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Abstract

The spatial and temporal variations of ionosphere play an important role in positioning and navigation by the space geodetic tech-
niques. Therefore, the ionospheric gradient should be calculated, analyzed, and applied in both space and time. Spatial gradients of the
ionosphere have remarkable delay on the propagation of electromagnetic waves. This study intends to propose a new method for simul-
taneous modeling of the spatial gradients of ionosphere and VTECs in the local scale for Iran. Vector Spherical Slepian (VSS) base func-
tions are used for the development of this method.

Five VSS models with the maximal degrees of L = 30, 35, 40, 45 and 50 are taken into account. For implementing the VSS method, 24
permanent GPS stations from the Iranian Permanent GPS Network (IPGN) have been used. The unknown coefficients are estimated
with the observations of these stations with least squares technique. Four other stations are used for evaluating the accuracy of the mod-
els. Repeatability of baselines is the measure that is used for this purpose. Based on the results obtained, L = 40 is the optimum degree for
the VSS model with this input data over Iran.

The baselines’ repeatability showed that ionospheric gradients have more influence on the north–south component. Moreover, the
spatial gradient is negligible in the east–west and up-down component when a short baseline is processed. In other words, this kind
of ionospheric modeling has significant application for baseline, which is longer than 1000 km. In the study, proposed method has
improved the long baselines’ solution by more than 12%, 18% and 10% in east–west, north–south and up-down components, respectively.
� 2020 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The spatial and temporal variations of ionosphere play
an important role in positioning and navigation by the
space geodetic techniques (Danilogorskaya et al., 2017).
In order to account for such variations, the ionospheric
gradient should be calculated, analyzed, and applied in
both space and time. The impact of ionospheric gradient
https://doi.org/10.1016/j.asr.2020.12.023
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has been studied on some of geodetic measurements
(Meyer et al., 2005; Liu et al., 2003; Erickson et al.,
2001) (see Fig. 1).

The gradient error effects on the relative positioning was
first assessed by the Global Navigation Satellite System
(GNSS) observations. Goad shows that the ionospheric
gradient has about 0.5 m error on a long baseline in
Antarctica (9 Km) during the maximum solar activity
(Goad, 1990). Also, the ionospheric gradient of 5 m has
been recorded on a baseline of 100 km length in Brazil dur-
ing the same period of time (Wanninger, 1993). Investiga-
tion of anomalous ionospheric gradients discovered by
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Fig. 1. Schematic view of spatial gradient computation between two successive epochs.
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the Wide Area Augmentation System (WAAS) has
reported gradients as large as hundreds of mm/km (or hun-
dreds of parts per million), which is far larger than typical
ionospheric gradients of 1–5 mm/km (Datta-Barua et al.,
2002). Others have shown larger gradients during the sever
ionospheric storms of October and November 2003 (Ene
et al., 2005; Datta-Barua et al., 2010). Some studies demon-
strate that horizontal gradients of ionosphere can affect
GPS coordinates significantly in both single point and dif-
ferential positioning modes (Abdullah et al., 2007). In dif-
ferential GPS positioning ionospheric delay is dependent
on the baseline direction. As the result, spatial changes in
the ionosphere can increase or decrease as compared to
the case where the existing gradients are ignored
(Abdullah et al., 2007). Since, the error due to the iono-
spheric refraction is assumed to be the same for two closely
spaced signal paths, the presence of ionospheric horizontal
gradient is normally ignored. If the signal path is exposed
to a drastically large ionospheric gradient (e.g., over the
equatorial region), the large difference of ionospheric
delays between the reference and user stations can result
in significant positioning error at the user’s position
(Nagarajoo and Zain, 2010). In other words, gradient of
ionosphere has significant effect on baselines that are
100 km and more. Typically, large-scale gradients in Total
Electron Content (TEC) can result in differential iono-
sphere range delays of about 1–2 ppm (Parkinson and
Enge, 1996).

