4; 7; 11; 18; ::: (3)

B w A w n � 2 u; QO xm an = Aan�1 + Ban�2 |DWoR=@ |x]@=Q QO
ZwQit x}rw= |=y\QW a0 w a1 Qo = 'Ov=xOW xDiQo Q_v QO C@=F |k}kL OOa wO
|DQwY QO "OwW|t xO}t=v xYNWt |xrO=at 'X2 = AX +B |xrO=at 'OvW=@

[2w1]%CW=O s}y=wN n � 0 Qy |=Q@ 'OvW=@ u; |=yxW} Q r; s xm
%xm |DQwY x@ 'OvwW|t Ci=} d w c uwJ |}=yC@=F 'r 6= s Qo = "1

an = crn + dsn

%xm |DQwY x@ 'OvwW|t Ci=} d w c uwJ |}=yC@=F 'r = s Qo = "2
an = (c+ dn)rn

|=yxR=U p}rLD QO xv=Qw;wv |WwQ |xrRvtx@ |DWoR=@ |=yxr=@vO R= Q=DWwv u}= QO
x@ xHwD =@ "CU= xOW xO=iDU= |}=OD@= x=ox}mD |wQ Q@ RmQtDt Qovr |Q=PoQ=@ =@ X=N
xO=iDU= =yxR=U p}rLD QO Q=@ u}rw= |=Q@ QwmPt VwQ 'Q=DWwv u}= u=ir-wt |wHDUH
|DWoR=@ |=yxr=@vO |[=} Q |v=@t x@ QYDNt CQwYx@ xtOkt |xt=O= QO "CU= xOW
xO=iDU= w |v=@t u}= ltm x@ |Oa@ |=yCtUk QO TBU "CU= xOW xDN=OQB |]N
\}=QW =@ Q@=Q@ |xv=yO =@ |QU=QU |=yQ}D p}rLD x@ =yxR=U p}rLD QO OwHwt \@=wQ R=
|=y?=k w |m]re Q=OQ}o w 'Q=OQ}o '|rYit %p}@k R= hrDNt |}=yDv= |y=ox}mD
|=Q@ xOWx�=Q= \@=wQ 'C}=yv QO "CU= xOW xDN=OQB Q@=Q@ |xv=yO =@ xk@] wO w l}
p}rLD QO xmCU= sRq QmPD u}= "CU= xOW KqY=|WQ@ |=ypmWQ}}eD uDiQoQ_vQO
C=@U=Lt =@ |@} QkD VwQ x@ j}kO VwQ Q=vm QO Q@=Q@ |xv=yO =@ |QU=QU |=yQ}D
|x]@=Q |rm Cr=L QO "CU= xOW xDN=OQB j}kO VwQ =@ |R=wt CQwYx@ QDxO=U

%CU= 1 |xrO=at CQwYx@ |]N |DWoR=@
cn+kan+k + cn+k�1an+k�1 + ::: cnan = fn (1)

OvQ=Ov |oDU@ n x@ w OvDUy x]@=Q ?}=Q[ =yci 'cn 6= 0; cn+k 6= 0 'u; QO xm
'|DWoR=@ |x]@=Q l} pL R= Qw_vt "CU= |DWoR=@ |x]@=Q |xrtH u}t)=n 'an w
|x]@=Q xm CU= sRq QmPD u}= "CU= n ?ULQ@ |rwtQi pmW x@ an uOQm =O}B
|x]@=Q� |J=vw@}i hwQat |xr=@vO "CU= (n+ k)� n = k |xHQO R= QwmPt

pw�Ut xOvU} wv �
"1392 12 18 VQ}PB '1392 12 4 x}LqY= '1392 6 25 Ci=} QO %M} Q=D
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w=y
Q}Dp

}rLD%Ov};|t CUOx@ 9 |r= 7 \@=wQ

Mn +Mn+2 = 4Mn+1 )Mn = 4Mn�1 �Mn�2 (7)

X2 = 4X � 1) X = 2�p3 (8)

jMnj = a0Xn1 + a1Xn2 (9)

swO w M =@ CU= Q@=Q@ pw= x=ox}mD QO Qovr xmv; |m} 'CU= OwHwt x}rw= \QW wO
"CU= QiY =@ Q@=Q@ �s)=K |xQ=tW x=ox}mD� |}=yDv= x=ox}mD QO Qovr 'xmv}=8<:M1 = a0(2 +

p3) + a1(2�p3) = M

MK = a0(2 +
p3)K + a1(2�p3)K = 0

(10)

pwyHt wO w xrO=at wO x=oDUO pL =@ "OvDUy pwyHt a1 w a0 'QwmPt \@=wQ QO
%OvwW|t x@U=Lt �11 \@=wQ� CQwYx@ pwyHt Q}O=kt '10 |x]@=Q QO

a0 =
� h 2�p3

2+
p3
iK

M�
(2�p3)� (2 +

p3)
h

2�p3
2+
p3
iK�

a1 = M�
(2�p3)� (2 +

p3)
h

2�p3
2+
p3
iK� (11)

%OwW|t x@U=Lt 12 |x]@=Q CQwYx@ s)=n x=ox}mD Qovr ,=D}=yv

jMnj =
�
� h 2�p3

2+
p3
iK

(2 +
p3)n + (2�p3)n

�M
�
(2�p3)� (2 +

p3)
h

2�p3
2+
p3
iK� (12)

|r=wDt CQwYx@ Qovr Ctqa 'Q}D |xv=yO Qy QO QakD Q}}eD p}rO x@ xm OQm xHwD O}=@
%CW=O s}y=wN =Q 13 |x]@=Q wQ u}= R= "OwW|t Zwa

Mn = (�1)n+1

�
� h 2�p3

2+
p3
iK

(2 +
p3)n + (2�p3)2

�
�
(2�p3)� (2 +

p3)
h

2�p3
2+
p3
iK� M (13)

x�=Q= 1 pwOH QO 13 pwtQi R= xO=iDU= =@ xv=yO 9 Q}D l} |=Q@ xOt;CUOx@ G}=Dv
ZQi =@ xv=yO 9 Q}D u}= |=Q@ IPE 240 `]kt uDiQo Q_v QO =@ u}vJty "CU= xOW
QO SAP 2000 Q=Ri=sQv R= xO=iDU= =@ xOt;CUOx@ G}=Dv 'QDt 10 |xv=yO pw]
|DWoR=@ |x]@=Q u}@ x@U=Lt QO |@Uv |=y=]N "CU= xOW xO=O V}=tv 2 pwOH

