
Journal of Atmospheric and Solar–Terrestrial Physics 207 (2020) 105348

Available online 11 June 2020
1364-6826/© 2020 Elsevier Ltd. All rights reserved.

Application of the GPS reflected signals in tomographic reconstruction of 
the wet refractivity in Italy 

Milad Jaberi Shafei a, Masoud Mashhadi Hossainali b,* 

a Faculty of Geodesy and Geomatics Engineering, K. N. Toosi University of Technology, Iran 
b Department of Geodesy, Faculty of Geodesy and Geomatics Engineering, K. N. Toosi University of Technology, Iran   

A R T I C L E  I N F O   

Keywords: 
Refelectometry 
Wet refractivity 
GNSS 
GNSS-R 

A B S T R A C T   

GPS troposphere tomography is one of the most powerful techniques used to extract 3D model of the water vapor 
and wet refractivity using the observations from local and regional GPS networks. In this technique each un-
known parameter is related to the one 3D elements called voxels. This approach is a mixed-determined inverse 
problem because propagated signals do not pass through some of the voxels. As consequence, the design matrix 
has rank deficiency and unique solution cannot be reached. To this end, additional constraints are usually 
applied. In this research as an innovation, we utilized reflected signals from an air-borne reflectometry mission 
over Italy as additional constraint. According to the obtained results from four distinct parts in DOYs 158 & 160 
of 2012, reflected signals help to remove or reduce the rank deficiency of our tomographic models. Due to the 
lack of radiosonde and radio occultation profiles, to validate the tomographic model results, GPS slant wet delay 
observations of singular GPS stations within the desired study areas are used as a measure for validation. 
Depending on the number of reflected and direct signals that we used in our reconstruction area, the range of bias 
in the developed models change from 1.6 to 6.9 mm. Moreover, the range of RMSE is 30–40 mm. The accuracy 
and precision of reconstructed images is adequate as far as the mean, minimum and maximum values of the slant 
wet delays in the test areas of this study are taken into account.   

1. Introduction 

GPS (Global Positioning System) signals passing through the neutral 
atmosphere are delayed and bent under the influence of the refractivity 
parameter. This results in lengthening of the geometric path of the ray, 
usually referred to as the tropospheric delay. Tropospheric delay is one 
of the major sources of error in positioning by GPS (Seeber, 2003). The 
refractivity parameter is mainly divided into dry and wet components. 
The dry component is relevant to pressure and temperature and can be 
determined in millimetric accuracy by the existing models, if the pres-
sure and temperature are precisely known (Bevis et al., 1992). On the 
other hand, the wet component is related to the water vapor parameter 
that has a complex life cycle, including vertical and horizontal transport, 
mixing, condensation, precipitation and evaporation (Guerova et al., 
2016). Consequently, due to the high temporal and spatial variation of 
water vapor, applied method should not only reconstruct this parameter 
in spatial domain but also consider its variations in time. Understanding 
the behavior of this parameter has significant contributes in determining 
the weather condition and also accurate estimation of tropospheric 

