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Abstract— Caching has been widely considered an efficient
way of reducing and balancing the growing traffic in
communications networks in recent years. The cache network of
interest consists of one content server connected via a shared link
to a number of caching nodes, also known as a single bottleneck
caching network. In this paper, for the first time, the stochastic
requests traffic model in such networks is considered and a
performance analysis is provided based on such a realistic
assumption. In addition, we introduce new comprehensive
performance metrics which simultaneously take into account, the
cache hit probability, load on the bottleneck link, and requests
arrival rates. The main contribution of this paper is to present a
system model based on queuing theory and provide an analysis of
the stability, maximum stable throughput, load on the bottleneck
link and average response delay for various coded and uncoded
caching schemes. Moreover, we propose a novel hybrid scheme
which improves the shared link utilization factor, maximum
stable throughput and delay of single bottleneck caching
networks compared to existing methods. Our results, validated
against simulations and real trace-driven experiments, provide
interesting insights into the performance of single bottleneck
caching networks.

Index Terms— coded caching, delay, maximum stable
throughput, single bottleneck caching networks, stability.

I. INTRODUCTION

DEMAND for various types of contents and their growth in
terms of network traffic has led to significant challenges
for communication networks in terms of capacity. As an
approach to alleviate such issues, network caching has become
of interest in recent years. In this paper, a network with a
number of caching nodes connected through a single
bottleneck link to a server is considered. Such a scenario, for
example, is applicable to femto-caching networks formed by
small-cell base stations equipped with caches which receive
data from a serving macro base station via the cellular
downlink [1,2].
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In our view, there are two categories of caching schemes.
Traditional caching schemes, such as Least Recently Used
(LRU) and Least Frequently Used (LFU) [3], are policies to
manage a single cache by specifying the rules for the insertion
of a new content or eviction of the old contents. Since, there is
no coding in these schemes, we call them uncoded caching
schemes. On the other hand, there are other works considering
caching in communication networks.

These approaches consist of two phases, namely, cache
placement phase and delivery phase. The motivation of these
approaches is to propose caching schemes that enable use of
coding in the delivery phase in order to reduce file
transmissions in the network. We call these approaches as
coded caching schemes. Coded caching schemes have been
proposed for single bottleneck caching networks in some
recent works [4-7]. One key shortcoming of the proposed
coded caching schemes in the literature is their unrealistic
assumption that the requests from all caching nodes are
simultaneously present at the server. In other words, stochastic
arrival time of the requests has not been taken into account in
these schemes. As we will further discuss in the rest of this
paper, taking into account such issues highly affects the
performance of caching schemes in terms of key network
characteristics such as the stability and delay.

In this paper, the stochastic arrival time and traffic model of
the users’ requests arriving at the caching nodes are
considered. In addition, a general framework for the rate-time
analysis of such networks is provided based on the
aforementioned realistic assumption.

On the other hand, in the traditional single-node caching
schemes, the cache hit probability is considered as the
performance metric. Other works considering coded schemes
in single bottleneck caching networks have considered the
peak/average number of file transmissions through the shared
link over all possible demands during the delivery phase as the
performance metric. However, such a metric is not a viable
metric when the requests arrival time is randomly distributed.
In general, such metrics do not encompass the overall
communication characteristics of the network, such as the load
on the bottleneck link, stability, and delay performance which
are of key importance in practical scenarios.

The problem addressed in this paper is how to provide a
general framework based on queuing theory for the
performance analysis of single bottleneck caching networks by
considering stochastic arrivals of the requests at different
nodes. In addition, we address the question that what is a
proper metric for comparing the performance of different
uncoded and coded caching schemes in such networks, and
especially their effects on the performance of the bottleneck
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link. By means of the proposed queue models, we introduce
comprehensive performance metrics which simultaneously
take into account the cache hit probability, load on the
bottleneck link, and requests arrival rates. Moreover, this
paper provides key insight on the stability characteristic of the
bottleneck link and bounded or unbounded delay behavior of
such networks.

The main contributions of this paper which focuses on
single bottleneck caching networks can be summarized as
follows:

e Proposing a novel platform based on queuing theory and
introducing new performance metrics in order to compare
different uncoded and coded caching schemes.

e Providing the service rate, utilization factor, stability,
maximum stable throughput and delay analysis of
different caching schemes, considering a realistic
framework based on the Independent Reference Model
(IRM) and renewal traffic models for the request.

e Proposing a novel hybrid coded caching scheme which
outperforms other existing schemes in terms of the load
on the bottleneck link, maximum stable throughput and
delay.

The paper is organized as follows. In section II, related
works are reviewed. Section III describes the system model. In
section IV, the performance analysis of caching networks, in
addition to a novel coded caching scheme are proposed. In
section V, the performance evaluation through numerical
results is presented. Finally, section VI concludes the paper.

I. RELATED WORKS

The problem of caching in wireless networks has been
addressed from different perspectives in [1, 2, 8-10]. Some
studies have also investigated the caching problem in content
centric networks [11, 12]. In [13, 14], the caching performance
in terms of hit/miss probability has been investigated.

References [4-7] studied the coded caching schemes in
caching networks. They have considered a single bottleneck
network consisting of a file server connected through a shared
link to a number of users, each equipped with a cache. These
approaches consist of two phases. The cache placement phase
consists of filling up the caches with functions of the files in
the library. After this set-up phase, the network is used for an
arbitrary long time, referred to as the delivery phase. At each
request round, a subset of the nodes request subsets of the files
in the library and the network must coordinate transmissions
such that these requests are satisfied, i.e., at the end of each
round all destinations must decode the requested set of files.
The performance metric in these works is the number of time
slots necessary to satisfy all the demands, which can be
normalized by the number of time slots necessary to send a
single file across the shared link. Therefore, their performance
metric, which is called rate and denoted by R, is defined as the
number of normalized file transmissions [6]. The authors in
[4] have proposed a coded caching approach in order to
achieve a reduction in the maximum number of transmitted
files in the delivery phase compared to previously known
caching schemes. In [5-6], the authors have reduced the
average number of file transmissions over all possible
requests, with nonuniform popularities, by generalizing the

method presented in [4]. The authors in [7] have presented an
index coding approach to address this problem.

II. SYSTEM MODEL

In this paper, we consider a network model with one content
server, N stations equipped with caches (i.e. caching nodes),
and one-hop multicast transmission from the server to the
stations, as illustrated in Fig. 1. Our network model is similar
to [4-7] where requests are drawn from a specific same-size
file library ¥ = {f;,i = 1,...,F} of size B bits, and the caching
nodes are capable of storing C whole files (i.e. CB bits). The
cache content of station n is denoted by Z,,. Moreover, unlike
to previous works, users’ requests sent to station n are
modeled by an aggregate average arrival rate 4., . Without
lack of generality and for deriving closed-form equations, we
assume that the model is homogenous. Therefore, the
subscript ) is omitted when considering a generic station. In
order to derive closed form results, we consider the IRM
traffic model for the stream of the requests, which is based on
the following fundamental assumptions [13,14]: i) users
request items from a fixed library of F files; ii) the probability
p; that a request is for file f;, 1 <i < F, is constant (i.e., the
file popularity does not vary over time) and is also
independent of all past requests, generating an independent
identically distributed (i.i.d.) sequence of requests. We also
assume that requests sent to each station are independent from
requests sent to the other stations.