"CU= xOW x�=Q= 3 pwOH QO R}v Q=Ri=sQv G}=Dv wh
2�p3
2+
p3
iK ' ẁ[wt u}= C=@F= |=Q@ "CU= |OwaYK |=Q@C@=F n QO jMnj

%OwW|t |U} wvR=@ 14 |x]@=Q CQwYx@ 12 |xrO=at w xOW xDiQo Q_v QO S =@ Q@=Q@

jMnj = �S(2 +
p3)n + (2�p3)n

(2�p3)� (2 +
p3)S

M (14)

F (n) = anh} QaD =@F `@=D Qo = %OwW|t xO=iDU=C=@F= |=Q@|[=} Q |x}[ku}= R=
R}v fang |xr=@vO x=ou; '�CU= |k}kL Q}eDt l} x� 'OW=@ =wvm} x � 1 |=Q@

"CU=wvm}

R= xO=iDU= =@ 'Q@=Q@ |xv=yO =@ |QU=QU |=yQ}D p}rLD "2
|DWoR=@ |=yxr=@vO

l} |=Q@ hrDNt |=yx=ox}mD Qovr |DWoR=@ |=yxr=@vO R= xO=iDU= =@ CtUk u}= QO
OwN pw= x=ox}mD |wQ QO RmQtDt |WtN Qovr QF= CLD xm 'xv=yOOvJ |QU=QU Q}D
xOW xDiQo Q_v QO Cr=L 2 Qw_vt u}= |=Q@ "CU= xOW x@U=Lt 'CU= xDiQo Q=Qk

"CU=

pYit =yDv= Cr=L �hr=
xOW xDiQo Q_v QO Q@=Q@ |=yxv=yOpw] =@ xv=yO K � 1 =@ |Q}D '1 pmW j@=]t
pw= x=ox}mD |wQ xm CU= |Qovr R= x=ox}mD Qy Qovr syU |x@U=Lt 'hOy "CU=

"CU= xOW xO=O Q=Qk
QU wO Q}D l} |WtN |DNU xm OwW|t xO=O u=Wv xR=U p}rLD sra QO
3EI
L =@ Q@=Q@ u; x=ox}mD pLt QO RmQtDt Qovr l} R= |W=v '2 pmW j@=]t pYit

|xQo VNQJ hYv QwO xQo VNQJ 'x=ox}mD QO RmQtDt Qovr QF= CLD u}vJty w
[3]%�4 |x]@=Q� CU= l}ORv

�A = ML
3EI �B = 1

2 �
ML
3EI (4)

CtU QO VNQJ |Q@=Q@ u=ty xm n+ 1 |xQ=tW xQo QO |Q=oR=U |xrO=at lv}=
%�5 |x]@=Q� OwW|t |UQQ@ 'CU= QwmPt xQo CU=Q w AJ

(�n+1)L = (�n+1)R (5)

|x]@=Q j@=]t� n + 1 |xQ=tW |xv=yO w n |xQ=tW |xv=yO l}miD '3 pmW
%OyO|t V}=tv =Q 2 pmW R= �6

1
2 �

MnL
3EI �

Mn+1L
3EI = Mn+1L

3EI � 1
2
Mn+2L
3EI (6)

'QwmPt |DWoR=@ xr=@vO xYNWt xrO=at uDW=O Q_v QO w 6 |x]@=Q uOQmxO=U R= TB

"RmQtDt |WtN Qovr QF= CLD |rYit |=yDv= =@ |QU=QU Q}D "1 pmW

"RmQtDt |WtN Qovr QF= CLD pYit QU wO Q}D "2 pmW

"=yv; |=yQovr w n+ 1 w n |xQ=tW |=yxv=yO "3 pmW
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H=L
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tO}

U %OwW|t xDiQo xH}Dv 16 |x]@=Q wQ u}= R=
d jMnj
dk

= d jMnj
ds

� ds
dk

> 0 (16)

=Q =yx=ox}mD pm O=OaD O}=@ s)=n |xQ=tW x=ox}mD Qovr syU V}=Ri= |=Q@ xH}Dv QO
|xQ=tW x=ox}mD Qovr syU 'OwQ@ C}=yv|@ CtU x@ K xm |Dr=L QO "O=O V}=Ri=

%CU= 17 |x]@=Q j@=]t s)=n
lim
k!1[Mn] = (2�p3)n�1M (17)

CU= Q@=Q@ 'OwW O=H}= s)=n |xQ=tW x=ox}mD QO Ov=wD|t xm |Qovr |xv}W}@ xH}Dv QO
OW=@ n = K xm ODi=|t j=iD= |v=tR Qovr Q=Okt |xv}tm "(2�p3)n�1M =@
Q_vhQY QiY |xv}tm Q=Okt R= Qo = p=L "OwW|t QiY Q@=Q@ Mn Cr=L u}= QO w
'OwW xO=iDU= Qovr |xv}tm uOQw;CUO x@ |=Q@ K � 1 |xQ=tW x=ox}mD R= w OwW

%CW=O s}y=wN =Q 18 \@=wQ

jMK�1j =
�
� h 2�p3

2+
p3
in+1

(2 +
p3)n + (2�p3)n

�
M�

(2�p3)� (2 +
p3)

h
2�p3
2+
p3
in+1�

(K = n+ 1)

jMK�1j =
2p3

2+
p3 (2�p3)n�1

1� ( 2�p3
2+
p3 )n

M (18)

"CU= xv=yO |xQ=tW n w x=ox}mD O=OaD K 'u; QO xm
%OwW|t xDiQo xH}Dv 19 |x]@=Q x=ov; 'OwW xO}t=v �K ' 2p3

2+p3
1�
�

2�p3
2+p3

�n Qo =

jMK�1j = �K(2�p3)n�1M (19)

" 2p3
2+
p30 9282 � 0 93 %=@CU= Q@=Q@ u; |xv}tm Q=Okt xmCU=|rwRv `@=Dl} �K

'CU= n = K xm |Dr=L RH x@ OwW|t xH}Dv xOWxO=O C=L}[wD x@ xHwD =@
%CU= 20 \@=wQ CQwYx@ s)=n x=ox}mD Qovr OwOL

