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Application of Slepian theory for improving the accuracy
of SH-based global ionosphere models

in the Arctic region

Hossein Etemadfard® and Masoud Mashhadi Hossainali'

"Faculty of Geodesy and Geomatics Engineering, K. N. Toosi University of Technology, Tehran, Iran

Abstract Due to significant energy resources in polar regions, they have emerged as strategic parts of the
world. Consequently, various researches have been funded in order to study these areas in further details.
This research intends to improve the accuracy of spherical harmonic (SH)-based Global lonospheric Models
(GIMs) by reconstructing a new map of ionosphere in the Arctic region. For this purpose, the spatiospectral
concentration is applied to optimize the base functions. It is carried out using the Slepian theory which
was developed by Simons. Here the new base functions and the corresponding coefficients are derived
from the SH models for the polar regions. Then, VTEC (vertical total electron content) is reconstructed using
Slepian functions and the new coefficients. Reconstructed VTECs and the VTECs derived from SH models
are compared to the estimates of this parameter, which are directly derived from dual-frequency GPS
measurements. Three International Global Navigation Satellite Systems Service stations located in the
northern polar region have been used for this purpose. The starting and ending day of year of adopted GPS
data are 69 and 83, respectively, (totally 15 successive days) of the year 2013. According to the obtained
results, on average, application of Slepian theory can improve accuracy of the GIM by 1 to 2 total electron
content unit (TECU) (1 TECU=10"%elm™2) in the Arctic region.

1. Introduction

Day by day, poles are considered as a strategic part of the world due to the existing significant energy
resources [Liu et al, 2011]. For this reason, various researches are addressing these study areas including
the physics of the atmosphere [Aarons, 1982, 1993; Rodger and Graham, 1996; Skone, 1998; Basu et al.,
2002; Kunitsyn and Tereshchenko, 2003; Hunsucker and Hargreaves, 2003; Skone et al., 2005]. Aurorae and iono-
spheric irregularities and scintillations are two important atmospheric phenomena in the polar region [Werink
et al.,, 2003]. The analyzing impact of solar activities in ionosphere is a valuable information source of these
phenomena [Fremouw and Secan, 1984; Luhr and Xiong, 2010] as well magnetic poles positions [Skone,
1998]. Moreover, ionosphere is one of the most important bias sources of Global Navigation Satellite
Systems (GNSS) [Parkinson and Spilker, 1996; Seeber, 2003]. Hence, the GNSS signals are now currently used
for remotely sensing of the Earth’s atmosphere [Skone, 2009; Jin et al., 2014].

So far, several models have been developed for estimation and prediction of ionosphere. They are usually
classified as grid-based and function-based models [Liu et al., 2011]. lonosphere Exchange (IONEX) observa-
tion files as Global lonospheric Models (GIMs) [Schaer et al., 1998] and ionospheric products of Satellite-Based
Augmentation System as a regional ionospheric model [Liu et al., 2011] are two famous models of the first
group. Klobuchar model, whose coefficients are transmitted by the GPS signals [Klobuchar, 1987], the polyno-
mial model developed by Komjathy [1997], and the trigonometric series model of Georgiadiou [1994] are
some examples for the latter models. Readers are referred to Liu et al.,, [2008] for further details. Spherical
cap harmonic (SCH) model is the most famous one for ionospheric modeling in the Arctic region [Liu et al.,
20111. Another research utilized this method to map the Arctic total electron content (TEC) for the most
recent solar cycle from 2000 to 2013. This research also analyzed the distributions and variations of the
Arctic TEC at different temporal and spatial scales [Liu et al., 2014a, 2014b]. SCH method is also developed
to predict Arctic mean TEC on the scale of a solar cycle using previous data covering 14 years [Liu et al.,
2014a, 2014b].

GIMs provided by the International GNSS Service (IGS) have a temporal resolution of 2 h [Dow et al., 2009].
More recently, IGS associated analysis centers are producing GIMs with time resolutions of 1h to even
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15 min [Garcia-Rigo et al., 2014]. The total electron content (TEC) in zenith direction (VTEC, vertical TEC) is the
parameter which is modeled by IGS center. GIMs are usually delivered in IONEX format. They are also pro-
vided in terms of spherical harmonic (SH) coefficients to the degree and order of both 15. In the production
of GIMs, ionosphere is represented by a single layer [Schaer, 1999].