delay. GPS tomography is a technique which makes it possible to obtain 
4D pictures from lower or medium troposphere by investigating the 
water vapor distribution in space and time (Bender and Raabe, 2007; 
Brenot et al., 2017; Guerova et al., 2016; Rohm and Bosy, 2009; 
Shangguan et al., 2013). Tomographic modeling has been successfully 
implemented in medicine (Beckmann and Spizzichino, 1987), geo-
dynamics (Bourjot and Romanowicz, 1992), gas-tracing (Degaleesan 
et al., 2001) and ionosphere (Amerian et al., 2010). Troposphere to-
mography is implemented using a finite number of 3D elements (voxels) 
with assumed constant values (for the investigated quantity) to obtain 
the spatial and temporal distribution of the desired parameter using GPS 
signal as the input data (Adavi and Mashhadi-Hossainali, 2014; Adavi 
and Weber, 2019; Aghajany and Amerian, 2017; Bender et al., 2011; 
Haji-Aghajany et al., 2020; Rohm and Bosy, 2009; Yao and Zhao, 2016). 
Due to inappropriate distribution of the GPS stations and the satellites, 
some voxels are not sufficiently penetrated by the GPS signals. This 
characterizes the troposphere tomography as an ill-posed inverse 
problem (Adavi and Mashhadi-Hossainali, 2014; Bender et al., 2011; 
Brenot et al., 2020; Champollion et al., 2005; Rohm et al., 2014; Rohm 
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and Bosy, 2009; Song et al., 2006). To obtain a unique solution or to fix 
the rank deficiency of the problem, using additional constraints is 
inevitable. For this purpose, several methods have been implemented. 
Flores et al. (2001) utilized additional constraints through weighting 
unknown voxels by the neighboring ones (Flores, 1999). Hirahara 
(2000) applied horizontal and vertical smoothing equations to find the 
inverse solution (Hirahara, 2000). Flores et al. (2001) applied additional 
constraints in the form of a Kalman filter (Flores et al., 2001). Braun and 
Rocken (2003) used vertical profiles obtained by LIDAR radiometer 
from the Earth’s surface up to 10 km as the required constraints (Braun 
and Rocken, 2003). Champollion et al. (2005) constrained their model 
using priori water vapor profiles from standard atmosphere and surface 
observations (Champollion et al., 2005). Bi et al. (2006) used averaged 
radiosonde observations in their study area during the desired time 
domain (Bi et al., 2006). Song et al. (2006) used Gauss weight function 
and vertical profiles derived from numerical weather prediction model 
as horizontal and vertical constraints, respectively (Song et al., 2006). 
Bender et al. (2011) applied surface observations to constraint the bot-
tom layer of the model. Moreover, they constrained the most top layer of 
their model by a constant value (Bender et al., 2011). Xia et al. (2013) 
and Ye et al. used COSMIC occultation profiles as the required con-
straints (Xia et al., 2013; Ye et al., 2016). The idea of using Virtual 
Reference Stations (VRS) was proposed by Adavi and 
Mashhadi-Hossainali (2014). Heubelion et al. (2015 & 2019) used in-
tegrated water vapor (IWV) derived from Interferometry Synthetic 
Aperture Radar (InSAR) (Heublein et al., 2015; Heublein, 2019). Using 
an appropriate weighing method, Benevides et al. (2014) applied SWD 
observations calculated from the European Centre from Medium-Range 
Weather Forecasts (ECMWF) model (Benevides et al., 2014). Yao and 
Zhao (2017) used the radiosonde data to derive the maximum height of 
vertical axis and used the concept of non-uniform symmetrical division 
of horizontal voxels (Yao and Zhao, 2017). Zhao and Yao (2017,2018 & 
2020) considered the signal rays penetrating from the model’s side face 
as additional constraint to the tomographic model and solve the problem 
of the low utilization rate of global navigation satellite system (GNSS) 
observations (Zhao et al., 2020, 2018; Zhao and Yao, 2017). Benevides 
et al. (2018) used Atmospheric Infrared Sounder (AIRS) remote sensing 
data to initiate and update a 3-D tropospheric wet refractivity (Benev-
ides et al., 2018). Shafie and Mashhadi-Hossainali (2018) used simu-
lated ground based reflected signals as additional constraint to 
overcome the rank deficiency of the model (Shafei and 
Mashhadi-Hossainali, 2018). Zhao et al. (2019) utilized observations of 
GNSS receivers located outside the tomographic model region to 
participate in the establishment of a tomographic observation equation 
(Zhao et al., 2019). Haji-Aghajany et al. Utilized the Weather Research 
and Forecasting (WRF) model and the topography of the study area to 
reduce the deficiency of the model (Haji-Aghajany et al., 2020). This 
research is the first attempt to utilize reflected signals collected by an air 
borne mission in tomographic reconstruction of the wet refractivity and 
the analysis of the impact of these signals for improving the rank defi-
ciency of model. To solve the tomography model many different ap-
proaches has been used such as using weighted and damped 
least-squares inversion with SVD (Champollion et al., 2005), the SVD 
and robust Kalman filter techniques to determine unknown parameters 
(Rohm et al., 2014), which based on the previous state and the correc-
tion to the measurement, combining weighted least-squares techniques 
with TSVD and 2D ray-tracing methods ((M€oller, 2017)) and using 
simultaneous iterative reconstruction technique (Adavi and 
Mashhadi-Hossainali, 2014; Adavi and Weber, 2019) which we consider 
in this research. 

