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Exercises 11.1

Motion in the xy-plane

15. r(t) = Gt + )i+ V/31j+ 12k

In Exercises i—4, r(z) is the position of a particie in the xy-piane at
time ¢ Find an equation in x and y whose graph is the path of the
particle. Then find the particle’s velocity and acceleration vectors at
the given value of &
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17. r(t) = (n (2 + 1))i+ (tan™' 1) j+ /12 + 1 k

Lr)=0+Di+@*=Dj t=1 4 3. 4 3. 1
BT =-(F0 i+ -(0-0"jF 1K
2 r) =@+ )i+ @ -1j, t=1/)2 9 9 3
L =eit zezzj =13 In Exercises 19 and 20, r(¢) is the position vector of a particle in
9 space at time . Find the time or times in the given time intervai when
4. r(t) = (cos 2)i+ (3sin 21)j, +=0 the velocity and acceleration vectors are orthogonal.

Exercises 5-8 give the position vectors of particles moving along

and acceleration vectors at the stated times and sketch them as vectors

on the curve,
5. Motion on the circle x*> + y* = 1
r(t) = (sint)i+ (cos t)j; t=mn/4and /2

6. Motion on the circle x> + y*> = 16

t t
r(t) = <4cos 5) i+ <4sin 3

the cvcloid x = t — sin
the cycloid x =t —sin

j; t=mand37/2

v

y ¥y =

t = and 37 /2

7. Motion o 1 _¢os t
ie VACTION OF ' oS ¢

b}
~

r(t) = (¢t —sin t)i+ (1 —cos 1) j;
8. Motion on the parabola y = x> + 1
r(t) =ti+ >+ 1§ r=-1,0, and 1

In Exercises 9-14, r(z) is the position of a particle in space at time
t. Find the particle’s velocity and acceleration vectors. Then find the
particle’s speed and direction of motion at the given value of r. Write
the particle’s velocity at that time as the product of its speed and
direction.

9. r()=0+Di+ P -Dj+2tk, t=1
t? ?
10. r) = +ni+—j+ =k, 1=1
V2 3
11. r(t) = 2cos )i+ Bsint)j+ 4k, t=m/2
4
12. r(t) = (sect)i+ (tan t)j+§tk, t=m/6
. . U
13. r(t):(21n(t—+—1))i+t‘j+5k, t=1

14. r(t) =(e7')i+ (2cos 3t)j+ (2sin 3r)k, =0

In Exercises 15-18, r(¢) is the position of a particle in space at time 1.
Find the angle between the velocity and acceleration vectors at time
t=0.

19. r(¢t) =(t —sint)i+ (1 —cost)j, 0<t<2m

integrating Vector-vaiued Functions
Evaluate the integrals in Exercises 21-26.
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23. / [(sin £)i+ (1 +cos t)j + (sec’ 1) K] dt
-n/4

hid

n/3
24. / [(secttan t)i+ (tan ¢) j + (2sin ¢ cos t) k]dt
0
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OfF veCtor—vaiuea runctions
Solve the initial value problems in Exercises 27-32 for r as a vector
function of .

d
27. Differential equation: d—: =—ti—tj—tk
Initial condition: r0)=i+2j+3k
dr R
28. Differential equation: o = (1801)i + (1807 — 16:7) j
Initial condition: r(0) =100j
29. Differential equation dr 3(t+ D2itej+ ! k
. Di i D === e —
d a2 T
Initial condition: r(0) =k
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dr
30. Differential equation: T (P +4ni+rj+2r7k

describes the motion of a particle moving in the circle of radius 1
centered at the point (2, 2, 1) and lying in the planex + y — 2z = 2.