Real Time Kinematic (RTK) networks are now an effi-
cient solution for many of the industrial demands on real
time position. As the result, the ionospheric storms and
their associated ionospheric gradients have been assessed
on the relevant solutions (Stankov and Jakowski, 2006):
RTK corrections for positioning services including the
Satellite-Based Augmentation System (SBAS) used in Aus-
1930
tralia, as a solution for Intelligent Transport Systems (ITS)
(Imparato et al., (2018)) and the U. S. Nationwide Differ-
ential Global Positioning System (NDGPS) can be men-
tioned to name a few (Hirokawa and Fujita, 2019). Then
the corrections are applied based on the error range that
is sent to the roving receivers (Kintner and Ledvina,
2005). The ionospheric gradients are analyzed seasonally
in order to give input information to the threat modeling
process over Turkey (Koroglu et al., 2017). Other
researches have tried to estimate the influence of the spatial
gradient on ionospheric mapping using globally distributed
GNSS stations and the NeQuick2 ionospheric electron
density model (Jiang et al., 2018). In a recent research,
the ionospheric temporal gradient analysis has been carried
out in east, west, north and south directions using a
Weighted Least Squares (WLS) algorithm for NAVIC
(Navigation with Indian Constellation (NAVIC)) L5 sig-
nals (Kumar et al., 2019).

Various models have been suggested for estimating
ionospheric parameters using the GNSS measurements in
global, regional and local scales (Schunk et al., 2004;
Bilitza and Reinisch, 2007; Hochegger et al., 2000;
Komjathy, 1997; Schaer, 1999; Schmidt, 2007;
Etemadfard and Hossainali, 2016a; Zhang et al., 2019).
Other methods have been also suggested for computing
the spatial gradient of ionosphere (Lee et al., 2007;
Chandra et al., 2009). Application of these methods is lim-
ited to small baselines. In other words, it is not possible to
use such methods for estimating the spatial gradient of
ionosphere over large distances. Recently, a new method
has been suggested for simultaneous modeling of the spa-
tial gradients of ionosphere and VTECs using vector iono-
sphere modeling in the Arctic region (Etemadfard and
Hossainali, 2016b). The method is based on the spherical
shell approximation of ionosphere and models the TEC
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in the radial and the gradient of TEC in tangential direc-
tions. Vector Spherical Slepian (VSS) theory has been sug-
gested for the development of these functions (Etemadfard
and Hossainali, 2016b). The VSS theory is the extension of
Slepian’s spatio-spectral concentration problem to vector
fields on the sphere. The theory of spatio-spectral concen-
tration is concerned with the optimal space localization
of a signal bandlimited in the frequency domain. Simons
et al. (2006; 2009) and Simons (2010) extended these results
on the sphere for bandlimited functions in the Spherical
Harmonics (SHs) domain. Plattner and Simons have pre-
sented a complete extension of Slepian’s spatio-spectral
concentration problem to vector fields on the sphere
(Platner and Simons, 2014). Etemadfard and Hossainali
(2015) applied this method for improving the accuracy of
the IGS Global Ionosphere Models (GIMs) in polar
region. Then, Etemadfard and Hossainali proposed the
spherical Slepian base functions as a new method for mod-
eling the VTEC in the Arctic region (2016a).

This study intends to simultaneously compute the spa-
tial gradients of ionosphere and VTECs over Iran.
Observations of the national GPS network and the
VSS method have been used for this purpose. This new
experiment is challenging in several aspects; the case
study is the first attempt to the application of this
method for modeling the ionosphere in mid latitude
region. Here, the gradients of ionosphere are expected
to have smaller impacts on GPS measurements. The size
of the new test area is also smaller than the test area in
our previous research (Etemadfard and Hossainali,
2016b). This provides a new opportunity for evaluating
the effect of VSS modeling on the GPS baseline solu-
tions. In addition, since the Slepian base functions are
linear combination of Vector Spherical Harmonics
(VSH), a new optimal set of the required base functions
have been developed for the test area of the present
research. Results of this study can therefore, provide
an initial insight onto the contribution of ionospheric
gradients on practical applications such as the develop-
ment of a real time positioning service in mid latitude
region. In contrary to Arctic region, the shape of study
area is highly irregular in this new experiment. Due to
the irregular boundary of the test area, the modeling
of VSS base functions and using them must be changed.

Application of this method requires an appropriate set
of input data. To this end, GPS measurements are firstly
used to determine Slant TEC (STEC) at every Ionospheric
Pierce Point (IPP). Using numerical differentiation, gradi-
ent of STEC is computed in the longitudinal and latitudinal
directions (Etemadfard and Hossainali, 2016b).