In the next sections, tomographic modeling and related challenges 
are described. Reflected signals as an additional constrain is then dis-
cussed in brief. Next, regularization method that we utilized in this 
paper is introduced. Finally, data sets, numerical results and validation 
of the reconstructed images are completely given. Concluding remarks 
and suggestions are given last. 

2. Tomographic modeling 

Troposphere tomography is based on exploiting GPS signals for 
reconstructing 3D or 4D images of some atmospheric parameters such as 
refractivity. This idea is based on the fact that transmitted signals are 
delayed and bent through their path due to the changes of pressure, 
temperature and relative humidity. The corresponding Slant Total Delay 
(STD) is determined by (Bevis et al., 1992): 

STD¼ 10� 6
Z

s

NðsÞds þ ðS � GÞ � 10� 6
Z

s

NðsÞds (1)  

where s is the signal path between satellite and receiver and N is the 
refractivity parameter. The term S � G ¼

R

s
ds �

R

g
ds is the geometric 

delay that describes extra path of transmitted GPS signals due to their 
bending. In troposphere tomography this part is neglected and the sig-
nals’ path is assumed to be straight (Adavi and Mashhadi-Hossainali, 
2014; Guerova et al., 2016; Rohm and Bosy, 2009; Troller et al., 
2006). Eq. (1) is usually expressed in terms of the Slant Wet and the Slant 
Hydrostatic Delays (SWD & SHD). SHD can be computed with a few 
millimeters accuracy using global troposphere models (Bevis et al., 
1992). Consequently, SWD is determined by the subtraction of STD from 
SHD as given bellow: 

SWD¼ STD � SHD ¼ 10� 6
Z

Nwds (2)  

Nw is the wet refractivity parameter in Eq. (2). This is a nonlinear in-
tegral equation and should be set up for the GPS signals at every mea-
surement epoch (Guerova et al., 2016). To this end, first, the 
mathematical model is linearized by discretizing the refractivity field 
into a 3D gridded mesh of elements with limited dimensions (regarding 
to the spatial variation of the desired parameter) called voxels. Next, 
with such assumptions Eq. (2) is substituted with the finite series as 
follows: 

SWDi ¼ 10� 6
X

NwjΔsj (3) 

In equation above index j represents the voxel that the i th signal 
passes through it and parameter Δsj is the corresponding signal length. In 
matrix notation, the simultaneous system of observation equations of 
type Eq. (3) is formed as bellow: 

b¼Am (4)  

where A is referred to as the design matrix of tomographic model with 
m� n dimensions (Adavi and Mashhadi-Hossainali, 2014; Rohm and 
Bosy, 2009): 

A¼

2

6
6
6
6
4

d11 : : : d1n
d21 : : : d2n
: : : : :

: : : : :

dm1 : : : dmn

3

7
7
7
7
5

(5)  

m is the number of SWD observations and depends on the number of GPS 
stations and the time response of the tomographic model, n is the 
number of unknowns (voxels) and dij is the length of signal i in voxel j. 
Due to the variation of satellites’ and tracking points’ relative position in 
each epoch, elements of the design matrix are not constant. In tomo-
graphic model, if the signal does not intersect a voxel, the related 
element is set to zero. Moreover, the refraction of the signal is ignored 
(Adavi and Mashhadi-Hossainali, 2014; Champollion et al., 2005; Rohm 
and Bosy, 2009). To come up with a unique solution, transmitted signals 
should pass necessarily through all of the model’s elements. Since the 
GPS space segment is not optimized for this purpose, some of the voxels 
are not covered by GPS signals while others might be over constrained. 
Consequently, troposphere tomography is a mixed-determined inverse 
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problem (Menke, 2018). Therefore, to completely constrain the model or 
to fix the rank deficiency of design matrix, adding extra informatio-
n/observations is necessary. 