The IRM traffic model ignores all temporal correlations in
the stream of requests. In order to take into account the
temporal locality, we also consider the renewal traffic model:
The stream of requests arriving at a given station for each file
f; is considered to be an independent renewal process [15]
where the CDF of the inter-request time ¢ is denoted by
Fr(i,t). The average request rate AL, for file f; is then given
by Aleg =1/ fow(l — Fr(i,t))dt. The overall average arrival rate
of the requests at a given cache is A,.q = Yi—; Ae,. Note that,
by adopting a file popularity law analogous to the one
considered by the IRM, we also have AL,y = Aeqp; [14].

The hit probability for file f; at a given station is denoted by
prit(0), and the hit probability at a given station is given
by pric = X1 pipnic(D). In our model of interest, if the
requested file is hit in the related cache, the file is delivered
from the caching node, otherwise the request is forwarded to
the content server via the uplink and the server delivers the
requested file by broadcasting the file to all of the stations.

The bottleneck link is a shared channel and its average
capacity is equal to 7" file per second. For instance, considering
the LTE-A network with 500 Mbps average downlink rate
[16], where users are interested in downloading videos of 30
MB size, the channel can approximately transmit I' = 2 files
per second on the average. We define a time slot (i.e. unit
time) as the average transmission time of one complete file (of
fixed size B bits) via the shared link. Hence, the average
capacity of the shared link will be one file per time slot. In
order to obtain a general framework for the performance
analysis, we propose the following queue models for both
uncoded and coded caching schemes.
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Fig. 1. Caching network model. du, and dl, denote the uplink and downlink
delays, respectively.

A. Queue Model for Uncoded Caching Schemes

In single-bottleneck networks, as the bottleneck downlink is
shared among all of the users, there is a competition for each
station to receive files requested by its users via that downlink
path. Therefore, we can model the function of the content
server in the uncoded schemes by a controlled FIFO queue
where a control unit ensures that when multiple users request
the same file concurrently (requests overlap within a time
slot), the server only stores the file in a single location of the
queue. The requests that are missed in the corresponding
caches and have not been serviced within the previous time
slot, enter the server transmission queue and are served based
on their arrival time. The average request arrival rate and
service rate at the server transmission queue are denoted by A
and p, respectively. The service times in our queue model
have a general (arbitrary) distribution, with the mean and
coefficient of variation, § :i and ¢ = %, respectively.

Therefore, in case of uncoded caching schemes, we considere
a general G/G/1 queue for the content server, where inter-
arrival and service times have arbitrary distributions. In case
of IRM traffic, the content server functionality is then
modeled by an M/G/1 queue.

B. Queue Model for Coded Caching Schemes

In contrast to the other works studying the coded caching
schemes such as [4-7], in this paper, a realistic framework is
assumed where requests of various users arrive at the stations
randomly according to a traffic model, providing a platform
for analysis of caching networks based on queuing theory.
Since the traditional queuing theory models cannot handle
packet combinations, network coding, and multicasting, we
exploit the concept of virtual queues [17] in this paper. We
consider N virtual queues with infinite buffer lengths at the
content server denoted by O, n=I..N, with the average
arrival rates, 4, for the requests of station » sent to the server.
Based on such a framework, at the server, the requested files
of different caching nodes enter their corresponding virtual
queues and are merged together to construct the coded packet
to be transmitted. The server functionality in the coded
caching schemes is then modeled by an overall queue QO(?). It
should be noted that in coded schemes, unlike the uncoded
case, the service rate cannot be pre-determined through a
given distribution and its characteristics may also be non-
stationary. Therefore, we consider general definitions and
theorems for queuing systems in order to model and analyze
the functionality of the coded schemes. Let O() represent the
contents of a single discrete time queuing system defined over
integer steps t € {0,1,2,...}. Specifically, the initial state Q(0)
is assumed to be a non-negative real valued random variable.
Future states are driven by stochastic arrival and service

processes, A(t) and u(t), according to the following dynamic
equation [18]:
Q(t + 1) = max[Q(t) — u(t),0] + A(t) (1)

The value of A(t) represents the number of new requests that
arrive during step ¢, and is assumed to be non-negative. The
value of u(t) represents the number of requests that can be
served at step z. Without lack of generality and in order to
keep consistency with the provided analysis for the uncoded
schemes in this paper, the process A(t) is assumed to be
stationary and the average request arrival rate at the server is
denoted by 2.

In the following section, a performance analysis based on
the proposed queue models for various uncoded and coded
caching schemes is presented. Table 1 shows key notations
adopted for the system model and subsequent analysis
presented in this paper.

III. STABILITY, THROUGHPUT AND DELAY ANALYSIS OF
DIFFERENT CACHING SCHEMES
By means of the proposed queue models, we introduce the

ey . . A .
server utilization factor, i.e. é; as a comprehensive

performance metric for the load on the shared link of a single
bottleneck caching network. The key advantage of such a
metric is that it simultaneously takes into account the cache hit
probability, load on the bottleneck link, and requests arrival
rates. Moreover, p provides key insight on the stability
characteristic and bounded or unbounded delay behavior of
such networks. We aim to minimize the load on the bottleneck
link, by minimizing p, for a specific average requests arrival
rate, Ay.q. It should be noted that such utilization factor
minimization is desirable as long as the stability conditions are
met; naturally unstable systems lead to infinite delays.

Definition 1: A packet queue is stable, if the arrival and
service processes of the queue are all stationary and the
average arrival rate is less than the average service rate [17].
By definition, in order to have a stable system, we require 1 <
u, or in other words, p < 1. Moreover, the schemes which
have lower p are preferred as they reduce the load on the
bottleneck link and increase the maximum stable throughput
of the network.

TABLE 1. Key notations for the system model and analysis

Notation | Semantics (unit)
N Number of caching stations
F Size of the file library users can request files from
p; Probability of requesting file f; from the library
C Cache size: The number of whole files that can be cached
Areq Average requests arrival rate at a station [packets / time slot]
A Total throughput of the network [packets / time slot]
Dhit Overall hit probability of the network caches
Driss Overall miss probability of the network caches
Average arrival rate at the server queue [packets / time slot]
) Average service rate at the server queue [packets / time slot]
p Shared link utilization factor
ATE Average waiting time in request round k in PCCS [time slot]
w Waiting window size in WPCS [time slot]
dh Average delay of delivering a request via a station [time slot]
du Average uplink delay over all of the stations [time slot]
dl Average service delay over all of the stations [time slot]
D Average delay of responding to a file request [time slot]
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Definition 2: Maximum stable throughput, i.e. Apygay 18
defined as the maximum average requests arrival rate over all
of the stations for which the network remains stable, i.e. p < 1.
It should be noted that the only requirement for properly
defining the performance metric p is having a stationary queue
and no specific queue model has to be assumed. In addition,
whenever the stationary assumption for the arrival or service
process does not hold, we can still use the following general
definition in order to examine the stability of such a system, as
will be described further in the following sections:

Definition 3: A discrete time queue Q(?) is mean rate stable

if lim H2Ol= o 18],

A. Stability Analysis of Uncoded Caching Schemes

In this section, the utilization factor and maximum stable

throughput for the uncoded caching schemes are proposed.
First, the utilization factor for renewal traffic is derived in
Theorem 1. Then, the utilization factor and maximum stable
throughput in case of IRM traffic are proposed in Proposition
1 and Proposition 2, respectively. Finally, the utilization factor
and maximum stable throughput for different uncoded caching
policies LRU, q-LRU, LFU, and RAND in case of renewal
and IRM traffics, are proposed.
We define p,.q(i) as the probability that file f; is requested
within a time slot at a given station. We also define the
random variable N;;, as the number of the requests for file f;
coming to a given station within a time slot of length 7.