The vector Slepian theory is introduced in the next sec-
tion of this research (Section 2.1). The method that is
applied for the construction of input data is given next
(Section 2.2). Section 3 presents the corresponding numer-
ical results. Pros and cons of the proposed method are dis-
cussed in this section. Finally, Section 4 gives the
concluding remarks.
1931
2. VSS function modeling

This research is a function based method for the vecto-
rial modeling of ionosphere in local scale. The applied base
functions are based on the Slepian’s spatio-spectral concen-
tration extended to VSH fields on unit sphere (Platner and
Simons, 2014). Therefore, the VSS theory and the analyti-
cal equations for the derivation of the corresponding base
functions are given first. Then, the method is explained
for constructing input data.
2.1. VSS base functions

Platner and Simons (2014) firstly suggested the VSS base
functions for bandlimited vector fields, g r̂ð Þ on the unit
sphere X:

g r̂ð Þ ¼ gr r̂ð Þ þ gt r̂ð Þ ¼
XK
lm

UlmPlm þ V lmBlm þ W lmC lm ð1Þ

Plm ¼ r̂Y lm; Blm ¼ r1Y lmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l lþ 1ð Þp ;C lm ¼ �r̂�r1Y lmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l lþ 1ð Þp ð2Þ

Ulm ¼
Z
X
Plm:gdX; V lm ¼

Z
X
Blm:gdX; and

W lm ¼
Z
X
C lm:gdX: ð3Þ

where Y lm is the SH base function for degree l, order m and
maximum degree K. Here, r1 is the tangential part of the

gradient. Unit vectors bh and bk are in the south and east
directions, respectively. The VSS theory is taken from the
scalar Slepian theory and it maximize the spatial concen-
tration it within R via the ratio:

k ¼ gTKg

gTg
; g ¼ . . . ;Ulm; . . . ; V lm; . . . ;W lm; . . .½ �T ð4Þ

where K is real, symmetric, and positive definite matrix
with [3(K + 1)2 –1] � [3(K + 1)2 –1]-dimension. It can be
divide to sub matrices like,

K ¼
P 0 0

0 B D

0 DT C

2
64

3
75 ð5Þ

In this equation, P is the radial part of the vector field,
which is equal to

P ¼
P 00;00 � � � P 00;KK

..

. . .
. ..

.

PKK;00 � � � PKK;KK

2
664

3
775; P lm;l0m0 ¼

Z
R
Y lm:Y l0m0dX:

ð6Þ
In the similar way, the entry of B, C and D will be such

as
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B ¼
B10;10 � � � B10;KK

..

. . .
. ..

.

BKK;10 � � � BKK;KK

2
664

3
775;C ¼

C10;10 � � � C10;KK

..

. . .
. ..

.

CKK;10 � � � CKK;KK

2
664

3
775;

D ¼
D10;10 � � � D10;KK

..

. . .
. ..

.

DKK;10 � � � DKK;KK

2
664

3
775;

Blm;l0m0 ¼ R
R Blm:Bl0m0dX; Clm;l0m0 ¼ R

R C lm:C l0m0dX;

Dlm;l0m0 ¼ R
R Blm:C l0m0dX:

ð7Þ
Based on Equation (4), it is possible to construct an

orthogonal family of bandlimited eigenfields that is opti-
mally concentrated within a region R on the unit sphere
X, by solving the matrix eigenvalue problem below

Kg ¼ kg ð8Þ
Its eigenvalues can be sorted from one to zero and eigen-

vectors are orthogonal. This method determine the opti-
mally concentrated eigenfields in the region R. Each VSS
function is distinguished by two indices. The first is mwhich
is equivalent to the order of the corresponding VSH and
the second is a which is called the degree of a VSS function
here, although it cannot be directly compared to the degree
of VSHs or the concept of degree in a polynomial as well.
For more details, the reader is referred to read Platner and
Simons (2014)and use https://github.com/Slepian/Slepian
to implementation.
2.2. Input data