3. Reflectometry constraints & analyzing their impact on the 
model 

This research applies GPS reflected signals (GPS-R) as additional data 
to constrain the tomographic model and remedy the rank deficiency of 
the problem. GPS-R is a bi-static radar system in which the transmitter 
and receiver are separated by a significant distance. The first concept 
was investigated by Martin-Neira (1993) as a method to densify the 
earth observations in a low cost efficient way. For this purpose, an an-
tenna pointing to transmitter receives the so-called direct signals and an 
antenna pointing to the surface gathers the signals scattered from the 
surface of the Earth (reflected signals). By now, reflected signals are used 
for specific applications. The reflected signals were used to analyze the 
temporal variation of the sea surface and lake level in many researches 
(Cardellach et al., 2011; Rius et al., 2010; Ruffini et al., 2004; Semmling 
et al., 2011). In addition, they were utilized to extract the surface 
roughness and parameters such as: the soil moisture and ice properties 
by analyzing the Delay Doppler Maps (DDMs) extracted from the 
waveforms (Cardellach et al., 2011; Katzberg et al., 2006; Larson et al., 
2013; Rius et al., 2012; Rodriguez-Alvarez et al., 2010; Zavorotny and 
Voronovich, 2000). The particular advantage of this technique is the 
dense temporal and spatial coverage not only limited to a single mea-
surement point or a non-repetitive transect as with using classical GPS 
buoys (Roussel et al., 2014). Pallar�es et al. investigated tomographic 
modeling of ionosphere over the oceans using GPS-R data, collected by 
Low Earth Orbiter mission (LEO), besides other data such as the occul-
tation and Total Electron Contents (TECs) (Pallar�es et al., 2005). 

The number and spatial distribution of GPS stations are usually not 
suitable for troposphere tomography. Accordingly, the GPS signals alone 
fail to constrain the model, especially in the lower voxels. Here, we use 
only the reflected signals to investigate the impact of GPS-R on fixing 
this problem. To apply such additional observations, the specular points’ 
position (the geometric position of reflection points assuming that the 
reflections are specular) is considered (Roussel et al., 2014; Shafei and 
Mashhadi-Hossainali, 2018). Then, the reflected signals’ path are added 
to the model regarding the position of the transmitter, receiver and 
specular points. 

We use the model space resolution matrix (Rm) in order to analyze 
the impact of reflected signals on the rank deficiency of the problem. The 
concept of resolution matrix is an appropriate way to characterize the 
bias in a discrete inverse problem. On the assumption that there are no 
errors in the input data, Rm analyzes how close is the inverse solution to 
an original model (Adavi and Mashhadi-Hossainali, 2014): 

Rm¼VpVT
p (6)  

here, p is the number of singular values that are effectively non-zero and 
V is the right singular matrix of the coefficient matrix A. If A is full rank, 
i.e. the elements of the tomographic model are constrained by utilized 
signals (GPS and reflected signals), the model null space is trivial and Rm 
is an identity matrix. Otherwise, the resolution matrix is asymmetric 
with some diagonal elements that are either zero or close to zero which 
means the parameters that are correspondent to such elements are 
poorly reconstructed by the inverse solution (R. Aster, B. Borchers, 
2005). 

4. Regularization method 

Iterative regularization methods are preferred approaches when a 
large scale inverse problem such as tomographic modeling is concerned 
(Elfving et al., 2010). In this paper, after fixing the rank deficiency of the 
problem, Landweber regularization method is utilized. Landweber is a 

classic iterative regularization technique which seeks a regularized so-
lution by solving the optimization problem min

m
kb � Amk22=2. The clas-

sical form of this algorithm suggests an update to sought solution by 
(Landweber, 1951): 

mkþ1 ¼mk þ λkAT � b � Amk� (7)  

where m is the vector of the desired unknowns and λ is the relaxation 
parameter. To insure the convergence, λ should be in the range of 
0 < λ < 2�

σ2
max

. Here, σ2
max is the largest eigenvalue of the design matrix 

(R. Aster, B. Borchers, 2005). 
λ can be obtained by different approaches such as linear ψ1&ψ2 

based relaxation strategies or modified ψ1&ψ2 strategies (Elfving et al., 
2010). ψ1&ψ2 strategies are indeed able to dampen the influence of the 
noise-error, as desired. Moreover, initial convergence is almost identical 
with much better damping of the noise propagation: once we reach the 
minimum in the error histories, then the error only increases slowly 
(Elfving et al., 2010). 