Lemma 1: For the renewal traffic model, py.q (i) is obtained
from p,.q (i) = 1 — G;(t,0), where G;(,§) is the probability
generating function of N ;.

Proof is provided in the Appendix.

Theorem 1: The utilization factor for uncoded caching
schemes in single bottleneck caching networks in case of the
renewal traffic model is derived as

=31 (1= e DA~ @) @

a0=
where preq(i) is given by Lemma 1.

Proof: We define the random variable X; as the number of
the requests for file f; arriving at the content server within a
time slot. Taking into account the effect of the server control
unit, the requests for file f; enter the server queue with the
average arrival rate A;, given by

A, = Ty P(X; = k) = 1= P(X; = 0) 3)

Since in the uncoded system model, the missed requests of all
of the stations enter the content server, P(X; = k) is obtained
from
N—k
_ Z { File f; is requested from k + [ stations }
within a time slot and it is hit in the [ ones

- N—=(k+1)

= X5 (k L) (preq(i))kH (1= preg®) k
(k N l) (phlt(l)) (1 phit(i))k = (IZ) (preq(i)) (1 -

P )" (1= Prea®(1 = P @)
= Binom(N, Preq (i)(l — Phit (l))) 4)

Consequently, according to (3), the average arrival rate at the
server queue, i.e. A, is obtained from

=Y A =Y 1= (1= (D= ()
1 Zl:llfi l=1(1 (1 preq(l)(l phlt(l)))) (5)

In addition, since the bottleneck link is assumed to be error-
free and no coding is performed at the server, the average
service rate of the content server, 1, is considered to be equal
to the link capacity, i.e. one file per time slot, and therefore,
u = 1. Consequently, (2) is derived.o

Proposition 1: The utilization factor for the uncoded
caching schemes in the single bottleneck caching networks, in
case of the IRM traffic model, is given by

N
Z (1 - (1 — (1 — e—areql’i)(l - phit(i))) ) (6)

pay=
Proof: The proof is provided in the Appendix.

Proposition 2: The uncoded caching schemes in case of the
IRM traffic model can stabilize the total throughput, A4 £

NAgeq, if A < r—

Proof: The proof is provided in the Appendix.

As mentioned in the proof of Proposition 2 and verified in
the numerical results, the aforementioned bound on the
maximum stable throughput is in fact adequately tight.

The importance of the theorem and propositions proposed
so far is that they are expressed in terms of the network
parameters and hit probability of the applied schemes.
Consequently, for each uncoded caching scheme, by inserting
the value of py;; in Theorem 1 and Propositions 1 and 2, the
utilization factor and bound on the stable throughput can be
computed. In the rest of this section, we will propose such
performance metrics for LRU, q-LRU, LFU and RAND
uncoded caching schemes. In order to express the hit
probability of various uncoded caching schemes in terms of
the network parameters, we use Che’s approximation which
enables us to simply express the hit probability in terms of
cache eviction time T,, i.e., the time needed before C distinct
files are requested by the users. In other words, a file is in the
cache at time 7, if and only if a time smaller than T¢ has
elapsed since the last request for this file, where 7. can be
determined based on the cache size [14].

1) LRU
In case of the LRU caching strategy, the following results
are achieved.
Corollary 1: The utilization factor for LRU in case of IRM
traffic is given by:

p= Z 1(1 — (1 — (1 — e_/lreqpl)e_lreqpl’rc) ) (7)

and LRU can stabilize the total throughput, if

A< !
(1-3, pi(1—eAreaPiTey)

®)

where T, is obtained iteratively from C =Yl (1—
_Areqpch).

Corollary 2: The utilization factor for LRU in case of
renewal traffic is given by:

p=3(1- (1P @ - R6T)) O
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2) g-LRU
g-LRU is one of the variations of LRU which differs from
LRU for the insertion policy: upon arrival of a request, a
content not yet stored in the cache is inserted into it with
probability q. The eviction policy is the same as LRU [14].
Corollary 3: The utilization factor for g-LRU in case of
IRM traffic is given by:

p=YF 1- (1 — (1 — e~ *reapi) (1 -

q(l_e—ﬂreqPiTc)

N
e-lreqPiTc_'_q(l_eﬁl‘reqﬂi"‘c)))

(10)
and g-LRU can stabilize the total throughput, if
1
A< - e FreaPiTe, an
<1_Zi=1pi'(e‘lreqPiTc_,_q(l_E—AreqPiTc))>

Corollary 4: The utilization factor for g-LRU in case of
renewal traffic is given by:

N
p=3.- (1 ~Prea(® (1 - ﬁ)) ) (12)
3) LFU
Corollary 5: The utilization factor for LFU in case of IRM
traffic is obtained from

N
p=SEcn(—(1-(1—ePea®))) (13
and LFU can stabilize the total throughput, if
1
A< a3 (14)
4) RAND
RAND is the simplest cache replacement scheme

considered in a single cache. In this scheme, to make room
for a new file, a random file stored in the cache is evicted
[31].
Corollary 6: The utilization factor for RAND in case of
IRM traffic is given by

_ ZF 1-(1- (1 _ _}Lreqpi) 1— AreqPiE[Tc] N
p = Li=( e A= epmr’) 2

1s)
and RAND can stabilize the total throughput if
A< L (16)
AreqpiE[Tc]
(1_2€=1pi'1+erq;’iE[Td>

The proofs of these corollaries are provided in the
Appendix.

B. Stability Analysis of Coded Caching Schemes

As mentioned earlier, in the coded caching schemes, a
virtual queue is considered for the requests of each station sent
to the server. The role of the virtual queue modeling is to
enable the server to code the requested files of different
stations together and send the coded packets. The average rate
of the requests of station n sent to the server, which is the
average arrival rate of virtual queue Q,, is denoted by A,. For
the performance analysis, the server functionality is modeled
by an overall queue with the aggregate average arrival rate 4
and service rate u(t). By considering the cache placement and

delivery phase of the desired coded caching scheme, the
parameters of the proposed queue model, i.e. A and u(t) can be
determined. In [4], a coded caching scheme, which we denote
by Partition Coded Caching Scheme (PCCS) is proposed.
Such an approach is also the basis of the coded schemes for
the subsequent papers [5-7], as discussed in section II. In

PCCS, each file is partitioned into p, = (]1\/]) subfiles of equal

size. It should be noted that PCCS is only proposed for cache
sizes C such that y = Cg is an integer less than N. In the

placement phase, each station caches an equal number of the
subfiles of all of the F files. The main idea of PCCS is to
design the cache placement in order to create coded
multicasting opportunities for any y+1 users even with
different requests. In such a scheme, the requests of all of the
stations are considered together. Subsequently, in the delivery
phase, the required subfiles of the requested files are coded
together by linear coding (through XOR) and the coded small
packets are created. The coded small packets are then
transmitted via the shared link to simultaneously serve y +
1 stations. The corresponding requests at each station are
obtained by decoding the received coded packets given the
cache contents.