2p3
2 +
p3 (2�p3)n�1M < [Mn] < (2�p3)n�1M

�K1 = 1; �K2 = 0 9330; �K3 = 0 9285; �K4 = 0 9282
lim
n!1

�K = 2p3
2 +
p3 = 0 928203 (20)

Q=OQ}o =yDv= Cr=L �?
T=U= u}= Q@ xOt;CUOx@ CqO=at w xOW Q=OQ}o K |xQ=tW x=ox}mD Cr=L u}= QO

%CU= xOW |UQQ@ 21 |x]@=Q CQwYx@
jMnj = b0Xn1 + b1Xn2 (21)

u=vJty pw= \QW u=wvax@ 'CU= M Q@=Q@ pw= x=ox}mD QO xm Qovr Q=Okt xmv}=
|x} wv=F \QW Cr=L u}= |=Q@ O}=@ w CU}v Q=QkQ@ Qo}O swO \QW |rw &CU= Q=QkQ@
Qovr x@ xDi=}p=kDv= Qovr C@Uv� Qovr p=kDv= ?} Q[ 'xR=U p}rLD QO "OQm =O}B |Qo}O
xHwD =@ "CU= 1

2 =@ Q@=Q@ 4 pmW Q}D QO [4]'�C.O.F. %CyH C}=aQ =@ xOWp=ta=

\UwD xOW x@U=Lt|rYit |=yDv= =@ xv=yO 9 Q}Dl}|y=ox}mD |=yQovr "1 pwOH
"|DWoR=@ \@=wQ

M M1
0 2679491923 M M2
�0 07179676902 M M3
0 01923788388 M M4

�5 154766309� 10�2 M M5
1 381181403� 10�3 M M6
�3 699593045� 10�4 M M7
9 865581453� 10�5 M M8
�2 466395363� 10�5 M M9

0 M10

=@ xOWx@U=Lt |rYit |=yDv= =@ xv=yO 9 Q}D l} |y=ox}mD |=yQovr "2 pwOH
"SAP 2000 Q=Ri=sQv

M M1

0 26606217 M M2

�0 07078908 M M3

0 01883429 M M4

�5 01108� 10�3 M M5

1 33323� 10�3 M M6

�3 456� 10�4 M M7

9 391� 10�5 M M8

�2 333� 10�5 M M9

0 M10

|=yDv= =@ xv=yO 9 Q}D |=Q@ |y=ox}mD |=yQovr x@U=Lt |@Uv |=y=]N "3 pwOH
"|rYit

�3 6 M6 �0 M1
�4 4 M7 �0 7 M2
�5 07 M8 �1 4 M3

�6 M9 �2 14 M4
�0 M10 �2 86 M5

d jMnj
dS

= �(2 +
p3)n(2�p3) + (2�p3)n(2 +

p3)�
(2�p3)� (2 +

p3)S
�2 M

=

�
(2�p3)n�1 � (2 +

p3)n�1��
(2�p3)� (2 +

p3)S
�2 M < 0

dS
dk

= ln

"2�p3
2 +
p3
#
�
"2�p3

2 +
p3
#K

< 0 (15)
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|=y
?=k

w=y
Q}Dp

}rLD%CU= 1 Q@=Q@ u; |xv}tm Q=Okt w 2 u; |q=@ OL xm CU= |OwaY |a@=D K

K1 = 1; K2 = 1 866; K3 = 1 9897
(2�p3)n�1M < jMnj < K(2�p3)n�1M

(2�p3)n�1M < jMnj < 2(2�p3)n�1M (29)

CQwYx@ u=wD|t =Q Q=OQ}o =yDv= w pYit =yDv= Cr=L |=Q@ xOt;CUO x@ \@=wQ
|=yQ}D QO xm CU= xOW xO=O u=Wv xt=O= QO "OQm u=}@ QDxO=U |wLv =@ w Qo}O
u=ty |m}ORv QO \ki |}=yDv= |y=ox}mD \}=QW Q}F-=D 'O=} R |xv=yO O=OaD =@ |QU=QU
|}=yDv= x=ox}mD |m}ORv QO |y=ox}mD |=yQovr Q}O=kt 'CtUk u}= QO "CU=yx=ox}mD

%CU= xOW |UQQ@ |Qo}O pmW x@
%�30 |x]@=Q� pYit =yDv= Cr=L ��

jMnj =
�
� h 2�p3

2+
p3
iK

(2 +
p3)n + (2�p3)n

�
M�

(2�p3)� (2 +
p3)

h
2�p3
2+
p3
iK� (30)

R= x=ox}mD |xQ=tW Z u; QO xm � OwW xO=O Q=Qk K � Z Q=Okt n |=H x@ Qo =
%OW Oy=wN xDiQo xH}Dv 31 \@=wQ '�CU=yDv=

jMnj =
�� (2�p3)K

(2+
p3)Z

+ (2�p3)K

(2�p3)Z

�
(2�p3)(1� h 2�p3

2+
p3
iK�1

)
M

=

�
(2�p3)(K�1)(2 +

p3)Z � (2�p3)Z
�

(2+
p3)K�1�(2�p3)K�1

(2+
p3)K�1

M

= (2 +
p3)Z � (2�p3)Z

(2 +
p3)K�1 � (2�p3)K�1M (31)

%OwW|t xDiQo xH}Dv 32\@=wQ 's}vm s}UkD (2�p3)n�1M Q@ =Q jMnj Qo = p=L

jMnj
(2�p3)n�1M

=
(2+
p3)Z�(2�p3)Z

(2+
p3)K�1�(2�p3)K�1

(2�p3)K�Z�1

= (2+
p3)Z�(2�p3)Z

(2+
p3)K�1�(2�p3)K�1

(2�p3)Z

(2�p3)K�1

= 1� (2�p3)2Z

1� (2�p3)2(K�1)
= 1� (2�p3)2Z

=

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

(Z = 0) 0 �|rYit |=yDv=�
(Z = 1) 0 2820 �= 0 93
(Z = 2) 0 99484 �= 0 995
(Z = 3) 0 99962 �= 1
(Z = 4) 0 999973 �= 1
(Z = K � 1) 1

(32)

"Q=OQ}o QU l} pYit QU l} Q}D "4 pmW

%O};|t CUOx@ 22 |x} wv=F \QW 'xOWx�=Q= C=L}[wD x@8><>:M1 = b0(2 +
p3) + b1(2�p3) = M

