Exercises 12.5

Chain Rule: One Independent Variable dz
X ; ; 13: = forz= f(.&, )/), X =gy = I’t(i)
In Exercises -6, (a) express dw/dt as a function of ¢, both by using ai
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Chain Rule: Two and Three Independent Variables )
In Exercises 7 and 8, (a) express dz/dr and dz/d6 as functions of r 20. 2)_y fory=f(u), u=g(,s)
and 6 both by using the Chain Rule and by expressing z directly in 5
terms of r and 6 before differentiating. Then (b) evaluate dz/dr and 21. ow and — for w=gu), u=h(s1)
9z/06 at the given point (r, 6). 35
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r6) =27 /4) z=j(p.q), v=k(p,q)
8. z=tan"'(x/y), x=rcosf, y=rsinb; Jw Jw
(r,0) = (1.3, 7/6) 23. " and m forw= f(x,y), x=g(r), y=h(s)
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In Exercises 9 and 10, (a) express dw/du and dw/dv as functions of 24 2 forw=g(x.y), x=h(rs.1). y=k(rs.1)

u and v both by using the Chain Rule and by expressing w directly
in terms of u and v before differentiating. Then (b) evaluate dw/du
and dw/dv at the given point (i, v).

9. w=xy+yz+xz, x=u+v, Z = uv;

(u,v) = (1/2,1)
10. w=In(x?>+y>+7%), x =ue'sinu,
z=ue’; (u,v) =(-2,0)

y=u-—-v,

y =ue’cosu,

T Evarcicag 11 and 19 aynrace Qs Q. nd 2. /90> ac
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functions of x, y, and z both by using the Chain Rule and by ex-
pressing u directly in terms of x, y, and z before differentiating. Then
(b) evaluate du/dx, du/dy, and du/dz at the given point (x, y, ).
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ll.u=q , p=x+y+z, g=x—-y+z,
—r
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i2. u =¢*sin  p, [}—hll.}&, g=2ziny, r=1/z

(x,y,2) =(w/4,1/2, —1

Using a Tree Diagram

In Exercises 13-24, draw a tree diagram and write a Chain Rule
formula for each derivative.

as

impiicit Differentiation

Assuming that the equations in Exercises 25-28 define y as a differ-
entiable function of x, use Eq. (10) to find the value of dy/dx at the
given point.

25. x* =2y2+xy=0, (1,1)
26. xy+y?—3x—-3=0, (=1,1)
27. X2 +xy+y*—-7=0, (1,2)

28. xe¥ +sinxy+y—In2=0, (0,In2)

Equation (10) can be generalized to functions of three variables and
even more. The three-variable version goes like this:
If the equation F(x,y,z) =0 determines z as a differentiable

fiinotinn of v and v than at nainte whara L L N

function of x and y, then, at points where F. # 0,
9z . 9z F,
R g Eo_ Dy (12)
ax F. ay F.

Use these equations to find the values of dz/dx and dz/dy at the
points in Exercises 29-32.

29. 2 —xy+yz+y'=2=0, (I,1,1)
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1 1
30. —+ +--1=0, (2,3,6)
y b4

42. a) Show that if we substitute polar coordinates x = r cos 6 and
y = rsin@ in a differentiable function w = f(x, y), then

3. sin(x +y)+sin(y+z)+sin(x+z) =0, (7, 7, 7) W _ fcosO + f.sind
32, xe’ +yet +2Inx —2—3In2=0, (1,In2,1n3) ar '
and

Finding Specified Partial Derivatives 1ow
33. Find dw/dr whenr =1, s=—1if w= (x +y+2)?, rag MUY

X=r—s, y=cos(r+s), z=sin(r+s). b) Solve the equations in (a) to express f; and f, in terms of
34. Find dw/0v whenu = —1, v=2if w=xy+Ing, dw/dr and dw/d6.

X=U/0, y=uU+U, =COSW. ©)—Show that

35. Find dw/dv when u =0, v=0if w=x+ (y/x),

x=u—-2v+1, y=2u+v-2.
36. Find 9z/0u when u =0,
x=u*+12, y=uv.