As an example, considering the case of a simple network
with three caching nodes, we can model the coded caching
scheme, as shown in Fig. 2, by defining three virtual queues,
ie. O; O, and Q3 with average arrival rates 4, A, A3 for
requests of stations /, 2, and 3, respectively. In this example,
we have considered a library of three files, namely 4, B, C,
and three stations, i.e. N=F=3 and caches of size one.
Subsequently, y is equal to one and so we have p,=3.
Therefore according to PCCS, each file is split into p, equal
size subfiles, i.e., A = (A1, Az, A3), B =(B1, Bz, B3), and C =
(C1, C, C3). In the placement phase, the cache content of
station n is selected as Z, = (4,, B, C,). For the delivery
phase, assume for example that at a given request round,
station one requests file 4, station two file B, and station three
file C. Consequently, the missing subfiles are 4> and 43 for
station one, B; and Bj; for station two, and C; and C, for
station three, which enter the virtual queue of the
corresponding stations, i.e. Q;, Oz and Qj3, respectively. Given
the cache contents, stations one and two aim to exchange A
and B, stations one and three aim to exchange 43 and C;, and
stations two and three aim to exchange B3 and C>. By sending
(A2PB;, A3sPC, B;6PC>), the server enables all of these three
exchanges. Consequently, in the delivery phase of the given
request round, when the three corresponding virtual queues
have packets to transmit, the server transmits three coded
packets which are of size one third of a whole file. Therefore,
the so called rate in this example equals R=/ whole file.

In PCCS, for any requested file from a given station, its
cache does not contain the whole file and only contains a
subset of the required subfiles. Therefore, that station needs to
submit that request to the server. Consequently, 4, will be
equal to the average requests arrival rate at station #, that is
Ay = Areq ¥ =1,..,N. Therefore, the overall queue average
arrival rate, A, is equal to the sum of the average arrival rates
of the virtual queues, that is

A= Zgzl An =N lreq (17)
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It should be noted that due to the design of the studied
coded caching schemes, unlike the uncoded schemes, 4, is not
reduced by the miss probability. In fact, the key role of
caching in PCCS is that the server sends only the missing
subfiles for each requested file, instead of sending the whole
file for the missed requests in the uncoded schemes.
Therefore, the total transmission time for sending the missing
subfiles in PCCS is less than the transmission time of sending
the whole file. We will consider this effect in our analysis of
PCCS service rate, later in this section. In order to calculate
the service rate of PCCS, we define the following parameters:

Definition 4: Let T¥, n=1,...,N, denotes the random
variable of the request arrival time of station » at the server at
request round (step) k = 0. We define AT¥ as the expectation
of the order statistical range [20] of these random variables,
ie. AT§ = E[T¥,\ — TEy], where Tfy = min(Tf, TX, ..., T
and TX y = max(Tf, T¥, ..., T¥).

According to Definition 4, AT¥ represents the average
interval between the arrival of the first and last requests, or in
other words the average waiting time at request round k. We
also define Tirqns as the number of time slots required for
sending the coded packets over the shared link, in order to
serve requests of all stations at any given request round. Since
the subfiles from y + 1 virtual queues are combined by linear
coding before transmission, the number of transmitted coded
packets to serve all of the requests for any given request round
. N
is (44
coded packet is equal to 1/p,. Consequently, we have T,.q,, =

(yli 1) /1o - (It should be noted that in the notation of [4], the

). In addition, the transmission time of each small

so called rate parameter, i.e. R = (y + 1) /1, 18 equal to Tprgns.

The goal in [4] is to minimize the value of R under the
assumption that all of the stations’ requests are available
simultaneously and the server can form any coded small
packet at its own discretion at any time. Naturally, such an
assumption is not valid in many practical scenarios. Therefore,
by taking into account the stochastic arrival nature of the
requests, the metric R on its own is no longer a proper figure
of merit for such a network.)

In addition, let Ty.qns1 denote the number of time slots
needed for transmitting the required small coded packets over
the shared link in order to serve the requests of any given

station. In PCCS, each cache contains % of each file.

Therefore, the number of the required subfiles to be
transmitted to each station is (1 — %)uo. Since the transmission

. .1 . . c
time of each subfile is o Tiransa 1S given by Tyrgns1 = 1 — L
0

Proposition 3: The overall average service rate of the server
queue at request round & in PCCS is obtained from
_ N
a(k): = E[u(k)] = ( N )

max( %,

(18)

afi+(1-5))

Proof: In PCCS, the server transmits the coded small
packets at each request round to serve the requests of all of the
N stations. Let T¥, i etrans denote the number of time slots
required to serve the requests of all of the stations at request
round £, (including the waiting time at the request round and
the transmission time of the coded packets sent through the

shared link). Therefore, the average service time at request
step k is obtained from
k
T,

§(k) = — = lwaitserans

u(k) N (19)
In order to reduce latency, we assume that as soon as the
server has received enough requests so that it can form the
corresponding packet and transmit it, the server will do so. In
other words, the server does not wait till all the requests arrive
at each request round in order to start transmission. Based on
such a strategy, in order to determine T, ¢¢rans» We should
consider the following two situations:
a) Let’s consider the case that the waiting time at request
round k, i.e. AT¥ is large enough such that when the last
request at this round arrives, all of the coded packets
corresponding to the previous N-/ requests have been already
transmitted. After the arrival of the last request, only coded
packets that rely on that request need to be transmitted, where
by definition is performed in Tyqns1 time slots. Therefore, in
this case, the total time for serving all of the requests at
request round £, i.e. Ty iaeranss takes AT + Trrans time slots.
It is clear that this situation holds if the duration of the request
step, i.e. AT¥, is larger than the transmission time of all of the
coded packets to serve all of the node requests except for the
coded packets corresponding to the last request, i.e. Tirgns —
Ttrans,- Therefore, if AT > Tirans — Ttrans;1, then Tvﬁait&trans =

. )
AT¥ + Tirans1- Consequently, in case of ATf > VH—T -(1-2),

the average service time at request step k is obtained from

(20)
b) On the other hand, consider the case that ATf < Tyrgns —
Tirans1- 10 such a case, the waiting time at request step £ is
negligible compared to the total service time and we have

N
TX itatrans = Terans- Therefore, in case of AT < yu;l -(1-
0
%), the average service time at request step k is
N
G4
§(k) — Ttrans — y+1 (21)

N Nuo
Finally, combining (20) and (21) results in (18). o
The following two lemmas specify the characteristics of the
parameter ATX.
Lemma 2: AT¥ in PCCS with IRM traffic is given by:

(=Dt (1]\1) (k) odd N

AT = N
B0 (5) 0500 — 20u(k) evenn

(22)

where
pj(k) =

k—
1 Z ( ] ) (Zs:(}Sts)! l—[k—l 1
AReq totti+ - +tp—1=J to,ty, ey bieot jzlsc;& stg+1 L 15=0 (sHts

(23)

Proof: The proof is provided in the Appendix.
Lemma 3: The lower bound on AT¥ in PCCS with IRM

dyVk
e

traffic is given by ATf>-"— wheredy= min(z(l -
q

NV (1-pM-q") __a Kk _
(;) ).T), P=1im for any a that T, <a, and q =

1-p.
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Content Server| |_lct [ :;?]l E:t_; N Areq —limsup —| K I\L;O + Z req
ey CAL B too T ( ) dyVk
B. C A k=K+1
o B v v 4 +1
I— i B, 1 o
® "_:z_‘ e *re =N Aeq — ——2lim sup Zk K+1\/_ (29)
—— — ol — — — t—oo
AzéBi L
cos In addition, using the Right Riemann Sum for underestimating
Cac:ing Ntodej [ EE ERE the area under the function \/i? we have  XiZkis \/_
:EEEE: :;:-::: _g; E ; E f ; ! \/1_ dx. Therefore, (29) can be written as
H H : : t-1
Fig. 2. An example of the virtual queue model for the coded caching schemes. lim sup E [ ,1( k) 'u( k)]
t—>oo

Proof: The proof is provided in the Appendix.