In this study, to enrich relaxation parameter we prefer to use the 
modified Ψ2 method which accelerates the convergence (Elfving et al., 
2010). To reach the optimum number of iterations, due to the lack of 
radiosonde and radio occultation profiles within the desired time 
domain, at each iteration, the slant tropospheric delays derived from 
tomographic models and the GPS stations which are not included in 
tomographic modeling were compared in different elevation angles. The 
iterations stop when calculated RMSE (Eq. (8)) of this comparison is 
minimized. Moreover, for more analysis the bias is calculated by Eq. (9): 

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
N
XN

i¼1

�
modi � cali

�2

v
u
u
t (8)  

bias¼
1
N

XN

i¼1

�
modi � cali� (9)  

where modi refers to the parameter that is extracted from tomographic 
model and cali is the corresponding one calculated using the Bernese 
software at the test stations mentioned above. 

5. Numerical results and conclusions 

In this section, first, the study area is introduced. Next, the dataset is 
briefly described and the strategies applied for calculating slant delays 
for both GPS stations and reflected signals are explained. The impact of 
adding reflected signal as constraints on the design matrix of the 
tomographic model is then given. To this end, the concept of resolution 
matrix is used. Finally, to evaluate the performance of the model; slant 
delays produced by the reconstructed model are compared with slant 
delays extracted from isolated GPS stations within each of the study 
areas. 

5.1. Study area and datasets 

At present, due to the limitation of GPS-R missions, available data is 
limited to particular areas at specific times. These missions are not 
planned for GPS metrology. Besides, ground based GPS-R missions are 
usually conducted in the areas that are far from permanent GPS stations. 
Considering mentioned limitations, an air-borne mission has been 
preferred. Since reflectometry data together with the GPS and synoptic 
stations are available in some part of Italy, this area is adopted as the 
study region. The GPS-R data has been provided by the GEOHALO (High 
Altitude Long Range) mission. The mission was designed and commis-
sioned in a joint collaboration between the German research institute 
Geo Forschungs Zentrum (GFZ) and the Institute de Ci�encies de l’Espai 
for atmospheric geophysics research. With the aim of altimetry using 
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signals reflected from the surface of the sea, it covered Mediterranean 
region. This four days mission also included gravimetry, magnetometry, 
laser altimetry and GPS positioning surveys (Semmling et al., 2014). 

National Institute of Geophysics and Volcanology (INGV) in Italy 
established the Italian Permanent GPS Network RING (RETE INTE-
GRATA NAZIONALE GPS) in 2004. At present, the network consists of 
180 GPS stations. It is used for monitoring the convergence of the 
Arabian and Eurasia plates across the western Mediterranean region as a 
high rate deformation zone. In this research some GPS stations of the 
RING network are utilized. 

Considering both the GPS stations’ dispersion and availability of 
reflected signals, the time period of this study is limited to 2 h (DOYs 158 
and 160 of the year 2012). We only use the specular points’ (geometric) 
positions because the other datasets are not relevant to the aim of this 
research. Fig. 1 represents the distribution of GPS stations and reflected 
signal positions in this area. 

For the GPS stations’ signals (here after referred to as the direct 
signals), first, ZTDs are computed using the Bernese GPS software (Dach 
et al., 2007). Then, ZWDs are derived from the subtraction of the ZHDs 
from ZTDs. We used Saastamoninen’s model for computing the ZHDs. 
This is done using the precise meteorological parameters that are made 
available to this research (Bevis et al., 1992). Temperature, pressure and 
relative humidity are recorded at the synoptic stations surrounding the 
study area of this research (see Table 1). Therefore, they are interpolated 
at the GPS positions. Using the GMF mapping function calculated ZWDs 
are then transferred to SWDs. 

For reflected signals, SWD is computed using two different methods: 

In the first approach, we used the ray tracing algorithm (Eresmaa and 
J€arvinen, 2006) and the ECMWF model. ECMWF is a 3D gridded rep-
resentation of the atmospheric condition in the form of pressure layers 
located at different heights. The spatio-temporal resolution of the data 
used in this study is 3 km and 1 h, respectively. To calculate SWDs for 
reflected signals, they are divided into two parts. The first part is limited 
to the signal path between the satellite and the specular point positions 

Fig. 1. Study area: the blue and light green tracks illustrate the specular points’ locations at DOYs 158 & 160 for the time periods 11–12 & 9–10 in GPS time 
(H11–12, H9-10), respectively. 

Table 1 
Synoptic stations that are used in this research.  