The required input data are prepared with the dual-
frequency GPS observations. Carrier phase smoothed

codes P
�
1 and P

�
2 are applied for this purpose. This is done

using (Dach et al., 2007),

P
�
1 tð Þ ¼/1 tð ÞþP

�
1 �/

�
1 þ 2f 2

2

f 2
1
�f 2

2

/1 tð Þ�/
�
1

� �
� /2 tð Þ�/

�
2

� �� �
P
�
2 tð Þ ¼/2 tð Þþ P

�
2 �/

�
2 þ 2f 2

1

f 2
1
�f 2

2

/1 tð Þ�/
�
1

� �
� /2 tð Þ�/

�
2

� �� �
:

ð9Þ
In this equation/f tð Þ is the carrier phase measured at

epoch t using frequencyf , P
�
f � /

�
f is the mean difference

between all the accepted code and phase measurements in
the current observation arc on frequency f , and f 1 and
f 2 are the carrier frequencies for observation /1 and /2,
respectively. To compute the ionospheric delays at epoch
t, the bellow relation is used;

dION tð Þ ¼ bP 2 tð Þ � bP 1 tð Þ ð10Þ
Then, dION tð Þ is projected onto the east–west, north–

south and radial directions by using the equations
(Etemadfard and Hossainali, 2016b),
1932
dk
ION tð Þ ¼ dION tð Þcos EL0ð Þsin AZð Þ

du
ION tð Þ ¼ dION tð Þcos EL0ð Þcos AZð Þ ;

cos EL0ð Þ ¼ R
RþH cos ELð Þ

dR
ION tð Þ ¼ dION tð Þsin EL0ð Þ

ð11Þ

whereEL and AZ are the elevation angle and azimuth of

the satellite at the receiver position, and dk
ION tð Þ, du

ION tð Þand
dR
ION tð Þ are the east–west, north–south and radial compo-

nents of ionospheric delay, respectively. R and H are the
earth’s mean radius (6371 km) and the single layer altitude,
which is 450 km in this research. The radial component of
ionospheric delay can be used to compute the TEC in
radial direction. This is done as,

TECR tð Þ ¼ f 2
1f

2
2d

R
ION tð Þ

40:3 f 2
1 � f 2

1

� � ð12Þ

for epoch t. In order to compute tangential gradients of
ionospheric delay, tangential gradients of TEC
(DTECk&DTECu) are required as input data. DTECk and
DTECu are computed utilizing Newton’s difference quotient
or the first order divided difference formulae (Etemadfard
and Hossainali, 2016b),

DTECkðÞ ¼ f 21f
2
2

40:3 f 2
2
�f 2

1ð ÞDk dk
ION t2ð Þ � dk

ION t1ð Þ� �
DTECu t1ð Þ ¼ f 2

1
f 2
2

40:3 f 22�f 21ð ÞDu du
ION t2ð Þ � du

ION t1ð Þð Þ
ð13Þ

Where t1 and t2 are two successive epochs. This method
can be shown by the below figure.

Although dk
ION tð Þand du

ION tð Þ depend on the azimuth and
elevation of the GNSS satellites, application of equation
(13) helps ignore this dependency in the method of this
research. This is because these parameters are almost the
same at the corresponding pierce points. In other words,
the EL and AZ difference between the two sequential
epochs is so small and is skipped in the calculations of
equation (13).

3. Numerical result

This section firstly introduces the study area, the process
of selection and preparation of input data. The next subsec-
tion discusses the generation of the new base functions in
complete detail. Finally, developed models are given and
compared together.

3.1. GPS array and the input data

For the assessment of introduced method, 28 permanent
GPS stations from the Iranian Permanent GPS Network
(IPGN) have been selected and used in this research. The
sampling rate of measurements is 30 s and the elevation
cut-off angle is 30�. Totally 24 stations (control stations)
are used for developing the gradient models. In other
words, using the observations of these stations the model
coefficients are estimated for the study area of this research.

https://github.com/Slepian/Slepian


H. Etemadfard, M. Mashhadi Hossainali Advances in Space Research 67 (2021) 1929–1936

Downloaded from https://iranpaper.ir http://www.master-thesis.ir/Employment
shiraz.barg@gmail.com
Remaining stations (check stations) are used for the evalu-
ation of proposed method. Fig. 2 illustrates the distribution
of the control and check stations.