It is already known that the performance of these models in polar regions is poor [Liu et al., 2011]. It has been
clearly expressed, for example, in the header part of the Klobuchar data file model. This poor performance is
due to the complex impact of the solar activities and the geomagnetic field. In addition, conventional iono-
sphere models which are based on geodetic coordinates have an asynchronous dimensional resolution,
especially in areas close to the pole [Liu et al., 2011]. Such problems have prompted researchers to develop
new models tailored to these areas [GhoddousiFard et al., 2011; Liu et al., 2011].

This research intends to improve accuracy of GIMs based on SH in the Arctic region. For this purpose, spatios-
pectral concentration is applied on the SH models in order to optimize their base functions and also the cor-
responding coefficients. It is carried out using the Slepian theory [Slepian and Pollak, 1961; Slepian, 1976]. This
theory has been extended to the sphere for bandlimited functions in the SHs domain by Simons et al. [2006].

The next section of this paper introduces SH approach for modeling ionosphere and discusses on the pro-
posed method of this research. Then, the concept of model space resolution matrix is used for supporting
the proposed approach and the corresponding results. Section 3 is allocated to the implementation of these
methods and the comparison of the obtained results using the direct estimates of the vertical TEC.

2. VTEC Models

Modification and analysis of SHs (as the base functions) and estimating the coefficients of the modified base func-
tions by the IGS SH coefficients are the main aims of this research. At the beginning, SH models are introduced.
The method of this research for improving the accuracy of the IGS SH-based GIMs is given next. Finally, the the-
oretical background of the method which is used for analyzing and supporting the obtained results is discussed.

2.1. SH Model

SH modeling is a function-based approach to model the VTEC. The corresponding model is a combination of
the Fourier series and the Legendre functions. SH functions are orthogonal on the surface of sphere. This
property suggests SHs as appropriate base functions for modeling ionosphere in a global scale. The mathe-
matical definition of VTEC in terms of these functions is as follows [Schaer, 1999]:

K /

VTEC(Giep, Cipp) = > D Wim Vim (Ore, ), m

=0 m=-1
where

Oipp  geomagnetic colatitude of the ionospheric pierce point (IPP), degree;
&pp longitude of the IPP, degree;

/ degree of SHs;

m order of SHs;

K maximum degree of SHs;

wim  SH coefficients; and

Yim  SH base functions.

SH base functions are defined as equation (2),
V22X (Opp)cos(mépp) if 0 < m< |
Yim(Op, Eipp) = Xio(Opp) if m=0 @
V2X i (Opp)sin(mEpp ) if — 1< m < 0
20+ 1)1/2 {(I — m)!

4r (I+m)

12
Xim(Opp) = (*Um( } Pim(cosBipp)

I+m
Pim(u) = L (1—u2)™? (i) (-,

where Py, is the Legendre function.
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Moreover, the radial term is not presented in equation (1) because all of the VTEC parameters are assumed to
be on a thin spherical shell at a specific height from the surface of the Earth. The degree and order of the
Legendre functions define the resolution of a SH model.

2.2. Slepian-Based Function Approach

Spatiospectral concentration theory concerns the optimal space localization (time limitation) of a bandlim-
ited signal in the frequency domain. The question was first considered by Slepian and Pollak [1961] and
Landau and Pollak [1961, 1962] who studied the problem in one dimension. An introduction of a recent con-
cerning this subject is provided by Slepian [1978, 1983]. Later, Simons et al. [2006, 2009] and Simons [2010]
extended these results to the sphere for the bandlimited functions in the SH domain.

The orthogonality of SHs on the unit sphere, i.e., the thin spherical ionospheric shell, can be mathematically
described as below,

JQ Yim(6ep, Siep) Yrm (Grpp, Sipp ) AQ = 1y Omnr 3)

where ¢ is the Kronecker's delta and Q is the unit sphere.