Name of station Geographic Position (in decimal degrees) 

Latitude Longitude 

VITERBO PRATICA 42.430 12.064 
VINGA 42.083 12.217 
DE VALLE 42.432 14.181 
PESCARA 42.00 15.00 
TERMOLI 41.99 12.741 
GUIDONIA 41.799 12.595 
CIAMPINO 41.804 12.251 
FIUMICINIO 41.542 12.909 
DE MARE 41.633 13.300 
GIOIA DEL COLLE 41.659 12.445 
FROCINONE 41.061 14.082 
GRAZZANISE 41.541 15.718 
AMENDOLA 41.133 16.767 
BARI 40.917 12.95 
PONZA ISLAND 40.55 14.25 
CAPRI ISLAND 40.768 16.933  
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(SWD1) and the other one starts from this point to the receiver position 
(SWD2). Therefore, for a reflected signal SWD is the sum of the both 
parts (SWD¼SWD1þSWD2). Computation of SWDs is limited to the 
height of the tomographic model. We refer to this method as the com-
plete model approach. In the second approach, troposphere is divided 
into two parts: common and differential troposphere. In GPS-R, differ-
ential and common troposphere refer to the parts of troposphere that are 
below and above the down looking antenna, respectively (Fabra, 2013). 
Here, the differential part is only taken into account. Consequently, the 
reflected signal path is limited to the signal path between a receiver and 
specular point, and; from this point to the satellite position which is cut 
off in receiver’s height. To compute wet delays, the total differential 
tropospheric delay is firstly computed using the following equation: 

ρtropo ¼ 2ð2:3 = sinðεÞÞð1 � expðHR � hscaleÞÞ (10)  

here, ε is the elevation angle of the down looking antenna at the specular 
point and hscale is the scale height of the troposphere (Fabra, 2013). To 
separate the wet component from the total differential delay the ratio of 
the slant wet to the slant total delay in the direction of defined reflected 
signal path, is calculated using the method of ray tracing. Differential 
wet delays are derived by multiplying this ratio to the delay computed 
by Eq. (10). Here, we refer to this method as the differential model 
approach. 

5.2. Tomography model 

In this study, the time response of the tomographic model is 1 h. In 
other words, unknowns are considered to be constant in this time res-
olution. The vertical resolution of the model is 500 m from the surface to 
the 4 km height and then is reduced to 1000 m up to the height of 10 km 
from the surface of the Earth, where the wet refractivity and the water 
vapor parameters are considered to be zero. The horizontal resolution 
selected for this model is based on the distribution of GPS stations and 
the available reflected signals. Table 2 represents the GPS stations that 
are used in this research. It should be noted that horizontal grid size is 
not much smaller than the mean distance of the GPS stations. In addi-
tion, to design the tomographic model; topography of the study area is 
also taken into account. In this study, due to the limitations mentioned 
for datasets, four distinct areas are considered for tomographic modeling 
(see Fig. 2). As result, the horizontal resolution of these models are 
different for each of the selected areas. The horizontal dimensions of the 
model elements are: 25� 30, 35� 35 and 33� 25 in kilometers at 

Area1, Area2, Area3 and Area4, respectively and the mean distance of 
GPS stations in these areas are: 26 km, 14.7 km, 35.1 km and 30.3 km as 
well. 

Since the height of the plane varies from 3000 to 4500 m, reflected 
signals can only constrain the lower layers of the model. Fig. 3 illustrates 
the position of the airborne receiver with respect to the model and the 
topography of the study areas Area1 & Area2. 

5.3. Impact of reflected signals on the tomographic model 

Considering the direct and reflected signals’ path, the design matrix 
of the tomographic model is made using ray tracing technique. The 
specular point positions are taken from the given data set. To this end, 
the satellites’, receivers’ and specular points’ positions should be in the 
same local frame. Each row of the matrix is derived through the inter-
section of the ray and voxel plane equation annalistically. 

Results (see Fig. 4) show that when GPS signals are the only data 
utilized in tomographic modeling, in all study areas, the model null 
space is nontrivial and unique solution is not available. When reflected 
signals are added to the model as additional constraints, the rank defi-
ciency of the design matrix is completely fixed (Area1 & Area2) or 
improved (Area3 and Area4). In the former case, the rank deficiency of 
the tomographic model is completely removed while in the latter case 
the deficiency of the design matrix improved by 50% and 60%, 
respectively. 