For reasonable analysis of the accuracy of developed
models, a period should be selected for the experiment.
This period should include both the high and low geomag-
netic activities. The Kp-index as an indication for geomag-
netic activity caused by the sun is used for this purpose.
According to the finalized Kp-index reported by the GFZ
Potsdam, 10 days starting from 06.03.2012 (DOY 66) and
ending on 15.03.2012 (DOY 75) has been selected as the
time period. There are the days of high and low geomag-
netic activity in this time duration.

Satellites’ Differential Code Biases (DCBs) are available
through the Center of Orbit Determination in Europe
(CODE). The receivers’ DCBs are computed in the prepro-
cessing step. Input data are computed by Equation (12)
and (13)). Moreover, coordinates of the IPPs , the intersec-
tion of the GPS signals with a single layer shell located at
an altitude of H = 450 Km above the surface of the Earth
are necessary for developing the regional models since the
IPP coordinates u; kð Þ are the inputs of ionospheric mod-
els. Fig. 3a and 3b illustrate the IPPs’ position for the con-
trol and check stations, respectively.

The Least Squares (LS) method is used for the estima-
tion of unknown parameters. Based on the error propaga-
tion rule, the weight matrix is also estimated for the
application in the LS procedure. These equations are also
Fig. 2. Control and check stations in black and red, respectively. (For interpret
to the web version of this article.)

1933
applied to the observations of the check points for analyz-
ing the accuracy of developed models.
3.2. Model analysis

In this research, the coefficients of models are estimated
in every measurement epoch. To be more specific, input
data, i.e. VTECs and its spatial gradients, are computed
from every successive epochs (e.g. epochs n, n + 1). This
input is then used for the estimation of the VSS coefficients
at the desired epoch (e.g. epoch n). Similarly, VTECs and
the gradients that are computed at the check stations are
employed to analyze the accuracy of developed models.
Root Mean Square Errors (RMSEs) are computed for each
model during the entire period in question. For further
analysis, daily averages of RMSEs are also calculated for
the developed models. Analysis of this parameter provides
a deeper insight into the efficiency of each model as com-
pared to the others. Fig. 4 illustrates the daily averages
of RMSEs in TECU/degree at the East-West direction.
TECU is the TEC Unit that equals to 1016 electron/m2.

According to Fig. 4, the RMSE of the model is consis-
tently larger when K = 30 and K = 50. Moreover, the
model performs more accurately when K = 40. Based on
the obtained results, the overall average of RMSEs are
0.092, 0.085, 0.066, 0.088, 0.112 TECU/degree for K equal
to 30, 35, 40, 45 and 50, respectively. Next, the daily aver-
ation of the references to colour in this figure legend, the reader is referred



Fig. 3. The IPPs of the control (a) and check stations (b).
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Fig. 4. The daily averages of RMSEs in the East-West component by
using different K.
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ages of RMSEs are computed in the North-South direc-
tion. Fig. 5 illustrates the obtained results.

Similar conclusions can be drawn from Fig. 5. Accord-
ing to this figure, K = 40 is the best selection for the max-
imum degree of the model in the North-South direction as
compared to the other proposed values. The corresponding
results in the East-West direction are similar to the North-
South direction for the other models. Finally, daily aver-
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Fig. 5. The daily averages of RMSEs in the North-South component by
using different K.
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ages of RMSEs are also computed in the radial direction
(VTEC). Fig. 6 illustrates the obtained results.

It is found out that K = 35 and 40 have the same results.
It means that both of them can be used for ionospheric
modeling in the radial direction. According to the result
obtained at the tangential directions, K = 40 has been pre-
ferred to K = 35 in this study. This is the optimum maxi-
mum degree for the ionospheric VSS modeling over Iran.

It can be found that different geomagnetic activities and
ionospheric perturbation do not have an important role in
this kind of modeling (epoch-wise). In addition to that, the
under-fitting and over-fitting occurs when K is equal to 30
and 50, respectively.

In order to analyze the efficiency of developed model, it
has been applied to a DGPS positioning mission. The base-
line repeatability is chosen as the required measure for this
purpose. To this end, four baselines have been taken into
account: The shortest baseline is tehn-foim, two long base-
lines in the east–west (ahvz-zabl) and north–south (mavt-
glmt) orientation and srvn-zari which is the longest base-
line in this research. The spatial distribution and the base-
line lengths are given in Fig. 7.
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different K.