Since equation (3) is not valid on an arbitrary region of unit sphere, R, application of SHs as the base functions of
the model distorts the concentrated signal in the region. Orthogonalization of SHs on a region or, equivalently,
optimization of the concentrated signals is a problem that can be solved by the Slepian theory. According to
this theory, spatial concentration of the bandlimited function VTEC(@,pp, £ipp) is maximized in R by

P IVTEC(Op, Epp) |l JRVTECZ(pr,é’mp)dQ

= 1= = max (4)
|| VTEC(Oep, Eipp) g IQWEC2(9|pp,§|pp)dQ
Substituting equation (1) in equation (4),
K I K I
Z Z l//lmz Z Dim rm Yim
=0 m=—1  I'=0 m'=—/
i= o 5)
DD Vi
=0 m=—1
in which
Dim rmy = IRYIm(elPP7 Eipp) Yrm (Opp, Eipp) dQ 6)

are the elements of the matrix Dy, ;- ,,- With dimensions (/+ 12x(I+1)2 The spectral domain eigenvalue
problem is used for computing the block diagonal matrix D =diag{D°, D',D’, ..., DX, DX}. In this work,
D° = Djgy0 = DY}, D' = Dy ;1 = D}, etc. Then, a simple analytical expression for equation (6) on the polar
cap is derived when the order (m) is fixed,

A+ + VD) EL /1 n N/ n T
Do = (—1)" (>2<)§,:/<0 ’ 0)<m ’ 7m>[P,,_1(c059|pp)anH(COSH"ap)]. @)
2

In this work, the arrays of indices are the Wigner 3 — j symbols [Edmonds, 1996; Messiah, 2000]. The next step
would be the spectral decomposition of D" It is elaborated using the equation below,

D™a]” = /"a"orD"A" = AT A" (8)
where A" is the eigenvalue for the degree / and the order m and aJ" is the orthonormal eigenvector
corresponding to the eigenvalue.

Matrix of eigenvectors, A", is used for the computation of Slepian functions from SHs. This leads to the
equivalent of the prolate spheroidal wave functions on the sphere, as follows:

K
Sy (O, Sipp) = Z (afn)TYIm(GlpmflPP) AIm|<a<K} C)

I=|m|
where ()7 is the transpose operator.

The new set of base functions S (fiep, , Sipp) is called Slepian functions, here. Each Slepian function is identi-
fied by two indices. First index is m indicating order of the SH. The second index, ¢, is called in this work the
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1 A

|:|;| ' ' ' ' ' R degree of Slepian functions; however,
B> O m=+ it cannot be directly compared to
g 2:3 the degree of SHs or the concept
AN [ of degree in a polynomial as well.
o 4 m=i5 Equation (9) precisely transforms
< « harmonic basis of the fixed order m
(_30'5 ....................................................................................... to the corresponding Slepian one
g-% [Albertella et al., 1999]. It shows that
w7 a Slepian function of degree « is a lin-
m ear combination of the surface SHs of
the same order m. Correspondingly,
D> matrix of eigenvectors can be used
Ok Mo«lwmw ...... Ad to transform the coefficients of the

0 5 10 15 2 25 3w ¥ 40 45 50 Slepian functions.

rank K

m m T
= <a<
Figure 1. Eigenvalues of D™ for 0 <m <5 in the spherical cap of this research ¥ IZ (a, ) Vim > {Im|<a=K}
(vertical and horizontal axes are eigenvalues and rank, respectively). =Iml

(10)
P indicates the coefficients of the new (Slepian) base functions. In this paper Slepian functions and
their coefficients are derived from GIMs using equations (8)-(10). Finally, by the Slepian approach, VTEC is

reconstructed by
M. N

VTECsiep (Opp, Eipp) = Z Z‘Pgmsam (Opp, Eipp) (11

m=—M a=1

Here M and N are maximum order and degree of Slepian functions.

2.3. Model Analysis

Generally, the concept of resolution is an efficient way to characterize miss-modeling in a discrete inverse
problem (d=Am). In this approach, it is possible to see how closely the inverse solution matches a given
model, assuming that there are no errors in the data. Beginning with an arbitrary model m, by multiplying
A times, a corresponding data vector d can be found. Then, multiply regularized inverse of A(A;) times d,
an inverse solution (my) is derived,

m; = ATAm (12)
The model space resolution matrix, R,,, is then defined as

R, = A:A (13a)
By using the theorem of singular value decomposition [Aster et al. 2011],

Ry =V, V] (13b)

Here p is the number of singular values which are effectively nonzero and the vector V is the right singular
vector of the design matrix A. If the model null space is trivial, R, is an identity matrix. But if rank
(A) =p < n, the model space resolution matrix is instead asymmetric matrix describing how the inverse solu-
tion smears out the original model, m, into a recovered model, m; [Aster et al. 2011]. In other words, if any of
the diagonal entries of this matrix are close to zero, then the corresponding model parameters will be poorly
resolved. The model resolution matrix does not depend on specific data values but is an exclusive property of
the matrix A. Thus, it can be calculated during the design phase of an experiment to assess expected resolu-
tion for a model. An optimal design for the geometry of the model results in a resolution matrix which is close
to identity [Aster et al. 2011]. Based on this idea, the concept of the model space resolution matrix is used to
support the outputs of this research.