According to Proposition 3, the service rate in PCCS
depends on request round 4, and hence, PCCS does not yield
stationary service rates. This is due to the fact that the service
rate in PCCS depends on the waiting time at each request
round. The waiting time also varies at each request round
according to Lemma 2 and Lemma 3. Consequently, in order
to analyze the stability of PCCS, we need to consider the
general definitions and theorems of queuing systems that go
beyond the stationary queues, as discussed in section I1I. B.

Lemma 4: (Necessary condition for mean rate stability [18])
Suppose Q(t) evolves according to (1), with general processes
A(t) and u(t) such that A(t) = 0 for all  and E[Q(0)] < co. If
Q(t) is mean rate stable then

lim sup - Z SE[AK) —uk)] <0
t—>oo

Proof: The proof is provided in [18].
Theorem 2: The server queue is not mean rate stable in
PCCS.

Proof: According to Proposition 3, we can write
N

Z ]E[/J(k)] . %) ( N )
max(y—ﬂ, AT1’6+(1—%)>

24

(25)
Ho

Moreover, according to Lemma 2 and 3, AT{ increases by
increasing k. Therefore, there exists a K > 0 such that for k >

N
K, the inequality AT + (1 - g) (yﬂ)

we have

holds. Consequently,

Np.o N

Yizo Eln()] = + ik TS (26)
k=0 (y+1) k= K+1 AT1<,(+(1—g)
Furthermore, according to Lemma 3, we can write
- N Nire
TS Elu()] < K ! @7)

(y+1) + Zk=K+1 dnvk

Due to the stationary assumption on A(k) and (17), we have
t-1

E[A(k) — u(k)]

k—O
t—-1

(N Areq

k 0
- hrgl sup ;Zk=% E[u(k)]

lim sup

t—>oo

E[u(k)])

= lim sup

t—oo

=N Areq (28)

Substituting (27) in (28) results in

E[A(k) — u(k)] =

k=0

lim sup

t—oo

k=0

N /‘l N/1T€q 1
req dN IT_)SOEP ? . \/}

— e lim sup 3 (2VE—1 = VK) = N dyeg > 0
N t—oo

(30)
Therefore, according to Lemma 4, Q(t) in PCCS is not mean
rate stable for any nonzero requests arrival rate, 4,4 > 0.0

C. WPCS (Window Partition Coded caching Scheme)

As shown in Theorem 2, PCCS cannot maintain the stability
of the system. This fact is mainly due to the long waiting times
for the requests arrivals from all of the stations to properly
encode the packets. In order to overcome this problem, a
natural extension is to encode as many packets as possible
during a given window size and do not delay transmissions
further in time. For such an approach, we consider a modified
version of PCCS, denoted by Window Partition Coded
caching Scheme (WPCS). In WPCS, the cache placement
phase is the same as in PCCS, however, the delivery phase is
modified. In WPCS, we consider a slotted transmission of
window size w for the server transmissions. At the end of w, if
only one request has arrived at the server, the requested file is
sent without coding. Otherwise, the server codes as many
subfiles as possible and sends the remaining subfiles without
coding. If the requests of all of the stations have reached the
server during a given window, the server sends the coded
subfiles according to PCCS. WPCS is described in Table 2.

For example, in the case illustrated in Fig. 2 with three
stations, consider the situation where only requests of the
nodes 1 and 3 have arrived during a given window. In WPCS,
packets that contain the subfiles of the nodes 1 and 3 are sent
after proper coding and the other subfiles are sent without
coding. Therefore, the packets A;®C;, 4, and C, are
transmitted. In the following proposition, the average service
time of WPCS is derived.

Proposition 4: The average service time of WPCS is

N Ayeq

w c
(;+(1—;) lfN =1\
_ 3+i(i+(N_1>—1) if 1<N, <y+1$
Sy =42 Ho Y
w1 Gy)  (N=1\ (N,
2S00
2 W Ny Y Y
(31)
where N, is the number of stations whose requests arrive

during a window size w.
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TABLE 2.WindowPartitionCodedcaching Scheme (WPCS)

Algorithm 1 Window Partition Coded caching Algorithm

I: N :The set of all stations

2: R :The stream of all requests sent to the server
3: Zn :The cache contents of station n

4: Q, :Virtual queue of station # at the server

5:head(Q,,) :The packets at the head of Q,,

6:head ,q404(Qn) :The packets at the head of Q,, which will be sent coded

7:headncoqeqa (Qn):The packets at the head of Q,, which will be sent uncoded

8: #(.) :Arrival time function

9: Npres(W) : Set of virtual queue indexes whose request arrives within the
server transmission window W

10: Step 1: Cache Placement Phase

11:for alln € N do

12: Z, « Fill the cache based on PCCS cache placement

13: Q, «Send missed partitions of the requested files at cache 7 to the server

14: end for

15: Step 2: Delivery Phase

16:W=[0,w]

17:While R has unserved requests

18: for alln € N do

19: if #(head(Q,))€ W then add n to Npres(W)

20: end for

21: Send @(head p4eq(Qyn)) for n € Npres(W) (Send XOR of possible
packets at W)

22: Send head,coqea(Qn) for n € Npres(W) (Send remaining

packets without coding)
23: update head(Q,,), head ,qeq(Qy), head ncodea(Qn) for n € Npres(W)
24: update W by shifting the window w time slots to the right

25: end while

Proof: The proof is provided in the Appendix.

Corollary 7: The shared link utilization factor of WPCS in
single bottleneck caching networks is given by p = N A,.¢45,.

Proof: Since the cache placement is the same as PCCS, the
average requests arrival rate at the server queue is given by
(17), and p is derived from (17) and (31).0

As we will present at the end of this section, unlike PCCS,
WPCS can maintain the stability of the system for a given
range of A,., and w. Naturally, as w becomes very small,
WPCS behaves more closely to the uncoded schemes, so the
stability is achieved at the cost of a lower caching gain.

D. Proposing Coded-Delivery LRU caching Scheme (CDLS)

In this section, we propose a caching scheme, namely
Coded-Delivery LRU caching Scheme (CDLS), which
benefits from applying coding in the delivery phase, while
maintaining the stability of the caching network. Moreover, it
improves the performance compared to the caching schemes
presented earlier, by decreasing the shared link utilization
factor and increasing the maximum stable throughput. As
illustrated in Table 3, CDLS performs LRU caching
replacement at each cache station and uses coding in the
delivery of the packets from the server. In the delivery phase,
the server takes into account the contents of the virtual queues
before each packet transmission. Through this process, at the
earliest time that the server detects that the requested files of
two stations are mutually present in each other’s cache, it
forms the XOR of these two requested files and transmits it at
the first available transmission round. Consequently, both
stations can obtain their desired files by decoding the received
coded packet given their own cache content. It is evident that
due to the nature of LRU, the cache of each station contains
the last C files requested by that station and therefore, content
of the caches are already known to the server by keeping a list

of such files. We should mention that the proposed scheme
can be easily extended to coding of three or more files.
However, for simplicity, we concentrate on the coding of two
files in this paper. CDLS is described in Table 3.

Proposition 5: The shared link utilization factor for the
proposed CDLS scheme in the single bottleneck caching
networks in case of IRM traffic is given by:

p=aXl - (1-(1— e reari)e=treqpiTe)"y (32)

and CDLS can stabilize the total throughput, if
1

(33)

< a(l—ZiF:lpi.(l—e_lreqpiTc))
where % <a<l.