Initial condition: r(0)=i+j . . .
Motion-along-a Straight Line
. . . d’r
31. Differential equation: — = —32k 39. Attimez = 0, a particle is located at the point (1, 2, 3). It travels
et o e M 1AL A in a straight line to the point (4, 1, 4), has speed 2 at (1, 2, 3)
el SRS PR PR A and constant acceleration 3i — j + k. Find an equation for the
f =8i+8j position vector r(¢) of the particle at time 7.
dt . . .
=0 40. A particle traveling in a straight line is located at the point
PO . . d’r PN (I, —1,2) and has speed 2 at time ¢ = 0. The particle moves
Ve DINEHIAr s Aoy T 0TI toward the point (3, 0, 3) with constant acceleration 2i + j + k.
Initial conditions: r(©) =10i+10j+ 10k and Find its position vector r(z) at time 7.
dri ~ -y o __ 1 e __§_
E‘ =0 Ineory ana cxampies
1=0

—Tangent-Linesto-SmoothCurves
As mentioned in the text, the tangent line to a smooth curve r(t) =
f()yi+g()j+h(t)k at t =1y is the line that passes through the
point ( f(ty), g(f), h(ty)) paraliel to v(f), the curve’s velocity vector
at 1o. In Exercises 33-36, find parametric equations for the line that
is tangent to the given curve at the given parameter value 1 = f,.

3B.r@)=Gint)i+ (> —cost)j+e'k, =0
3. r(t) = (2sint)i+ (2cos 1) j+5tk, 1y =4m
35. r(t) =(asint)i+ (acos t)j+ btk, thy=2m
36. 1 (1) = (cos 1)i+ (sin 1) j + (sin 200k, 1o = %

Motion on Circular Paths
37. Each of the following equations (a)—(e) describes the motion of a

narticle having the same path, namely the unitcircle x2 + y2 = 1
particle having the same path, namely the unit circle x y I

Although the path of each particle in (a)-(e) is the same, the
behavior, or “dynamics,” of each particle is different. For each
particle, answer the following questions.
i) Does the particle have constant speed? If so, what is its
constant speed?
ii) Is the particle’s acceleration vector always orthogonal to
its velocity vector?
iii) Does the particle move clockwise or counterclockwise
around the circle?
iv) Does the particle begin at the point (1, 0)?

a) r(t)=(cost)i+(sint)j, t=>0

b) r(t) =cos(2t)i+sin(2t)j, t>0

¢) r(tH)=cos(t—m/i+sin(t—n/2) £>0
¢) r{)y=cos(t —m/2)i 2)j, t=0
d) r(t) = (cos 1)i— (sin r]l t>0

e) r(t)=cos(t?)i+sin(t?)j, t>0

38. Show that the vector-valued function

r(t) = i+2j+k)

+COSt(—l——,_|\+Smt(L,_l+—,_' L,_\
V2 ) \+V3 /3 V3 )

41. A particle moves along the top of the parabola y? = 2x from
left to right at a constant speed of 5 units per second. Find the
velocity of the particle as it moves through the point (2, 2).

42. A particle moves on a cycloid in the xy-plane in such a way that

its position at time 7 is

r(t) = (t —sin t)i+ (I —cos 1)j.
Find the maximum and minimum values of |v| and |a|. (Hint:
Find the extreme values of |v|? and |a|? first and take square roots
later.)

43. A particle moves around the ellipse (y/3)2 + (2/2)2 =1 in the

yz-plane in such a

yz-pian such a way that ifs poesition at ime 71

r(r) = (3cos 1)j+ (Zsin 1) k.
Find the maximum and minimum values of |v| and |a|. (See the
hint in Exercise 42.)

44. Asatellite in circular orbit. A satellite of mass m is revolving at
a constant speed v around a body of mass M (Earth, for example)

red from the bodvy’s center

ilar orbit of radius r. (meags:
ular or § 7p (meas rom the body s center

Ot Of raGiu

:.
:

o
38 ). DICICTIT 1€ satell

complete one full orblt) as follows

a) Coordinatize the orbital plane by placing the origin at the
body’s center of mass, with the satellite on the x-axis at
t = 0 and moving counterclockwise, as in the accompany-
ing figure.
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Let r(z) be the satellite’s position vector at time 7. Show
that & = vt/ry and hence that

(Hint: Differentiate on the left and look for vectors whose prod-
ucts are zero.)