3. Numerical Results

Slepian functions as well as the corresponding coefficients are computed here for the northern polar region.
It is carried out by the method outlined in sections 2.1 and 2.2. To support the proposed method, SH and

ETEMADFARD AND MASHHADI HOSSAINALI SLEPIAN MODELING 2586



7 : .
(@AGU Journal of Geophysical Research: Space Physics 10.1002/2015JA021811
=1 a=2 =3
o=t a=2 a=3
3
2
.
o
1 0
£
A
2|
A =0.999991 2= 0.99349! A=0.642283
0 0 0
05651680 0565180 0565180
ast a=2 a=3
;
2
/\ ‘
—
I 0 /V\/W/W\
£
2
A= 0.999734) A =0.935083) A= 0.232667]
0 ] 0 0 0
0565180 0565180 0<6s<180
a=1 a=2 a=3
;
2
/\N~M !
o
N g f\/\/\A/\/\A/
£
-1
2
2 =0.996318 2=0.701309 2=0.044184)
0 0 30 0
0565180 0ses180 0ses180
a=i a=2 a=3
\
2
N
o
I o W
£
B
2|
A =0.970451 2 =0.332361 2= 0.005541
Ed 0 0 0
0565180 0565180 0565180
a=1 a=2 a=3
3]
2
1
<
Il 0
£
2
A=0.859123 2= 0.092909 A=0.000541
2 05651680 ? 0565180 ? 0565180
a=1 a=2 =3
3
2
1
N
£
8 -1
2
A =0.605701 2=0.017027| 2 =0.000043

0ses180

E)
8

0ses180

0<es180

Figure 2. Eigenfunctions of the first three largest eigenvalues of D, for 0<m<5 (vertical and horizontal axes are value of eigenfunction and colatitudinal,

respectively).
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Table 1. The Number of Slepian Functions Adopted for Modification of the IGS GIMs
Values

m 0 £ 2 3 4 +5

o 12735 1,2 1,2 1 1 1

Slepian resolution matrices are firstly derived. Resolution matrices are used to determine contribution of each
model’s bias in VTEC estimating process. It will be checked afterward by obtaining the VTECs and a compar-
ison to their estimates directly derived from the dual-frequency GPS measurements.

3.1. Slepian Functions and Their Coefficients

To analyze the accuracy of the proposed method, a spherical cap, with the cap size of 30° at the North Pole,
has been taken into account. The maximal degree and order of SH coefficients in the IGS GIM products is 15.
Here the adopted maximal modeling degree is assumed the same.

To define the new base functions, D™ should be computed first. Eigenvalues of this matrix are then computed
forme{0,1,...,15}. Figure 1 illustrates the computed eigenvalues for m<5. For m > 5, eigenvalues are close
to zero. Therefore, they are not given in this figure. Estimated eigenvalues and eigenvectors reconstruct the
matrix D™ in the spectral domain. Larger eigenvalues contribute more in the spectral decomposition of this
matrix. It emphasizes on the role of larger eigenvalues compared to smaller ones in constructing the new
base functions (see equation (9)).

Using equation (9), the new base functions and eigenfunctions are computed for each above eigenvalue.
Figure 2 illustrates the eigenfunctions which correspond to the three largest eigenvalues of D", for
0<m<S5. It is obviously seen that the computed eigenfunctions are the most optimally concentrated ones.
Colatitudinal dependency of these functions is also seen in this figure.