Proof: Due to the potential possibility of the coded delivery
of two requested files in CDLS, we have 1<u<2.
Consequently, the desired results are simply derived from
Corollary 1, by changing the value of u. o

It can be easily verified that while CDLS maintains the
system stability, it also results in a lower shared link
utilization factor compared to the uncoded schemes.

E. Delay Analysis

In this section, we address the delay analysis of single
bottleneck caching networks. The system model is as in Fig. 1:
If the requested file is hit at caching node n, it is delivered
from the cache with a cache response delay, dh,, otherwise,
the request is forwarded to the content server via the uplink
with a communication delay, du,, and the server delivers the
requested file via the downlink with a response delay, dl,.

Definition 5: The average response delay, D, is defined as
the average delay experienced by a given users in the single
bottleneck caching network, for obtaining the requested files,
either delivered directly from the corresponding station or sent
from the content server.

By definition, the average response delay is obtained from
D = ppi dh + (1 — ppe) (du + dl) (34)

TABLE 3. Coded-Delivery LRU caching Scheme (CDLS)
Algorithm 2 Coded-Delivery LRU caching Scheme (CDLS)

1: N :The set of all caching nodes

2: R : The stream of all requests sent to the server

3: R, :The stream of requests at station n

4: 7, :The cache contents of station n

5:Q, : Virtual queue of station # at the server

6: head(Q,,):The packet at the head of Q,,

7:¢() :Arrival time function

8: at the stations side:

9: foralln € Nandi€ R, do

10: Z, « Fill cache n based on LRU

11: Q, «send missed requested files at cache n to the server
12:end for

13: at the server side:

14: while R has unserved requests

15:  if (there is at least two nonempty virtual queues, Q,,,and Q)

16: and ( head(Q,,) € Z, and head(Q,) € Z ) then
17: send head(Q,)® head(Q,,)

18: update head (Q,,)

19: update head (Q,,,)

20:  else

21: n = argmin t(head(Q,))

22: send head(Q,)

23: update head (Q,,)

24: end if

25: end while
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where the average service delay via the downlink path, dl, is
given by the sum of the average service time, §, and the
average time spent in the server queue, T,: dl=35+T,.
Equation (34) describes the relation between the average
response delay and the hit probability. The definition of the hit
probability in the traditional cache schemes is the probability
of existence of the requested files in the caches. In contrast,
partition caching schemes, such as PCCS and WPCS, only
cache fractions of the files rather than the whole files.
Therefore, in order to have a comparison among different
schemes, we consider the hit probability in the partition
schemes as the ratio of the number of subfiles of the requested
files that are stored in the cache, to the total number of subfiles
of the requested files. In PCCS and WPCS, each cache
contains an equal number of the subfiles of all of the F files.
Therefore, due to the symmetry in the cache placement, the hit
probability will be pp;; =%. Hence, according to (34), the
average response delay of PCCS and WPCS is given by:
D=Cdh+(1-)(du+5+T,) (35)
Since, as shown earlier, the server queue becomes unstable in
PCCS, the average time spent in the queue, T,, and
consequently, the average response delay will be unbounded.
In the following, we focus on obtaining the average response
delay for the uncoded schemes. In case of IRM traffic, as
discussed in section III, we consider an M/G/1 queue for the
shared downlink. According to Pollaczek-Khinchin (P-K)
relation [19], the average downlink delay is given by dil =

- p(1+c?)
51+ 20-p)
obtained from

= —— —-— 1 1+c?
D = pue AR+ (1 = pue) (@ + % (1 + 2312

). Therefore, the average response delay is

(36)

Proposition 6: In the single bottleneck caching networks
with IRM traffic and the uncoded caching schemes, the
average response delay is obtained from

D = ppir dh + (1 — ppir)

N

(e S (1= (1-(1mereaPi) (1-ppie) )
N
)

du+1+
z<1—zf:1(1—(1—(1—e‘”eq"i)(l—phu(i))) )

(37

Proof: Combining (6) and (36) results in (37). o
Proposition 6 shows that the average response delay of the
uncoded schemes in unsaturated cases (p < 1) is bounded and
is given as a function of the hit probability and network
parameters. Moreover, using the formulas of p and p;; for
different uncoded caching schemes, provided in section IV.A,
the average response delay in terms of the network parameters
is obtained. For instance, D for LRU is provided by the
following corollary.

Corollary 8: The average response delay for the LRU
caching scheme in the single bottleneck caching networks
with IRM traffic is given by

D =dh

o1
i

D;- (1 — e_lreqpiTc)

RIS

D (1 — e_lreqpiTc)>_

Il
=

(ﬁ 14 <1+c3>Ef=1<1—(1—(1—e-*rem)e‘“‘*“TC)N)) (38)

2(1—2f=1(1—(1—(1—e‘Areql’i)e"lreqpiTr:)N))

Proof: Equation (38) is simply derived by applying py;. (i) =
1 — e *reaPiTe derived from the Che’s approximation for LRU
[14], in (37).0

F. Discussion on the Performance Evaluation

Earlier in this section, we have shown that although PCCS
decreases the number of file transmissions on the shared link
with the assumption of co-existence of the requests of all of
the stations, the price to pay is the instability of the system in
case of the stochastic requests arrivals, as shown in Theorem
2. From the derivations presented so far, it is evident that
uncoded schemes, WPCS, and CDLS, through proper system
configuration result in stable systems up to the maximum
stable throughput. The key question based on such a general
view is then about finding a proper metric for comparison of
different caching schemes. At first sight, increasing the
average service rate seems to be a good measure of
comparison. For example, it is evident from Proposition 4 that,
ifw< %, the average service rate of WPCS is greater than the

service rate of the uncoded schemes, for sufficiently small
values of 4,.,. However, it should be noted that such an
increase in the average service rate comes at the cost of an
increase in the average request arrival rate at the server, A. In
fact, for a specific value of A,.4, in the uncoded schemes only
those requests that were missed in the caches enter the server
queue. Thus, for the uncoded schemes, according to (5), 4, is
reduced by piss = 1 — pri:. However, according to (17), due
to the cache partitioning in WPCS, all the requests arriving at
the stations are sent to the server, and consequently A will not
change. Therefore, for a performance comparison, a sole
comparison of the average service rates is not justified and it is
the comparison of the utilization factors that provides a
comprehensive measure of performance, due to the fact that
the effect of 1 and p is jointly taken into account inp. As
discussed earlier, the scheme that provides a smaller p, for a
given A,.q, improves the performance of the caching networks
by decreasing the load on the bottleneck link and increasing
the maximum stable throughput.