MK
MK�1 = b0(2+

p3)K+b1(2�p3)K

b0(2+
p3)K�1+b1(2�p3)K�1 = 1

2
(22)

wO w xrO=at wO x=oDUO pL =@ "CU= pwyHt b1 w b0 Q}O=kt \ki QwmPt \@=wQ QO
%�23 \@=wQ� OwW|t x@U=Lt CQwY u}= x@ pwyHt Q}O=kt '22 |x]@=Q QO pwyHt

b0 = M

(2 +
p3) +

h
2+
p3

2�p3
iK

(2�p3)

b1 =

h
2+
p3

2�p3
iK

M

(2 +
p3) +

h
2+
p3

2�p3
iK

(2�p3)
(23)

%O};|t CUO x@ 24 |x]@=Q CQwYx@ s)=n x=ox}mD Qovr Q=Okt xH}Dv QO

jMnj =
�
(2 +

p3)n +
h

2+
p3

2�p3
iK

(2�p3)n
�

(2 +
p3) +

h
2+
p3

2�p3
iK

(2�p3)
M (24)

Qovr Ctqa 'Qw=Ht |=yxv=yO QO QakD CyH uOWZwa p}rO x@ xm OQm xHwD O}=@
%Ow@ Oy=wN 25 |x]@=Q j@=]t Mn wQ u}= R= "OwW|t Zwa |r=wDt CQwYx@

Mn = (�1)n+1

�
(2 +

p3)n +
h

2+
p3

2�p3
iK

(2�p3)n
�

(2 +
p3) +

h
2+
p3

2�p3
iK

(2�p3)
M (25)

'C@=F n |=Q@hr=Cr=L hqNQ@ xm OQmC@=F u=wD|t xOWQmP C=@F= x@=Wt |WwQ =@
|xQ=tW x=ox}mD x@ xm |Qovr |xv}tm xH}Dv QO w CU= |rwRv K V}=Ri= =@ Mn

%�26 |x]@=Q� OwQ@ C}=yv|@ CtU x@ K xm CU= |Dr=L x@ \w@ Qt 'OUQ|t s)=n
lim
K!1 jMnj = (2�p3)n�1M (26)

%�27 |x]@=Q� OW=@ n = K xm ODi=|t j=iD= |t=ovy jMnj Qovr |xv}W}@

jMn=K j = 2(2 +
p3)n

(2 +
p3) +

h
2+
p3

2�p3
in

(2�p3)
M

= 2(2 +
p3)n�1

(1 +
h

2+
p3

2�p3
in�1

)
M = 2(2�p3)n�1

(1 +
h

2�p3
2+
p3
in�1

)
M (27)

%OW Oy=wN xDiQo xH}Dv 28 |x]@=Q 'OwW xO}t=v K ' 2
1+
�

2p3
2+p3

�n�1 Qo =

jMn=K j = K(2�p3)n�1M (28)
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|�=v
iQO

=vw
|kO

=YQ
}t|

H=L
=[Q

OtL
tO}

U Q}D Qovr p=kDv= ?} Q[ R= Q=OQ}o x=ox}mD Qovr |x@U=Lt |=Q@ xm CU= sRq QmPD u}=
"CU= xOW xO=iDU= 4 pmW

=@ |QU=QU |=yQ}D |v=QwO |DNU |x@U=Lt "3
Q@=Q@ |=yxv=yO

'pYit =yDv= Cr=L 3 QO Q@=Q@ |=yxv=yO =@ |QU=QU Q}D |v=QwO |DNU 'xt=O= QO
"CU= xOW x@U=Lt |mDre Q=OQ}o =yDv= w Q=OQ}o =yDv=

pYit =yDv= Cr=L "1"3
xOW xDiQo Q_v QO 1 pmW j@=]t Q@=Q@ |=yxv=yO pw] =@ xv=yO K � 1 =@ |Q}D
\@=wQ� CU= u; |=OD@= QO Q}D u}= (K�) |v=QwO |DNU |x@U=Lt 'hOy "CU=

%�37
�1 = M

K1
; �1 = jM1jL

3EI �
jM2jL
6EI

�1 = L
3EI (M � M2

2 )

�1 =

2664ML
3EI (1�

�
� h 2�p3

2+
p3
iK

(2 +
p3)2 + (2�p3)2

�
2
�
(2�p3)� (2 +

p3)
h

2�p3
2+
p3
iK� )

3775
=ML

3EI2664
�h

2�p3
2+p3

iK
((2+

p3)2�2(2+
p3))�(2�p3)2+2(2�p3)

�
2
�
(2�p3)� (2 +

p3)
h

2�p3
2+
p3
iK�

3775
=ML

3EI

2664
p3
�h

2�p3
2+
p3
iK

(2 +
p3) + (2�p3)

�
2
�
(2�p3)� (2 +

p3)
h

2�p3
2+
p3
iK�

3775
=ML
EI
�
p3
6 �

�
1 +

h
2�p3
2+
p3
iK�1��

1� h 2�p3
2+
p3
iK�1�

(2�p3)

K� = 6EIp3L

�
1� h 2�p3

2+
p3
iK�1��

1 +
h

2�p3
2+
p3
iK�1�

K2 = 3EI
L

; K3 = 3 4285EI
L
; K4 = 3 4615EI

L

K5 = 3 4639EI
L

K1 = 6p3
EI
L

= 3 4641EI
L

(37)

=y|DNU u}= |}q=@ Q=}U@ CkO =@ u=wD|t R}v u}W}B CtUk |@} QkD VwQ x@=Wt
%CU= xOW x�=Q= 4 pwOH QO Q}O=kt u}= "�38 |x]@=Q� OQm x@U=Lt =Q

� = L
3EI (1� �K(2�p3)

2 ) (38)

"OyO|t u=Wv =Q |@} QkD VwQ u}= |q=@ Q=}U@ CkO xOt;CUOx@ O=Oa=

|rYit |=yDv= =@ |QU=QU Q}D l} |=Q@ q=@ Q=}U@ CkO =@ |@} QkD pL u}= 'xH}Dv QO
%�33 \@=wQ� CU= x�=Q= p@=k

jMnj =

8>>>>>>><>>>>>>>:
1 < n < K � 2 (2�p3)n�1 jMnj
n = K � 2 0 995(2�p3)n�1 jMnj
n = K � 1 0 93(2�p3)n�1 jMnj
n = K 0