Table 2
Repeatability of the baseline in the north–south component in meter.

Baseline tehn-foim ahvz-zabl mavt-glmt srvn-zari

off 1.86 3.87 2.6 4.41
horizontal derivatives 1.82 3.74 2.41 3.98
VSS 1.8 3.48 2.18 3.58
free-ion 1.75 2.75 1.71 3.31

Table 3
Repeatability of the baseline in the up-down component in meter.

Baseline tehn-foim ahvz-zabl mavt-glmt srvn-zari

off 1.68 4.44 2.24 5.48
horizontal derivatives 1.68 4.35 2.18 5.19
VSS 1.68 4.08 2.09 4.94
free-ion 1.67 3.53 1.96 4.18

Fig. 7. Spatial distribution of the shortest baseline tehn-foim (35 Km), the
east–west baseline ahvz-zabl (1236Km), the north–south baseline mavt-
glmt (1188Km) and the longest baseline srvn-zari (2216Km) in the
experiment of this research.
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Repeatability of these baselines is analyzed using epoch
wise single frequency pseudo-range baseline (single differ-
ence) solutions. RTKlib is used for this purpose (Takasu,
2011). Raw observations are firstly used to compute the
baseline solutions without ionospheric correction (see the
row ‘off’ in Tables 1–3). For the assessment of the role of
Equation (13) which shows the direct gradient of observa-
tion, the horizontal derivatives of the radial direction have
been taken into account for TEC gradient. Next, input
data are corrected for ionospheric error using the VSS
model of this research (see the row ‘VSS’ in Tables 1–3).
Finally, ionospheric free linear combination has been used
as a benchmark for this analysis (see the row ‘free-ion’ in
Tables 1–3). Table 1 illustrates the results obtained for
the east–west component.

According to Table 1, the shortest baseline is not
affected by ionospheric delay. The east–west component
of ahvz-zabl and mavt-glmt baselines has improved about
9% and 7%, respectively. The improvement is 12% in the
longest baseline in the east–west component. Table 2 shows
the results for north–south component.

Based on Table 2, the tehn-foim, ahvz-zabl and mavt-
glmt baselines have 3%, 10% and 16% improvements,
respectively when the VSS has been used. In addition to
that, the rule of directly using the raw differential observa-
tion is vividly impressive. Moreover, the longest baseline
Table 1
Repeatability of the baseline in the east–west component in meter.

Baseline tehn-foim ahvz-zabl mavt-glmt srvn-zari

off 1.62 3.28 2.03 5.56
horizontal derivatives 1.6 3.11 1.94 5.23
VSS 1.6 2.98 1.88 4.89
free-ion 1.6 2.47 1.78 3.37

1935
has significant improvement of about 18%. Table 3 reports
on the up-down component for this baseline.

Table 3 shows that, VSS model doesn’t have any impact
on short baselines. The repeatability parameter on ahvz-zbl
and mavt-glmt displays an improvement of about 7% for
using VSS method. It is equal to 10% for srvn-zari baseline
as the biggest baseline. Moreover, these results show that
Eq. (13) has significant impact for vector ionospheric
modeling.
4. Conclusion

This research applies a new method for vector iono-
sphere modeling over on the irregular area. The method
has been applied to the GPS data in Iran as the test area.
Proposed method is based on the VSS base functions.
The method provides an epoch wise solution to the prob-
lem of modeling the ionosphere. Because of this property,
geomagnetic activities and ionospheric perturbation don’t
have any important impact on the corresponding products.

To come up with an optimum model, five different maxi-
mal degrees (K= 30, 35, 40, 45 & 50) are taken into account.
Based on the results, K = 40 have been chosen as the opti-
mum maximum degree for the ionosphere model in Iran.

The efficiency of the VSS approach have been evaluated
by using four baselines. This shows that the ionospheric gra-
dients have more influence on the north–south component.
Moreover, the spatial gradient is negligible in the east–west
and up-down components on short baselines. The proposed
approach tomodeling ionosphere has significant application
on long baselines. According to the result obtained, the VSS
method improves the repeatability of the long baselines’
solution more than 12%, 18% and 10% in east–west,
north–south and up-down components, respectively.
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