It should be noted that the utilization factor also gives a
measure on the shared link rate, R’, which is defined as the
average number of the whole files transmitted over the shared
link at each time slot. Under the assumptions of [4] in which
all of the stations’ requests are available simultaneously and
there is no constraint on the shared link capacity, R’ will in
fact be equal to E[R]. However, as mentioned earlier, if these
assumptions are not met, R and subsequently E[R] will not
constitute well-justified performance metrics, while R'can still
be considered a proper indicator of the shared link rate. In case
of saturated and oversaturated systems, p = 1, R’ will be equal
to the full link capacity, i.e. R’ = 1. On the other hand, in case
of unsaturated systems where p <1, we have R'=p.
Therefore, in PCCS which leads to an unstable system, we
have R’ = 1, while in the stable regions of the other schemes,
we have R’ = p < 1. Therefore, in such networks, a scheme
with a lower p is preferred as it will lead to a lower shared link
average rate.
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TABLE 4. The simulation and trace-driven experiment parameters

Notation Value
N 10, 40, 360
F 100,78.9K
C Variable, 10,40,1000
Number of Requests 10K, 123.3K

As will be shown numerically in section V, the proposed
CDLS leads to a significant performance improvement as it
takes the advantages of both uncoded and coded caching
schemes. While the strength of the traditional uncoded
schemes is in their high hit probabilities and reducing the
average arrival rate at the server, the advantage of the coded
schemes, such as PCCS and WPCS, is in their potential to
increase the average service rate. Therefore, as shown earlier,
CDLS achieves the smaller utilization factor compared to
other schemes, in addition to the higher maximum stable
throughput, by maintaining the smaller value of A, resulting
from the LRU cache replacement, and increasing u by
exploiting the proper coding at the server.

IV. PERFORMANCE EVALUATION THROUGH SIMULATIONS AND
TRACE-DRIVEN EXPERIMENTS AND INSIGHTS

In this section, the analytic expressions derived in this paper
are validated through simulations and real trace-driven
experiments. Figs. 3-5, provide simulations as well as the
analytic results, demonstrating the accuracy of our analytic
results. We model the network and arriving requests in
MATLAB environment where simulations are performed for
various number of caching nodes N, and cache sizes C. First,
we present the results achieved with the assumption of IRM
traffic and the Zipf file popularity distribution [21] with the
exponent parameter a = 1 for a total 10K of requests. Next,
we further validate our results by a real trace-driven
experiment on traffic of YouTube video requests, as illustrated
in Fig. 6. The values of the simulation and trace-driven
experiment parameters are given in Table 4.

Fig. 3 plots the hit probability as a function of the cache size
for different caching schemes. As illustrated in Fig. 3,
although the hit probabilities are close to each other under the
Uniform popularity distribution, the hit probability of the
partition coded schemes, i.e. PCCS and WPCS, is less than the
hit probability of LRU, CDLS and LFU for all of the cache
sizes in case of the Zipf distribution.

Fig. 4.a shows the server utilization factor as a function of
the overall average requests rate, A = NA,q, for all of the
schemes except for PCCS. Naturally, as shown in Theorem 2,
PCCS leads to an unstable system for which p is not well-
defined. On the other hand, we can ensure stable WPCS
systems by choosing small enough window sizes. We should
note that in terms of the utilization factor, WPCS does not
perform better than the uncoded schemes. However, in the
proposed CDLS scheme, the arrival rate at the server queue is
the same as in LRU. Therefore, the higher service rate of
CDLS results in the lower server utilization factor and higher
maximum stable throughput as illustrated in Fig. 4.a.

According to Fig. 4.a, the maximum stable throughput for
LRU is Apge=4.02 and for LFU is A, =5.64. As
illustrated in Fig. 3, in case of the Zipf distribution and at C =
40, the hit probability of LRU is 0.752, and for LFU it is
0.825. According to Proposition 2, in case of LRU we have
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Apax < OT1752) = 4.032, and in case of LFU we have A,,q, <

(1_0182 5= 5.714, illustrating that this bound is adequately

tight. In addition, for WPCS with w = 0.1, we have A4, =
1.5, which is significantly less than A,,,, of LRU and LFU. By
increasing the window size w, Apq, of WPCS decreases until
the system becomes totally unstable. As illustrated in Fig. 4.a,
for the proposed CDLS scheme, we have A4, = 7.8, which is
explicitly more than A4, of the other schemes. As shown in
Fig. 4.a, Ajuqx for RAND is less than other uncoded schemes,
while the performance of q-LRU with g = 0.01 is slightly
better than LRU.

o —B-PCCS,WPCS Zipf a=1
=+ LFU Zipf a=1
= ‘LRU,CDLS Zipf =1
=#=PCCS,WPCS Unifrom
= Qr-LFU Uniform
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Fig. 3. Comparison of the hit probabilities of different schemes under Zipf and

Uniform popularity distributions. N=10, F=100.
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Fig. 6. Performance comparison of different schemes for the real trace-driven
experiment and equations based on IRM traffic and a = 0.6 Zipf distribution.
Network parameters: F=78.9K, N=360, C=1000.

Fig. 4.b shows the average response delay, D, versus A for
different caching schemes. We consider an LTE-A network
with 1 Gbps downlink peak rate, 500 Mbps uplink peak rate
[16], files of size B=1 Gb, and 10 Byte for the uplink requests
packets size. Therefore, we have I'=1 file per second. In
addition, we consider a typical 10 Gbps rate for the data
access to the cache memories [22]. Therefore, the typical
delay parameters dh=10"%(s) and du=10"7(s) are
considered in this paper. Fig. 4.b shows the transition from
stability to eventual instability at A,,,,. Due to the instability
of PCCS, D becomes unbounded for all of the values of A and
is not shown in this figure. We should mention that
the confidence intervals for the desired parameters p, Apax
and D, with confidence level 0.95, are found as p F 0.04p,

Amax F 0.02A,,,, and D F0.05D, respectively. (Note that the
hat on top of each character shows the reported value of the
related parameter in the numerical results.)

In Fig. 5, we investigate the effect of the number of caching
nodes, &, and cache sizes, C, on the stability behavior. From a
design perspective, for a fixed network-wide cache size, i.e.
NC, designing a system with smaller N and larger C improves
the performance by increasing the hit probability. As a result,
the load on the bottleneck link decreases, leading to an
increase in the maximum stable throughput. Therefore, in
terms of Ay, Increasing C always improves the system
performance. However, the downside effect of increasing C
(for a fixed value of NC) is the resulting increase in the delay
due to an increase in dh. We should note to the fact that as the
number of the requests to a cache increases (due to the smaller
N for a fixed total throughput), its response time will also
increase, leading to larger values of dh (due to larger internal
collisions between the requests or the internal cache queues).
Taking into account all of such intra-cache effects, although
important, is beyond the scope of the current paper.

In another perspective, it is evident that for a fixed size N,
increasing C also improves the system performance. However,
for a fixed C, as N is increased in LRU, LFU and WPCS
schemes, no change in the overall system performance is
observed, as A is kept fixed by decreasing 4,..4. In CDLS, the
possibility of exchanging information between the stations
through proper coding increases as N is increased, leading to a
slight increase in the maximum stable throughput as illustrated
in Fig. 5. However, as can be observed, the effect of the cache
size is dominant in all of the schemes.

To further validate our analysis, we have also run a trace-
driven experiment, using a real trace of video clips requests
from a campus network measurement on YouTube traffic in

2008 [23], with a total 123.3K requests for 78.9K videos,
arriving at 360 distinct stations. Fig. 6 reports the utilization
factors and maximum stable throughputs achieved by different
caching schemes for the trace-driven experiment. We observe
that the results achieved under synthetic traffic still hold when
the cache is fed by real traffic taken from an operational
network. As shown in Fig.6, in case of the real trace, the
performance of different schemes is sorted as
WPCS<RAND<LRU<q-LRU<LFU<CDLS, which matches
the simulation results shown in Fig. 4.a. Moreover, the
proposed CDLS scheme has significantly better performance
than the other schemes, approximately by a factor 2, which
matches with the results illustrated in Fig. 4.a. It should be
noted that according to the discussion under Fig. 5, since in
the real trace-driven experiment, the ratio of C/F is less than
this ratio in the simulation scenarios, the values of Ap.x
decreases, but the comparative performance of different
schemes are the same as in the simulation results. In addition,
we have compared the real trace results with the derived
equations for IRM traffic. We have estimated the value of @ =
0.6 as the exponent parameter of the Zipf distribution for the
popularity of the real trace requests. As shown in Fig. 6, the
difference between the results of the equations derived in this
paper under the assumption of IRM traffic and the results of
the real trace is adequately small. Therefore, it validates that
the models and derivations proposed in this paper can
reasonably represent the performance of different schemes in
real applications.