D™ Matrix for SH , m=0 A™ Matrix for Slepian , m=0

5 10 15

D™ Matrix for SH , m=1 A™ Matrix for Slepian , m=1

2 4 6 8 0 12 14 2 4 6 8 0 12 14

Figure 3. Graphical illustration of the design matrices D" and A" (m=0, 1).
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Resolution Matrix for SH , m=0 Resolution Matrix for Slepian , m=0

2- ﬂ
5 10 15

Resolution Matrix for SH , m=1

2 4 6 g 10 12 14

Resolution Matrix for SH , m=2 Resolution Matrix for Slepian , m=2

1
09
08

07
06
05
0.4
03
02
0.1

0

2 4 6 8 10 12 14

Figure 4. Fixed order resolution matrices for the SH and Slepian basis functions.

According to Figures 1 and 2, the colatitudinal dependency of the eigenfunctions is more prominent for the
larger eigenvalues of D”. Therefore, GIMs have been modified using the eigenfunctions whose eigenvalues
conform to the Shannon number rule [Slepian and Sonnenblick, 1965]. In other words, the Shannon number is
used as a means for selecting the optimum number of the Slepian base functions in this process. For example,
the first three eigenfunctions are used when m=0. Table 1 provides the corresponding details.

The role of Shannon number in reconstructing the Slepian design matrix A™ from the corresponding SH, i.e,, D",
is graphically illustrated in Figure 3.

3.2. The SH and Slepian Resolution Matrices

In the discrete inverse problem of modeling VTEC, the model geometry is constrained by the type and
number of the adopted basis functions. Using SHs and Slepian functions for constructing D™ and A”, model
space resolution matrices have been computed for the study area of this research. Figure 4 illustrates the
corresponding results for m=0, 1, and 2, respectively.
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Figure 5. Distribution of the IGS stations used to compare the Slepian and SH models in (left) Miller and (right) stereographic
projection systems.

According to the obtained results, model space resolution matrices are closer to identity for the Slepian
approach of this research. This implies that VTECs computed by the modified GIMs are expected to be less
biased in comparison to VTECs derived from SH models.

3.3. lonosphere Modeling Using Slepian Functions

Observation files of three IGS stations located in the northern polar cap are used for analyzing the accuracy of
ionospheric models in this research. The accuracy of the modified model is also compared to the accuracy of
the IGS GIM products.

The spatial distribution of the test stations provides a reasonable coverage for analyzing the accuracy of
models within the study area of this research. This distribution is given in Figure 5. The GPS stations of this
study are located in Russia (NRIL), Northern Europe (NYA1), and Canada.

In order to assess the lonospheric modeling by the proposed method, different days with different solar activ-
ities are used. According to that, GPS measurements of 15 successive days (from day of year (DOY) 69 to DOY
83 in the year 2013) have been used. The corresponding receiver-independent exchange observation files
have been downloaded from the Scripps Orbit and Permanent Array Center (SOPAC) data archive of the
IGS. VTECs are computed by the dual-frequency measurements of the data for each satellite and in all
measurement epochs (VTECgps). VTECs are estimated using the pseudo-ranges which are smoothed by the
GPS carrier phase measurements. Observations are firstly preprocessed using the Bernese GPS software
(the cutoff angle is considered 15°). At this step, not only the cycle slips are detected and repaired but also
outlier measurements (or noisy raw observations) have been removed [Wu et al. 2010]. Next the smoothed
pseudo-ranges are computed using equations below:
- _ 2f2 _ _
Pi(t) = ¢ (t) + P1 — ¢4 +ﬁ((¢1 (t) = &) — (62(t) — &,)) F2f2 (ﬁz(t) _ l~’1(t))cos(EL)
, SVTEC(t) =
2]

ﬁz(t) =¢,(t) + P, — &, +W((¢1 (t) - 31) - (¢2(t) - 52))
1= 12

)

40.3(f; — £})

(14)

where ¢(1) is carrier phase measurements at the epoch t and frequency F.Pr — ¢ is the mean difference of all
the accepted code and phase measurements in the current observation arc on frequency F. f; and f, are the
carrier frequencies for two different observations (¢; and ¢,), respectively. EL is the elevation angle of the
satellite at receiver’s position. Differential code biases (DCBs) are considered for computing VTECs from GPS
observations. The DCBs of the Center of Orbit Determination in Europe (CODE) from the CODG IONEX are
downloaded. Estimated VTECs can be used for analyzing the accuracy and the comparison of ionospheric
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0

4 6 8 10 12 14 16 18 20

Figure 6. VTECs reconstructed from the modified (a) GIM (Slepian) model and (b) GIM for the DOY 69 of 2013 (vertical and horizontal axes are satellites and 2880

epochs, respectively).

models. In addition to that, coordinates of the IPPs are computed from the GPS observation files. The
intersection of the GPS signals with a single-layer shell located at an altitude of 450 km above the Earth is
used for this purpose. The IPP coordinates are the inputs of the Slepian and SH models (see equations (1)
and (9)).