(33)

%�34 \@=wQ� (n = K � Z) Q=OQ}o =yDv= Cr=L ��

jMnj =
�
(2 +

p3)n +
h

2+
p3

2�p3
iK

(2�p3)n
�

(2 +
p3) +

h
2+
p3

2�p3
iK

(2�p3)
M

jMnj =
�

(2+
p3)K

(2+
p3)Z

+ (2+
p3)K

(2�p3)Z

�
(2 +

p3)
�

1 +
h

2+
p3

2�p3
iK�1�M

) jMnj =
�

(2 +
p3)(K�1)

�
(2 +

p3)Z + (2�p3)Z
��

(2+
p3)K�1+(2�p3)K�1

(2�p3)K�1
M

= (2 +
p3)Z + (2�p3)Z

(2 +
p3)K�1 + (2�p3)K�1M (34)

xDiQo xH}Dv 35 \@=wQ 's}vm s}UkD (2�p3)K�Z�1M Q@ =Q jMnj Qo = p=L
%OwW|t

jMnj
(2�p3)K�Z�1M

=
(2+
p3)Z+(2�p3)Z

(2+
p3)K�1+(2�p3)K�1

(2�p3)K�Z�1 M

= (2 +
p3)Z + (2�p3)Z

(2 +
p3)K�1 + (2�p3)K�1 �

(2�p3)Z

(2�p3)K�1

= 1 + (2�p3)2Z

1 + (2�p3)2(K�1)
= 1 + (2�p3)2Z

=

8>>>>>>>>>><>>>>>>>>>>:

(Z = 1) 1 09179 �= 1 07
(Z = 2) 1 0015 �= 1 005
(Z = 3) 1 00037 �= 1
(Z = 4) 1 000026 �= 1
(Z = K � 1) 1

(35)

Q=OQ}o |=yDv= =@ |QU=QU Q}D l} |=Q@ q=@ Q=}U@ CkO =@ |@} QkD pL u}= xH}Dv QO
%�36 \@=wQ� CU= x�=Q= p@=k

jMnj =

8>>>>>>>>>><>>>>>>>>>>:

1 < n < K � 2 (2�p3)n�1 jMnj
n = K � 2 1 005(2�p3)n�1 jMnj
n = K � 1 1 072(2�p3)n�1 jMnj

n = K
0 5�1 07
(2�p3)

(2�p3)n�1 jMnj =
2(2�p3)n�1(K = 2) jMnj

(36)
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w=y
Q}Dp

}rLD

"RmQtDt |WtN Qovr QF= CLD |mDre Q=OQ}o |=yDv= =@ |QU=QU Q}D "5 pmW

"xOWpO=at |mDreQ=OQ}o |=yDv= =@ |QU=QU Q}D "6 pmW

"C:O:F: = 18 ; K� = EI
L |QU=QU Q}D |}=yDv= |xv=yO "7 pmW

|mDre Q=OQ}o |=yDv= Cr=L "3"3
CU= xOWx�=Q= |mDre Q=OQ}o |=yDv= =@ |QU=QU Q}D |=Q@ xOt;CUOx@ G}=Dv 'xt=O= QO
x@ CqO=at w xOW |mDre Q=OQ}o 'K |xQ=tW x=ox}mD Cr=L u}= QO "�5 pmW�

%�41 |x]@=Q� CU= xOW |UQQ@ T=U= u}=Q@ xOt;CUO
jMnj = c0Xn1 + c2Xn2 (41)

|rw &CU= Q=QkQ@ pw= \QW u=wvax@ 'CU= M u=ty |}=OD@= x=ox}mD Qovr xm u}=
=O}B |Qo}O |x} wv=F \QW Cr=L u}= |=Q@ O}=@ w CU}v Q=QkQ@ swO \QW Qo}O

"OQm
Q}D Qovr p=kDv= ?} Q[ R= u=wD|tv Qo}O O}OH |x} wv=F \QW uOQm =O}B |=Q@
xHQO l} '|mDre Q=OQ}o x=ox}mD pLt QO Q}D uwJ 'OQm xO=iDU= |mDre Q=OQ}o =yDv=
w |r=kDv= |O=R; xHQO 'Q}D |=yx=ox}mD Q}=U QO |rw &CU= xDW=O |r=kDv= |O=R;
Q=OQ}o |=yDv= =@ |QU=QU Q}D p}rO u}ty x@ 'CU= xDW=Ov OwHw |y@=WD \}=QW
Q}D Qovr p=kDv= ?} Q[ R= u}vJty "CU= xOW pOt 6 pmW Q}D CQwYx@ |mDre

"CU= xOW xO=iDU= x} wv=F \QW u=wvax@ 7 pmW
1
8 Qovr p=kDv= ?} Q[ =@ O}OH x=ox}mD l} xm CU= u}= pO=at Cr=L u}=
x@ xHwD =@ "�CU= QN; p@k=t x=ox}mD '=yDv= R= Qw_vt� OW=@ xDW=O OwHw =yDv= QO

%�42 |x]@=Q� OQw; CUOx@ =Q x} wv=F \QW u=wD|t xOWxO=O C=L}[wD8><>:M1 = c0(2 +
p3) + c1(2�p3) = M

MK�1
MK�2 = c0(2+

p3)K�1+c1(2�p3)K�1
c0(2+

p3)K�2+c1(2�p3)K�2 = 1
8

(42)

pwyHt wO w xrO=at wO x=oDUO pL =@ "CU= pwyHt c1 w c0 \ki 42 \@=wQ QO
%OwW|t x@U=Lt 43 \@=wQ CQwYx@ pwyHt Q}O=kt QwmPt

jMnj =
�
(2 +

p3)n + ( 15+8p3
8p3�15 )

h
2+
p3

2�p3
iK�2

(2�p3)n
�

(2 +
p3) +

�
15+8p3
8p3�15

� h
2+
p3

2�p3
iK�2

(2�p3)
M

(43)

"|@} QkD VwQ \UwD |rYit |=yDv= =@ Q}D |DNU |x@U=Lt "4 pwOH
xv=yO O=OaD K |v=QwO |DNU

