Linear Algebra for Computer Science

Lecture 3




Linear combination

Let a,b € R. The vector a x + by is a linear combination of
the vectors x and y.

Let a. € R. The vector a, X, +a, X, + ..+ a, Xn is a linear

combination of the vectors Xp Xy ey X



Span

span(x,y)={ax+by|ab € R}

The space of all linear combinations of x andy.

span(x,, X,, ... X )={a; x;+a, x,+...+a x |a € R}



Span

We say that x,, X,

, .. X span S if S = span(x,, X,

LX)



Linear dependence

X,y,Z are dependent if

e X € span(y,z), OR
® y € span(z,x), OR
e z € span(x.y)

that is

e x=ay+bz forsomea,b, OR
e y-az+bx, forsomeab, OR
e z-ax+by,forsomea,b.



Linear dependence

X, X,, ... X € V are linearly dependent if one of them
can be written as a linear combination of the others (one
of them is in the span of the others).



Linear independence

X,y,Z are independent if

e x ¢ span(y,z), AND
e y < span(z,x), AND
e z 4 span(x,y)



Linear independence

X{, X5, ... X € V are linearly independent if none of them
can be written as a linear combination of the others.



Linear independence

X{, X5, ... X € V are linearly independent if none of them
can be written as a linear combination of the others.

Equivalently:

alx1+azx2+....+anxn=0 — alzazz....=an:0



Basis

Vi, V,, .., ¥V, € Vsuch that
® V,V,, ..V are linearly independent
® V,V,, ..V span V



Basis

Vi, ¥y, ... V. € V such that
® V,V,, ..V are linearly independent
® Vv,V,, ..,V span V

* n is the same for any choice of the basis vectors
* nis called the dimension of V

* There are also infinite dimensional vector spaces



* Basis (general definition)

{v} < € Vsuch that
e v.'sare linearly independent

e foranyv € V there is a finite set of vectorsv,,v,, .., v, € {v}._;such
that v € span(v,, v,, .., v,)

* Any vector space has a basis
* cardinality of {v}._; is the same for any choice of the basis vectors

* cardinality of {v.}._; is called the dimension of V



Bases and Coordinate Representation

Why is independence needed? => uniqueness

every X € V can be written uniquely as a linear combination of the basis

vectors Vii Vo, s V.



Bases and Coordinate Representation
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Example: The Euclidean space