V. CONCLUSION

In this paper, we have presented the queue models for single
bottleneck caching networks and derived the shared link
utilization factors and delays for different coded and uncoded
schemes. It has been shown that the uncoded caching schemes,
guarantee the network stability by limiting the network
throughput. On the other hand, earlier coded caching schemes
in the literature lead to unstable systems if stochastic models
for their requests arrivals are taken into account. Moreover, we
have proposed a novel scheme, CDLS, which improves the
network performance by decreasing the load on the bottleneck
link and increasing the maximum stable throughput. We have
shown that the sole use of the coded caching schemes does not
lead to the performance improvement and its overall effect on
the caching networks should be taken into account.

APPENDIX (PROOFS)

Proof of Lemma 1: According to the definitions of p,.q (i)
and N, ;, we have
Preg( =1—P(Ny; = 0) = 1 - Gi(7,0) (39)
Awhere G;(t,¢) is the probability generating function of Ny ;.
In case of the renewal traffic model, the Laplace transform of
Gi(z, &) is given by [15]
* 1_f§(i:5)

G’ (:8) = e (40)
where f7 (i, s) is the Laplace transform of the PDF of the inter-
request time distribution for file f;.0

Proof of Proposition 1: In case of IRM traffic, the
distribution of N;; is Poisson with mean A,4p;. So, we have
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Preq D=1~ e~ AreaPi
Substituting (41) in Theorem 1, results in equation (6).0
Proof of Proposition 2: We use the function h(x) = x +
(1 —x)u(x — 1), where u(x) denotes the step function to
model the server’s control unit. According to Jensen’s
inequality for concave functions we have

p= sz - Z E[h(X)] < Z h(E[X,])

Z =1 h (Np‘req (l)(l phlt(l)))

(41)

(42)

where the RHS results from (4) which proves that the
distribution of X; is Binom(N, preq()(1 — prit(i))). Given that
h(x) < x, an upper bound for p is given by:
p < Zf:l Npreq (i)(l — Phit (l)) (43)
In case of IRM traffic, according to (41) and given that 1 —
e < x, the upper bound is obtained from
F

p< Z N(1 — e~*reaPi)(1 — pyy (i)

i=1
< Zf:l Nlreqpi(l — Phit (l)) = NATeq(1 = Dhit) (44)
Therefore, for the system stability, i.e. p <1, it is sufficient

that A satisfies the condition A < #. It should be noted that
—Phit

we have 0 < pp;; < 1. Therefore, to ensure the stability of the
server queue, it is sufficient that A < 1. In case of 4 < 1, the
inequality h(x) < x converts to equality. Hence, we have
h (N(l — e AreaPi)(1 — phit(i))) = N(1 — e~reaPt) (1 — py;e (i)
(45)
which shows that the upper bound is tight enough. o
Proof of Corollary 1: In case of the LRU policy and IRM
traffic, pp;; (i) is given by
Phie (1) = 1 — e reabile (46)
where 7. is obtained from € =X, (1 — e *reaPiTe)[14].
Inserting (46) in Proposition 1 and 2 results in Corollary 1.0
Proof of Corollary 2: In case of the LRU policy and renewal
traffic, according to [14], pni(i) is given by
Prie () = Fr(i,T¢)
Inserting (47) in Theorem 1 results in Corollary 2.0
Proof of Corollary 3: In case of the q-LRU policy and IRM
traffic, according to [14], pp;. (i) is given by

(47)

q(l_e—lreqPiTC)

Prie (D) = e AreaPiTe q(1—¢ AreaPiTc (48)
Inserting (48) in Proposition 1 and 2 results in Corollary 3.0
Proof of Corollary 4: In case of the q-LRU policy and
renewal traffic, according to [14], pp;: (i) is given by
N qFR(@TY)
Prit () = T e
Inserting (49) in Theorem 1 results in Corollary 4.0
Proof of Corollary 5: The hit probability for file f; in a
cache with the LFU policy is given by

phlt(l)_{l Vi Eo{_lw_ N, ovieq..ry 60

Inserting (50) in Proposition 1 and 2 results in Corollary 5.0
Proof of Corollary 6. In case of the LRU policy and IRM
traffic, according to [14], pni: (i) is given by

(49)

N AreqpilE[Tc]
phit(l) - 1+AreqpiE[Tc]
Inserting it in Proposition 1 and 2 results in Corollary 6.0

Proof of Lemma 2: By definition, T is the time that the &
request of station n arrives at the server. In case of IRM
traffic, T, T¥, ..., T{ are i.i.d r.v.’s with the Erlang distribution
with the CDF:

Areqx

Fr(x) = 1 — Y] 1% x>0 (52)
Since AT¥ is the expectation of the order statistical range of
these random variables, according to [20], it is obtained from

AT = E[Ti — Tl = [0 = (F¥(0)" -

(1—F¥(x))"1dx (53)
Inserting (52) in (53) and using the multinomial theorem result
in Lemma 2.0

Proof of Lemma 3: As discussed in the proof of Lemma 2,
ATF¥ is the expectation of the order statistical range of N i.i.d
r.v.’s with the Erlang (k, A,.q) distribution. According to [24],
the lower bound on the expectation of the range of N i.i.d
r.v.’s is given by AT¥ =dyoy,, where o, is the standard
deviation of the distribution of these random variables.
Therefore, given the standard deviation of the Erlang

distribution, g, = Aﬂ [25], the desired bound is derived.
req

(51

Proof of Proposition 4: If the number of the requests
arriving during window w is one, no coding is performed on
the packets and the server has to send all of the uncached
subfiles, whose number is 1 —%. Since during window w, the
additional waiting time at the server for each request is on
average equal to %, 5, in this case is %+ a- g). Otherwise,
the average service time in WPCS is given by

Sw = % + Sw.c T Swunc (54)
which consists of three components: first, the average
additional waiting time for each request, i.e. %, second, the
average service time for the coded packets, 5, ., and third, the
average service time for the uncoded packets, i.e. 5 ync-

We denote the number of the transmittable coded small
packets corresponding to the request that arrived at w by N, ..
Since the number of stations that are served by each coded
small packet is y + 1, if the number of the requests arriving
during window w is less than y + 1, there is only one coded
packet to be sent. Otherwise, N, . is obtained from (]/1\4,‘-”1)'

Therefore, 5, is given by

Ny
Nw,c (y+1) .
== i +1< N
Spe = ;“l = P-oin fy w (55)
N 1<N,<y+1

Subsequently, the number of coded packets containing the
subfiles of a given file is equal to N,, r = (N; 1). The number

of transmittable coded packets containing the subfiles of each
file is also obtained from

NW—1) _
i +1< N,
wac‘f=!( y fy w

1 1<N,<y+1
The average service time for the uncoded packets is then

(56)
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(-0 \
MY if y 1< N, |
Swaunc = Dt e Ho (57)
, Th (N—I)_l
Y
k e 1<NW<)/+1)

Finally, combining (54), (55) and (57) results in (31).0
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