2 0 93 3 467 EI
L

3 0 995 3 4614 EI
L

4 1 3 4641 EI
L

Q=OQ}o =yDv= Cr=L "2"3
%�39 \@=wQ� OwW|t xO=O V}=tv p@k CtUk Ovv=ty pL=Qt

�1 = L
3EI (M � M2

2 )

�1 = L
3EI

2664M(1�
�h

2+
p3

2�p3
iK

(2�p3)2 + (2 +
p3)2

�
2
�
(2 +

p3)� (2�p3)
h

2+
p3

2�p3
iK�

3775
=ML

3EI2664
�h

2+
p3

2�p3
iK

(2�p3)
p3� (2�p3)2 � (2 +

p3)
p3
�

2
�
(2 +

p3) + (2�p3)
h

2+
p3

2�p3
iK�

3775
=ML
EI
�
p3
6 �

�h
2+
p3

2�p3
iK�1 � 1

�
(2 +

p3)�h
2+
p3

2�p3
iK�1

+ 1
�

(2 +
p3)

K� = 6EIp3L

�h
2+
p3

2�p3
iK�1

+ 1
�

�h
2+
p3

2�p3
iK�1 � 1

� ; K2 = 4EI
L

K3 = 3 5EI
L
; K4 = 3 4666EI

L
; K5 = 3 4642EI

L

K1 = 6p3
EI
L

= 3 4641EI
L

(39)

=Q =y|DNU u}= |@ wN |r}N CkO =@ u=wD|t R}v p@k CtUk Ovv=t |@} QkD VwQ =@
%CU= xOW xO=O V}=tv 5 pwOH QO Q}O=kt u}= "�40 \@=wQ� OQm x@U=Lt

� = L
3EI

 
1� K(2�p3)

2
!
) K� =

3EI
L

(1� K(2�p3)
2 )

(40)

xOy=Wt "OyO|t u=Wv =Q |@} QkD VwQ |q=@ Q=}U@ CkO xOt;CUOx@ O=Oa=
|v=QwO |DNU QO |UwULt Q}F-=D =yxv=yO uOQmxi=[= 'xv=yO 3 R= Oa@ xm OwW|t
|mDre Q=OQ}o � |}=yDv= \}=QW Cq=L Q}=U |=Q@ xm CU= sRq QmPD u}= "OQ=Ov Q}D
CqO=at |x} wv=F \QW u=wvax@ |}=yDv= CtUk Qovr p=kDv= ?} Q[ R= u=wD|t �"""w

"OQm xO=iDU= |DWoR=@

"|@} QkD VwQ \UwD Q=OQ}o |=yDv= =@ Q}D |DNU |x@U=Lt "5 pwOH
xv=yO O=OaD �K |v=QwO |DNU

2 1 072 3 503 EI
L

3 1 005 3 4667 EI
L

4 1 3 4641 EI
L
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H=L
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U

"pw= Q}D "8 pmW

"swO Q}D "9 pmW

"=yv; pO=at Q}D w �<RH ?=k� Q@=Q@ |xv=yO pw] =@ xk@] 2 w 1 |=y?=k "10 pmW

"n+ 1 w n |xQ=tW |=yxv=yO "11 pmW

R= xm CQwY u}O@ '�10 pmW� CU= xOW pOt |QU=QU Q}D |wQ |WJ}B |=yQvi
u=wD@ xmv}= |=Q@ xD@r= w CU= xOW xO=iDU= 4EI

L |v=QwO |DNU =@ |WJ}B |=yQvi
u}= xm 'OwW Q_vhQY hkU |ki= u=mtQ}}eD R= O}=@ 'OQm xO=iDU= 4EI

L |DNU R=
pmWQ}}eD R= u}vJty "CU= Q=QkQ@ |@ wN CkO =@ uQ=kDt |rkF |=yQ=@ |=Q@ ZQi

"CU= xOW Q_vhQY =yuwDU |QwLt
?}W |Q=oR=U R= w 's}vm =OH q=@ Q}D R= =Q n+ 1 w n |xQ=tW |=yxv=yO Qo =
%CW=O s}y=wN =Q 48 \@=wQ 11 pmW j@=]t 's}vm xO=iDU= n |xQ=tW |xQo QO

(�n+1)L = (�n+1)R

Mn

2(K� + 3EI
L )
� K� + 4EI

L

K� + 3EI
L

� Mn+1L
4EI = Mn+1

K� + 3EI
L

� Mn+2
2(K� + 3EI

L )
(48)

%�49\@=wQ�CU= xOW?DQt|DWoR=@ |xrO=at x@ uO}UQ|=Q@ xOt;CUOx@ |xrO=at

Mn 'C@=F n |=Q@ Cr=L u}= QO xm OQm C@=F u=wD|t u}W}B C=@F= x@=Wt |D=@F= =@
'OUQ|t s)=n |xQ=tW x=ox}mD x@ xm |Qovr |xv}tm 'xH}Dv QO "CU= |rwRv K |=Q@
|@} QkD pL |=Q@ x@=Wt C=@U=Lt =@ "OwQ@ C}=yv|@ CtU x@K xm CU= |Dr=L QO
x�=Q= p@=k G}=Dv u}= |mDre Q=OQ}o |=yDv= =@ |QU=QU Q}D l} |=Q@ q=@ Q=}U@ CkO =@

%�44 \@=wQ� OwW|t

jMnj =

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

1 < n < K � 3 (2�p3)n�1 jMnj
n = K � 3 0 997(2�p3)n�1 jMnj
n = K � 2 0 960(2�p3)n�1 jMnj
n = K � 1 0 448(2�p3)n�2 jMnj
n = K 0 448(2�p3)n�2 jMnj

= 0 5� 1 07(2�p3)n�1 jMnj
(44)

%OQm x@U=Lt 45 \@=wQ j@=]t u=wD|t R}v =Q |v=QwO |DNU u}vJty
K2 = EI

L
; K3 = 3 2EI

L
; K4 = 3 4444EI

L

K5 = 3 4626EI
L
; K6 = 3 446EI

L

K1 = 6p3 = 3 4641EI
L

(45)

=@ Q@=Q@ |xv=yO pw] =@ xk@] l} |=y?=k p}rLD "4
|DWoR=@ |=yxr=@vO R= xO=iDU=

|=yxr=@vO \UwD Q@=Q@ |xv=yO pw] =@ |QU=QU |=yQ}D p}rLD 'u}W}B CtUk QO
|=y?=k p}rLD |=Q@ QwmPt VwQ R= CtUk u}= QO "CU= xOW |UQQ@ |DWoR=@
Q}D wO \@=wQ 'EL@ ẁQW R= p@k "CU= xOW xO=iDU= Q@=Q@ |xv=yO =@ xk@] l}