48. The Constant Function Rule. Prove that if u is the vector func-

r(t) = (rnC0§ v—t\ i+{rnsinv—t\ j
\ ro) \ ro/

tion with the constant value C, then du/dr = 0.

40— Th

b)  Find the acceleration of the satellite.

¢) According to Newton’s Law of Gravitation, the gravitational
force exerted on the satellite is directed toward M and is
given by

Fo (__GmM r

Crnl Jpi o Pt
‘7. e olaiar vidrtiprier nuies

a) Prove that if u is a differentiable function of ¢ and c is any

real number, then

d(cu) du
=c—.
dt dt

o /ro

where G is the universal constant of gravitation. Using New-
ton’s second law, F = m a, show that v> = GM/r,.

d) Show that the orbital period T satisfies vT = 27 rg.

e) From parts (c) and (d), deduce that

b) Prove that if u is a differentiable function of 7 and f is a
differentiable scalar function of ¢, then

A AFf Aun

“ [ £ ) — “s | l‘uu
_[ u; — u T .

dr dt T

50. The Sum and Difference Rules. Prove that if u and v are dif-

T2 = 4m? 3 ferentiable functions of ¢, then
0= d du —dv
A T
That is, the square of the period of a satellite in circular orbit ! ! !
is proportional to the cube of the radius from the orbital and
is proportional to the cube of the radius from the orbital and
center. d du dv
; : : . —(u—-v)=— - —.
45. Let v be a differentiable vector function of z. Show that if dt dt dt

v« (dv/dt) = 0 for all ¢, then |v| is constant.
46. Derivatives of triple scalar products
a) Show that if u, v, and w are differentiable vector functions
of t, then

d
E(u-vxw) (6)

v dw
XW+U-VX—.
t dt

_du VXW+u
T odr

b) Show that Eq. (6) is equivalent to

du; du, dus| | u Uy us |
U, U u - ==
d ! 2 3 dt dt dt dvy dv, duv;
ar |0 BTy v v + d d d
wq wy w3 ! 2 3 t t !
Wy w2 W3 w o wy Wy
Ui Uz us i
N [ vy | .
+ . (7)
dw] de dUJ3
dt dt dt

Equation (7) says that the derivative of a 3 by 3 determinant of
differentiable functions is the sum of the three determinants obtained

fram tha ariginal hy "
Ul uIc vligiiai u_y Qirncrei

Aiffarantiating ana »av a timma Tha wagult

iating Onc row at a time. 1nc resut

extends to determinants of a y order.
extends to geterminant any orger.

47. (Continuation of Exercise 46.) Suppose that r(t) = f(1)i+
g(t)j+ h(t)k and that £ g, and h have derivatives through order
three. Use Eq. (6) or (7) to show that

d*r dr d’r

W\ (E

d ( dr ®)
\ \ dt dz* A

dt

51. The component test for continuity at a point. Show that
the vector function r defined by the rule r(z) = f(r)i+ g(t)j+
h(t)k is continuous at t = ¢, if and only if f, g, and h are con-

w
N

. Limits of cross products of vector functions. Suppose that
ri(t) = fii+ HOj+ Ok RE) = g6@)i+ g0)) +
g3k, lim,,,, r;(z) = A, and lim,_,,, r,(z) = B. Use the de-
terminant formula for cross products and the Limit Product Rule
for scalar functions to show that

,1111[1 (l'[(t) X Iry(t)) = AxB

53. Differentiable vector functions are continuous. Show that if
r(t) = f(1)i+ g(t)j+ h(r)k is differentiable at 1 = #, then it
is continuous at 7, as well.