The IGS SH-based GIMs are the basic data required for the Slepian approach of this research. They are
downloaded from the CODE, an IGS associate analysis center, for the time period mentioned above. CODE
GIMs include the SH coefficients during a day at 2 h intervals (VTECsy). As the result, the coefficients of the
Slepian base functions have been computed in 2h intervals too. Equation (10) is used for this purpose.
VTECs have been reconstructed using equation (11) (VTECgep). Figure 6 illustrates the obtained results for
the DOY 69 of the year 2013.

Differences of the VTEC which is computed by GPS measurements (VTECgps) and the modeled ones are
used as a benchmark for analyzing the accuracy of models (i.e, dVTECgps - sy =VTECgps — VTECsy and
dVTECgps - siep = VTECGps — VTECep). Here two methods are used for the assessment of the obtained results.
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Figure 7. dVTECs for two arbitrary satellites.

In the first approach, differences are computed and analyzed for each satellite, separately. Differences are com-
puted for 60 and 120 successive epochs of measurements to GPS satellites 7 and 16, respectively. Figure 7 illus-
trates the obtained results. Based on this figure, the model biases (dVTECgps.sy and dVTECgps. siep) are
negative in some of the measurement epochs. Moreover, the epoch-wise comparison of the estimated biases

NYAL1 Station-DOY 69-2013

dVTEC

=R S BV SR = N -]

35

25

dVTEC

1.5

0.5

dVTEC
SO — N W B Lo =

nn
e aag
¥ /'
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SN AV
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: F L ]
1 ) 1 & I r Anas
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——SH Slepian

Figure 8. dVTECs which are computed for the Slepian and SH models for the
DOY 69 of the year 2013.

illustrates that the (Slepian) modified
model performs more accurately than
the SH one.

As the second approach, the mean of
the absolute values of dVTECs are
computed for satellites in sight at each

measurement epoch (dVTEC). Figure 8
illustrates the obtained results.

Nonzero elements in the dVTEC time
series emphasize on the biaseness of
both models. Again, the existing bias
of the modified model is obviously
smaller than the SH model. The exist-
ing smaller bias in the former results
suggests an improved performance
of the approach of this study for iono-
sphere modeling in polar regions. To
explore pros and cons of the Slepian
modification in further details, the
daily means of the dVTEC time series
have been computed and compared
to each other, too. This measure
can provide a means for the direct
comparison of the obtained results
spatially and temporally. Figure 9
reports on the obtained results.
Again, the improved performance of
the Slepian approach in modeling
ionosphere is clearly seen in the cor-
responding results. The existing dif-
ferences between estimated averages
of the daily dVTECs for the Slepian
modified and SH models roughly sug-
gest an improvement of about 1 to 2
total electron content unit (TECU) in
the accuracy of the model using the
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Figure 9. Daily averages of dVTECs for the time interval from DOY 69 to DOY 83.

Slepian approach of this research. This improvement is also confirmed through the comparison of the SH and
Slepian model resolution matrices provided in section 3.2.

4, Conclusion

A modification method is proposed for improving the accuracy of CODE GIMs in polar regions. The
proposed method is based on the spatiospectral concentration of the base functions. The accuracy of this
method is then analyzed using the model resolution matrices as well as the GPS measurements of 15
successive days.

According to the obtained results, the application of Slepian basis functions which maximizes the concentra-
tion of the sought signal not only improves the resolution of the modified model but also discards some of
the nuisance parameters that contribute in the miss-modeling process when SHs are used. In other words,
the comparison of resolution matrices suggests that the SH approach for modeling VTEC suffers from an
overparameterization, that is, balanced through the modification method of this research.

The accuracy of the modified model has been compared to CODE GIM products. Although both of the
modified (Slepian) and the CODE models are biased, the accuracy of the modified model is about 1 to 2
TECU better than the global ionosphere products.
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