"CU= xOW u=}@ 'OQ=O OQ@ Q=m EL@ u}= QO xm �9 w 8 |=ypmW�
46 \@=wQ '8 pmW QO pw= Q}D |=Q@ |Q=oR=U CqO=at R= xO=iDU= =@ %pw= Q}D ��

%CU= xOt; CUOx@
�A = M

K� + 3EI
L

�B = 1
2�A = M

2(K� + 3EI
L )

(46)

47 \@=wQ '9 pmW QO swO Q}D |=Q@ |Q=oR=U CqO=at R= xO=iDU= =@ %swO Q}D ��
%CU= xOt; CUOx@

�A = M
2(K� + 3EI

L )
; �B =

K� + 4EI
L

K� + 3EI
L

� ML
4EI (47)

|=y?=k |=Q@ xm OyO|t u=Wv OOaDt |W}=tR; |=yp}rLD R= xOt;CUOx@ G}=Dv
'CU}v uQ=kDtQ}e |rwkat=v Qw] x@ =yv; Q@ OQ=w |=yQ=@ |UOvy KQ] xm |v=tDN=U
,=YwYNt� CU= uOQm|WwBsWJ p@=k �|rkF� s�=k |=yQ=@ R= |W=v |@v=H p=kDv= QF=
R= |W=v |=yQovr u=wD|t |Dr=L u}vJ QO "�?=k |=yQ}D |}=yDv= Qovr OQwt QO
|=y?=k x@ |rY= ?=k s}UkD R= |i=m CkO =@ =Q ?=k |=yQ}D QO s�=k |=yQ=@
\UwD =yuwDU |v=QwO |DNU '?=k p}rLD |=Q@ VN@ u}= QO "OQw; CUOx@ <RH
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"?=k |}=yDv= |xv=yO pO=at Q}D "12 pmW

"<RH ?=k "13 pmW

%�56 \@=wQ� |rYit |}=yDv= |=yuwDU =@ xk@] l} ?=k %swO Cr=L
K� = 3EI

L
; X1 = 11 +

p105
4 ; X2 = 11�p105

4 ;

S = 2
15 (56)

%�57 \@=wQ� 13 pmW =@ j@=]t u}}=B w q=@ QO Q=OQ}o |=yDv= =@ uwDU %swU Cr=L
K� = 8EI

L
; X1 = 4 +

p15; X2 = 4�p15;
S = 4

35 (57)

|x@U=Lt QO CU= |i=m \ki 'OW=@ xDW=O Cw=iD =yuwDU =@ =yQ}D |DNU Qo =
=yuwDU |v=QwO |DNU 'K� |=H x@ w OwW ^=Lr ẁ[wt u}= 'Qovr p=kDv= ?} Q[

"OwW xDiQo Q_v QO �K� R}v |}=yDv= uwDU |v=QwO |DNU |=H x@ w OwW ^=Lr
l} |=Q@ =yuwDU w Q}D p=YD= |=ypLt Qovr Q}O=kt xm CU= sRq QmPD u}=
\@=wQ R= xO=iDU= =@ jwi Cr=L xU Qy QO |rkF |Q=PoQ=@ QF= CLD xv=yO 9 ?=k
G}=Dv =@ |@ wN Q=}U@ j=@]v= G}=Dv u}= "CU= xOW xOy=Wt w x@U=Lt xOt;CUO x@

"OQ=O xR=U j}kO p}rLD

R= xO=iDU= =@ Q@=Q@ |xv=yO =@ |QU=QU |=yQ}D p}rLD "5
|WQ@ |=ypmWQ}}eD uDiQoQ_vQO =@ |DWoR=@ |=yxr=@vO
C=@U=Lt QO |WQ@ |=ypmWQ}}eD '|DWoR=@ CqO=at uDWwv |=Q@ CtUk u}= QO

"CU= xOW ^=Lr '|DWoR=@ |xr=@vO |twta |xrtH
'OL=w Q=@ VwQ R= xO=iDU= =@ |WQ@ |=ypmWQ}}eD uDiQoQ_vQO =@ 2 pmW Q}D QO

%CU= Q=QkQ@ 58 \@=wQ

1� �A = 1
EI

Z L

0
M(x):m(x)dx+ f

GA

Z L

0
V (x):v(x)dx

M(x) = M(1� x
L

)

m(x) = (1� x
L

) (58)

Mn+2
2(K� + 3EI

L )
=Mn+1

 1
K� + 3EI

L

+ 1
4EI
L

� K�+ 4EI
L

K� + 3I
L

!
� Mn

2(K� + 3EI
L )

= Mn+1

 1
K� + 3EI

L 
1 +

K� + 4EI
L

4EI
L

!!
� Mn

2(K� + 3EI
L )

Mn+2 = 2
 
K� + 8EI

L
4EI
L

!
Mn+1 �Mn

)Mn+2 =

 
4 + K�

2EI
L

!
Mn+1 �Mn (49)

%�50 \@=wQ� CU= xOW XNWt |DWoR=@ |x]@=Q u}= xYNWt |xrO=at TBU

X2 =

 
4 + K�

2EI
L

!
X � 1

) X =

�
4 + K�2EI

L

��r�4 + K�2EI
L

�2 � 4
2

X =

 
2 + K�

4EIL

!
�
s

(
K2
�

16(EIL )2 + K�
EI
L

+ 3) (50)

|xrtH 'xOWQmP |x}rw= \QW wO ltm x@ 'xYNWt |xrO=at uDW=O =@ TBU
%CU= xOW x@U=Lt |DWoR=@ |xr=@vO |twta

jMnj = F0Xn1 + F1Xn2 (51)

jM1j = M %x}rw= \QW
pO=at 12 pmW j@=]t |WJ}B Qvil} =@ |}=yDv= uwDU 'swO \QW uDWwv |=Q@

%CU= xOW xO=iDU= x} wv=F \QW u=wvax@ pO=at Q}D Qovr p=kDv= ?} Q[ R= w xOW
C:O:F: =