Computed model space resolution matrices (Rm ) are also given in 
Figs. 5 and 6. For the test areas Area1 & Aea2 (see Fig. 5), resolution 
matrices are non-diagonal when GPS data are the only inputs. The off- 
diagonal elements are the model parameters that are smeared when 
the solution is derived. For these areas, resolution matrices become di-
agonal when the reflected signals are added. In other words, all of the 
unknown parameter can be derived. Nevertheless, application of these 
added constraints cannot remedy the rank deficiency of the problem in 
the remaining areas (see Fig. 6). 

5.4. Validation of the reconstructed images 

A comparative analysis on the estimated and modeled slant delays is 
used for validating proposed models. Application of this method is 
inevitable due to the lack of radiosonde and radio occultation profiles 
within the study time domain. The comparison is made between the 
slant tropospheric delays computed using tomographic models and the 
check stations’ GPS data. GPS slant delays were derived by processing 
the corresponding data using Bernese software. Processing strategy was 
similar to what we used for the direct signals. GPS stations, GROT1 in 
Area1 and MCEL in Area2 (two test areas where models were fully 
constrained by reflected signals) have been selected for this purpose (see 
yellow triangle in Fig. 2). GPS data of these stations did not contribute in 
the reconstruction of the model. Moreover, exclusion of these data does 
not change the rank deficiency and resolution of the model. The GMF 
mapping function is used for projecting ZWDs to the desired directions 
(B€ohm et al., 2006). SWD residuals are computed by subtracting 
GPS-SWDs from the their values derived from tomographic models. 
further details on this comparison are given in Fig. 7 for the complete 
and Fig. 8 for the differential model approaches. 

According to Figs. 7 and 8, deviation of the obtained results repre-
sents that the accuracy of reconstructed slant delays is better when the 
elevation angle is high. This accuracy is decreased when the elevation 
angle is reduced. It is well known that the noise of reflected signals is 
larger than the noise of direct ones. The contribution of reflected signals 
in the lower layers of tomographic models is higher as compared to the 
upper parts. As the result, the accuracy of reconstructions is not the same 
at the upper and lower parts of a model. Table 3 reports on the overall 
accuracy and precision of proposed models. 

A reconstructed image is supplied more by reflected signals when 
direct signals fail to properly constrain the model. This also happens 

Table 2 
The GPS stations of this study.  

Name of station Geographic Positions (in decimal degrees) Applied area 

Latitude Longitude 

CAFE 41.03 15.24 Area 1 
GRO1 41.07 15.1 Area 1 
GROT1 41.07 15.06 Area 1 
MCRV 40.78 15.17 Area 1 
MFUS 41.06 14.83 Area 1 
PSB1 41.22 14.81 Area 1 
SGTA 41.14 15.37 Area 1 
SNAL 40.93 15.21 Area 1 
MCEL 40.33 15.8 Area2 
SIRI 40.18 15.87 Area2 
SLCN 40.39 15.63 Area2 
CERT 41.95 12.98 Area3 
GUAR 41.79 13.31 Area3 
INGR 41.83 12.51 Area3 
RDPI 41.76 12.71 Area3 
RMPO 41.81 12.7 Area3 
VVLO 41.87 13.62 Area3/Area 4 
CERA 41.6 14.02 Area4 
LPEL 42.05 14.18 Area4 
RNI2 41.7 14.15 Area4  
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Fig. 2. The distribution of GPS stations, reflected signals and the tomographic models for the selected areas, DOYs 158 & 160.  

Fig. 3. Distributions of the GPS stations and the airborne receiver positions with respect to the topography and the tomographic models in: (a) Area1 & (b) Area2.  
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when the number of GPS stations is not sufficient and/or they are 
located next to the boundary of a model. This situation is seen in the 
distribution of GPS stations in Area 2 (see Fig. 2). As the result the 
overlall bias of the tomographic model is larger in this area. Table 3 also 
shows that the computed mean bias is almost independent of the used 
method for estimating SWDs on reflected signals. In other words, the 
accuracy of SWDs computed from the ECMWF model is almost similar to 
the accuracy of SWDs that are computed by Eq. (10). Large differences in 
the accuracies of reconstructed results for high and low elevation angles 
not only imply that the estimation of tropospheric delay on reflected 
signals is a challenging problem but also suggests that the contribution 
of reflected data should be limitted to the minimum number of mea-
surements required for resolving the rank deficiency of the problem. The 
later assertion is seen from the comparison of RMSEs in Area 1 & Area 2. 
Since the contribution of reflected data in the reconstructed SWDs in 
Area 2 is less than the direct ones, estimated RMSE in this area is smaller 
than the estimate of this quantity in Area 1. Finally, reconstructed im-
ages are reasonable as far as the mean, minimum and maximum values 
of the slant wet delays are concerned. Table 4 provides the corre-
sponding details. 