37. Find 9z/0u and dz/dv when u =1In2,

v=1if z=sinxy + xsiny,

v=1if z=5tan"'x
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43. Show that if w = f(u, v) satisfies the Laplace equation f,, +
foo=0, and if u = (x> — y?)/2 and v = xy, then w satisfies
the Laplace equation w,, + w,, = 0.

and x =e*+Inv.
Find dz/0u and dz/0v when u =1 and v = -2 if z = Ing and

g =~/v+3tan~Fu.
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Theory and Examples
39. Changing voltage in a circuit. The voltage V in a circuit that
satisfies the law V = IR is slowly dropping as the battery wears
out. At the same time, the resistance R is increasing as the resistor
heats up. Use the equation
aV dR
TR ar

dv. _ avdi
dr ~ al dt
to find how the current is changing at the instant when
R =600 ohms, I =0.04 amp, dR/dt =0.5 ohm/sec, and

dV/dt = —0.01 volt/sec.

40. Changing dimensions in a box. The lengths a, b, and ¢ of the
edges of a rectangular box are changing with time. At the instant
in question,a=1m, b=2m, c =3 m, da/dt =db/dt =1
m/sec, and dc/dt = —3 m/sec. At what rates are the box’s volume
V and surface area S changing at that instani? Are the box’s
interior diagonals increasing in length, or decreasing?
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.

If f(u,v,w) is differentiable and u =x — y,v =y —z, and
w = z — x, show that
a a a
of [ af of

=0.
dax dy 9z

44. Let w—f(u)+g(v) where u = x +iy and v =x — iy and
i =+/—1. Show that w satisfies the Laplace equation w,, +

ha nacacoary flincts a diffarantiahla
1I© neCessary 1unclons are Gilierentiac:e.

Changes in Functions along Curves
45. Suppose that the partial derivatives of a function f(x,y,z) at
poinis on the heiix x = cos7, y =sins, z =1 are

fo =cost, f,=sint, fi=1+1-2.

At what points on the curve, if any, can f take on extreme values?
46. Let w = x%e* cos3z. Find the value of dw/dt at the point
(1,In2,0) on the curve x =cost,y =1In(t +2),z=1.
47. Let T = f(x, y) be the temperature at the point (x, y) on the
i
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=cost, y =sin#,0 < < 2m, and suppose tha
aT oT
— =8x—4y, — =8y —4x.
ax dy

a) Find where the maximum and minimum temperatures on
the circle occur by examining the derivatives dT /dt and
d’T/dr?.

b) Suppose T = 4x? — 4xy + 4\)‘ Find the maximum and min-

imum values of 7" on the circle.

48. Let T = g(x, y) be the temperature at the point (x, y) on the

ellipse
X = 2\/§cost, y= \/Esint, 0<t<2m,
and suppose that
ar ar
5 = 5; =x.

a) Locate the maximum and minimum temperatures on the
ellipse by examining d7/dt and d*T /dr?.

b) Suppose that T = xy — 2. Find the maximum and minimum
values of T on the ellipse.



Differentiating Integrals

by letting

. . . . . . . . u
S s
Under mild continuity restrictions, it is true that if Gu.x) = / gt x) dr,

a

where u = f(x). Find the derivatives of the functions in Exercises

. — rm L o
then F'(x) = [ g.(t,x)dt. Using this tact and the Chain Rule, we

a
can find the derivative of

flx)
Fx) = / g(t, x)dt

49 and 50.

49. F(x):j JE T dr
0

|
50. F(x) = / Vi +x2de
J
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*Partial Derivatives with Constrained Variables

In finding partial derivatives of functions like w = f(x, y), we have assumed x and
y to be independent. But in many applications this is not the case. For example,
the internal energy U of a gas may be expressed as a function U = f(P, V, T) of

pressure P, volume V, and temperature 7. If the individual molecules of the gas
do not interact, however, P, V, and T obey the ideal gas law

PV = nRT (n and R constant)

and so fail to be independent. Finding partial derivatives in situations like these can
~ . C . . . o
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Decide Which Variables Are Dependent and Which
Are Independent

If the variables in a function w = f(x, y, z) are constrained by a relation like the
one imposed on x, y, and z by the equation z = x* + y?, the geometric meanings
and the numerical values of the partial derivatives of f will depend on which
variables are chosen to be dependent and which are chosen to be independent. To
see how this choice can affect the outcome, we consider the calculation of dw/dx
when w = x2 4+ y> +z% and 7 = x% + y°.

XAMPLE 1 Find dw/dx if w = x?+y* +z% and z = x* + y°.

IS

Solution We are given two equations in the four unknowns x, y, z, and w. Like
many such systems, this one can be solved for two of the unknowns (the dependent
variables) in terms of the others (the independent variables). In being asked for
dw/dx, we are told that w is to be a dependent variable and x an independent
variable. The possible choices for the other variables come down to
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