2EI
L

�K�

�K�(K� + 4EI
L ) + 4EI

L (K� + 3EI
L )

(52)

%�53 |x]@=Q� OwW xO}t=v S '�C.O.F.� Qovr p=kDv= ?} Q[ Qo =
C:O:F: = S = F0XK1 + F1XK2

F0XK�1
1 + F1XK�1

2
) F0XK�1

1 (X1 � S) = F1XK�1
2 (S �X2)

) F1
F0

= (X1
X2

)K�1(X1 � S
S �X2

) (53)

M = F00X1 + F1X2 %x} wv=F \QW
%CU= xOW xH}Dv 54 |xrO=at 'x} wv=F w x}rw= \wQW ?}mQD R=

jMnj = Xn1 + (X1
X2 )K�1(X1�S

S�X2 )Xn2
X1 + (X1

X2 )K�1(X1�S
S�X2 )

(54)

%CU= xOW xDiQo Q_v QO Cr=L xU 'xr�Ut |UQQ@ |=Q@
%�55 \@=wQ� Q=OQ}o |}=yDv= |=yuwDU =@ xk@] l} ?=k %pw= Cr=L

K� = 4EI
L

; X1 = (3 + 2p2); X2 = (3� 2p2);

S = 2
15 (55)
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"|WQ@ |=ypmWQ}}eD uDiQoQ_vQO =@

M M1

0 2659962859 M M2

�0 07075402359 M M3

0 01882030531 M M4

�5 006123067� 10�3 M M5

1 331579132� 10�3 M M6

�3 540785202� 10�4 M M7

9 374528096� 10�5 M M8

�2 328816517� 10�5 M M9

0 M10

"|WQ@ |=ypmWQ}}eD QF= uDiQoQ_vQO =@ |@Uv |=y=]N OYQO "7 pwOH
�0 005 M6 �0 M1

�0 M7 �0 024 M2

�0 M8 �0 05 M3

�0 M9 �0 074 M4

�0 M10 �0 1 M5

Q=}U@ |WQ@ |=ypmWQ}}eD uOQm^=Lr =@ QwmPt VwQ |=]N '7 pwOH j@=]t
C=@U=Lt |=Q@ ?wN |r}N CkO =@ |@} QkD VwQ l} R= p@k Ovv=t Qo = "CU= R}J=v

%�62 \@=wQ� OW Oy=wN pY=L G}=Dv u}= 's}vm xO=iDU=

jMnj =

8>>>>>>><>>>>>>>:
1 < n < K � 2 (X1)n�1

n = K � 2 (1� (X1)2)(X1)n�1

n = K � 1 (1� (X1)4)(X1)n�1

n = K 0

(62)

QO xm 'CU= s=Hv= p@=k R}v |}=yDv= |y=ox}mD \}=QW Q}=U |=Q@ xOWx�=Q= C=@U=Lt
"CU= xOW |WwBsWJ u; R= sqm |xr=]= R= |Q}owrH |=Q@ =Hv}=

|Q}oxH}Dv "6
%R= Ov=CQ=@a VywSB u}= syt G}=Dv R= |NQ@

C}@rY w L Q@=Q@ |=yxv=yO =@ xv=yOOvJ |QU=QU |=yQ}D |v=QwO|DNU |xv}W}@ �
"CU= 6p3

EI
L Q@=Q@ 'OvQ=O |mDre Q=OQ}o =} w |rYit |=yDv= xm 'EI |WtN

C}@rY w L Q@=Q@ |=yxv=yO =@ xv=yOOvJ |QU=QU |=yQ}D |v=QwO |DNU |xv}tm �
"CU= 6p3

EI
L Q@=Q@ 'OvQ=O Q=OQ}o |=yDv= xm 'EI |WtN

"VQ@ w VtN CLD |QU=QU Q}D "14 pmW

|WQ@ QF-wt K]U ?} Q[ u; x@ xm 'f ?} Q[ w V (x) = �ML w v(x) = � 1
L

xH}Dv QO w [5]'CU= A
Aw

Q@=Q@ |@ wN |r}N CkO =@ pmWI `]=kt |=Q@ 'Ov} wo|t
%CU= xOW x�=Q= 59 \@=wQ

�A = ML
3EI + Mf

GAL
; �B = ML

6EI �
Mf
GAL

(59)

%CW=O s}y=wN =Q 60 \@=wQ 'OwW xDiQo Q_v QO g Q@=Q@ 6EIf
GAL2 Qo =

�A = ML
3EI( 2

2+g )
; �B = ML

6EI( 1
1�g )

(60)

Q=QkQ@ 61 \@=wQ EL@ OQwt Q@=Q@ |=yxv=yO =@ |QU=QU Q}D QO '14 pmW j@=]t
%CU=

(�n+1)L = (�n+1)R

) Mn
6EI
L ( 1

1�g )
� Mn+1

3EI
L ( 2

2+g )

= Mn+1
3EI
L ( 2

2+g )
� Mn+2

6EI
L ( 1

1�g )

) 2�Mn+1
3EI
L ( 2

2+g )
� Mn

6EI
L ( 1

1�g )
= Mn+2

6EI
L ( 1

1�g )

) 2(2 + g)Mn+1 � (1� g)Mn = (1� g)Mn+2

) (1� g)X2 � 2(2 + g)X + (1� g)

) X =
2(2 + g)�p4(2 + g)2 � 4(1� g)2

2(1� g)

) X =
(2 + g)�p6g + 3

(1� g)

) jMnj =
�
� hX1

X2

iK
(X2)n + (X1)n

�
M�

(X1)� (X2)
h
X1
X2

iK�
Mn = (�1)n+1

�
� hX1

X2

iK
(X2)n + (X1)n

�
M�

(X1)� (X2)
h
X1
X2

iK� (61)

QO jwi \@=wQ R= xOWx@U=Lt |=yQovr '|WQ@ |=ypmWQ}}eD QF= uDiQoQ_vQO =@
"CU= xOW x�=Q= 6 pwOH

|DWoR=@ |xr=@vO \UwD xOt;CUO x@ G}=Dv |@Uv |=]N OYQO '7 pwOH QO
Q=Ri=sQv \UwD xm '2 pwOH G}=Dv x@ C@Uv |WQ@ |=ypmWQ}}eD uDW=OQ_vQO =@

"CU= xOW x�=Q= 'CU= xOW x@U=Lt SAP 2000
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