54. Establish the following properties of integrable vector functions.

a) The Constant Scalar Multiple Rule:
| kr(t)dt =k |
J

a a

(any scalar k)

r(t)dt
The Rule for Negatives,

b b
/ (—r(t))dt = —[ r(t)dte,

is obtained by taking k = —1.
b) The Sum and Difference Ruies:

b b b
/(r,(t)irz(t))dt =/ r.(t)dt:t/ ry(t)dt

a a

¢) The Constant Vector Multiple Rules:

[C r(t)dt =C - [ r(t)dt (any constant vector C)
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and

b b
/ Cxr()dt =Cx ] r(t)dt (any constant vector C)

& CAS Explorations and Projects

Use a CAS to perform the following steps in Exercises 58-61.

a) Plot the space curve traced out by the position vector .

55. Products of scalar and vector functions. Suppose that the scalar b) qu the components Of. the ve!ocny vector dr/ fjt' .
e BN ¢)  Evaluate dr/dr at the given point 7, and determine the equation
function u(#) and the vector function r(s) are both defined for P TN h
i ¢ — L O1 tne langent 1ne 1o e curve dt rilp).
== d) Plot the tangent line together with the curve over the given in-
a) Show that ur is continuous on [a, b] if u and r are contin- terval.

uous on [a, b]. . . . .0
b) If u and r are both differentiable on [a, b], show that ur is S8. (1) f (SILm —teost)i+ (cost +sinn)j+r°k, 0=t <6m,
differentiable on [a, b] and that fo=2772
d, . dr u 59. r(t)=2ti+ejre’k, —2<1<3, f=1
a T e T 66. (1) = (sin 20§+ (n (1 +0)j+ik, O<i<dn, fh=n/4

56. Antiderivatives of vector functions 61 ( y=(n (> 4+2)i+ (tan"'31)j+ V12 + 1k, —3<1<5,

a) Use Corollary 2 of the Mean Value Theorem for scalar =3
functions to show that if two vector functions R;(¢) and
R, (7) have identical derivatives on an interval /, then the Im Exercises 62 and 63, you will expiore graphicaily the behavior of
functions differ by a constant vector value throughout /. the helix

b) Use the resuit in (a) to show that if R(z) is any antiderivative r(t) = (cosat)i+ (sinat)j+ btk

57.

of r{7) on /, then every other aniiderivative of r on / equais
R(t) + C for some constant vector C.
The Fundamental Theorem of Calculus. The Fundamental The-
orem of Calculus for scalar functions of a real variable holds for
vector functions of a real variable as well. Prove this by using the
theorem for scalar functions to show first that if a vector function

inuous for a <t < b, then

d t
E_/; r(t)dt =r()

at every point ¢ of [a, b]. Then use the conclusion in part (b) of
Exercise 56 to show that if R is any antiderivative of r on [a, b]
then

as you change the values of the constants a and b. Use a CAS to
perform the steps in each exercise.

62.

63.

Set b = 1. Plot the helix r(z) together with the tangent line to the
curve at t =37 /2 for a = 1,2, 4, and 6 over the interval 0 <
t <4r. Descnbe in your own words what happens to the graph

Set a = 1. Plot the helix r(¢) together with the tangent line to the
curveatr = 3 /2forb = 1/4,1/2,2, and 4 over the interval 0 <
t < 4. Describe in your own words what happens to the graph
of the helix and the position of the tangent line as b increases
through these positive values.

When we shoot a projectile into the air we usually want to know beforehand how
far it will go (will it reach the target?), how high it will rise (will it clear the hill?),
and when it will land (when do we get results?). We get this information from the
direction and magmtude of the projectile’s initial velocity vector, using Newton’s

The Vector and Parametric Equations for Ideal

Projectile Motion

To derive equations for projectile motion, we assume that the projectile behaves
like a particle moving in a vertical coordinate plane and that the only force acting

on the projectile during it

s fli ght1 is the constant force of gravity, which always points