Fig. 4. The rank deficiency of tomographic model for (a) using only GPS data, 
given bars in purple and (b) using GPS and GPS-R data, given bars in green. 

Fig. 5. Resolution matrices in Area1 & Area2: DOY 158, Epoch 9.  

Fig. 6. Resolution matrices in Area3 & Area4: DOY 160, Epoch 11 (green circle in resolution matrix for Area3 represent that the resolution matrix is not diagonal and 
those parameters cannot be derived from the model). 
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6. Conclusions and suggestions 

This research is the first attempt to the application of reflected sig-
nals from aerial mission in troposphere tomography. The required GPS, 
GPS-R and meteorological data available in parts of Italy are used for 
this purpose. Some of the RING GPS stations in Italy, the GOLD-RTR data 
from the HALLO reflectometry mission and synoptic records are utilized 
as data sources. the adequacy of the tomographic models in recon-
structing the unknowns (the wet refractivity) is checked using the 
concept of the model space resolution matrix. Obtained results show 
that reflected signals can successfully constrain the model in two parts of 
the study area while the rank deficiency of the model can be only 
reduced in the others. This is mainly because the HALLO mission was not 
planned for GPS met applications like the present research. According to 

the obtained results, in the test areas Area 3 & Area 4 the rank deficiency 
of the problem is improved by 50% and 60%, respectively; while in Area 
1 and Area 2, adding reflected to the direct GPS signals supports the 
uniqueness of the sought solution. The accuracy of the tomographic 
model is checked by two GPS stations in fully constraint models, i.e. in 
the test areas Area1 & Area2. Mean bias and RMSE of the slant wet 
delays computed from the analysis of GPS data and reconstructed im-
ages are the statistical measures used for evaluating the obtained results. 
In Area1, mean bias is about 3 mm and the RMSE of the reconstructed 
SWDs is about 4 cm. In Area 2, mean bias and RMSE change to 7 mm and 
3 cm, respectively. According to this study, in order to reduce the 
existing bias in the tomographic images; the contribution of reflected 
data should be limited to the minimum number of measurements 
required for resolving the rank deficiency of the problem. Two methods 

Fig. 7. Validation of the reconstructed wet refractivity images: (a) Area1 and (b) Area2. Residuals are computed using the complete model approach, DOY 158, 
H9-10. 
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are used for computing the slant wet delays on reflected signals. The 
accuracy of both approaches are similar at least in the experiment areas 
of this research. The accuracy and precision of reconstructed images is 
adequate as far as the mean, minimum and maximum values of the slant 
wet delays in the test areas of this study are taken into account. It is 
suggested that the troposphere tomography using reflected signal as an 
additional constraint must be tried in the missions that are planned for 
this purpose. Moreover, in serve weather condition this method should 
be checked and evaluated. 
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Fig. 8. Validation of the reconstructed wet refractivity images: (a) Area1 and (b) Area2. Residuals are computed using the differential model approach, DOY 160, 
H9-10. 

Table 3 
Statistical measures computed for the analysis of reconstructed images for the 
wet refractivity in Area 1 and Area 2. Given results are in mm.  

Statistical Measure Experiment Area (Complete 
Model Approach) 

Experiment Area (Differential 
Model Approach) 

Area 1 Area 2 Area 1 Area 2 

Mean bias � 2.9 6.5 � 1.7 6.9 
RMSE 40.2 30.2 44.9 32.9  

Table 4 
Some statistics on the slant wet delays computed using reconstructed image. 
Given results are in meter.  

GPS Test Station (Area) Computed SWDs (m) 

Minimum Mean Maximum 

GROT (AREA1) 0.2354 0.4707 1.2829 
MCEL (AREA2) 0.2066 0.4104 1.1258  
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