STATICS

Distributed Forces:
Moments of Inertia




Introduction

 Previously considered distributed forces which were proportional to the
area or volume over which they act.

- The resultant was obtained by summing or integrating over the
areas or volumes.

- The moment of the resultant about any axis was determined by

computing the first moments of the areas or volumes about that
axis.

» Will now consider forces which are proportional to the area or volume
over which they act but also vary linearly with distance from a given axis.
- It will be shown that the magnitude of the resultant depends on the
first moment of the force distribution with respect to the axis.

- The point of application of the resultant depends on the second
moment of the distribution with respect to the axis.

» Current chapter will present methods for computing the moments and
products of inertia for areas and masses.



Moment of Inertia of an Area

« Consider distributed forces AF whose magnitudes are
proportional to the elemental areas AA on which they
act and also vary linearly with the distance of AA
from a given axis.

o Example: Consider a beam subjected to pure bending.
Internal forces vary linearly with distance from the
neutral axis which passes through the section centroid.

AF = kyAA
R=k[ydA=0 [ydA=Q, =firstmoment
M =k y2dA ijdA =second moment

« Example: Consider the net hydrostatic force on a
submerged circular gate.

AF = pAA = wAA
R =7IydA

MXZnysz



Moment of Inertia of an Area by Integration

» Second moments or moments of inertia of
an area with respect to the x and y axes,

ly=]y%dA I, =[x°dA

» Evaluation of the integrals is simplified by
choosing dA to be a thin strip parallel to
one of the coordinate axes.

« For a rectangular area,

h
I = [y?dA=[y®bdy = 1bh°
0

» The formula for rectangular areas may also
be applied to strips parallel to the axes,

dlxz%y?’dx dly=x2dA=x2ydx



Polar Moment of Inertia

* The polar moment of inertia is an important
parameter in problems involving torsion of
cylindrical shafts and rotations of slabs.

‘JO ZIerA

* The polar moment of inertia is related to the
rectangular moments of inertia,

Jo = [r2dA=[(x? + y? HA = [x2dA+ [ y2dA
=Iy+IX



Radius of Gyration of an Area

» Consider area A with moment of inertia
l,. Imagine that the area is
concentrated in a thin strip parallel to
the x axis with equivalent I,.

I, =kA k= I

A
k, = radius of gyration with respect
to the x axis
o Similarly,
I
2 _ |y
ly =kyA ky= A

Jo =k3A Ko :“/JTO

kg =Ky +ky



Sample Problem 9.1

SOLUTION:

« A differential strip parallel to the x axis is chosen for
dA.

dl, =y%dA  dA=Ildy

» For similar triangles,

P_oh=y _phy dA:budy
_ b h h h
Determine the moment of

inertia of a triangle with respect

to its base.  Integrating dl, fromy=0toy = h,

h h— bh
l =Iy2dA=Iy2bTydy=ﬁj(hy2 - yB)dy
0 0

h
b 3 4 3
:{hY__Y_} | _bh

h34O X" 12




Parallel Axis Theorem

e Consider moment of inertia | of an area A
with respect to the axis AA’

| =[y*dA

e The axis BB’ passes through the area centroid
and is called a centroidal axis.

I :ijdAzj(y’+d)2dA
= [y"?dA+2d[y'dA+d?[dA

| =T+ Ad? parallel axis theorem



Parallel Axis Theorem

« Moment of inertia I; of a circular area with
respect to a tangent to the circle,

I =T+Ad% =Lz +(zr? )2

_5_.4
—47Z'r

 Moment of inertia of a triangle with respect to a
centroidal axis,

|AA':|_BB'+Ad2
_ 2 _1pn3 _1ph(ln
g’ = | aw — Ad2 = Lbh® ~L1bh(Lh)
_ 1 pp3
—%bh



Moments of Inertia of Composite Areas

« The moment of inertia of a composite area A about a given axis is
obtained by adding the moments of inertia of the component areas
AL, A, A, ..., with respect to the same axis.



Moments of Inertia of Composite Areas



Sample Problem 9.4

The strength of a W14x38 rolled steel
beam is increased by attaching a plate
to its upper flange.

Determine the moment of inertia and
radius of gyration with respect to an
axis which is parallel to the plate and
passes through the centroid of the
section.

SOLUTION:

Determine location of the centroid of
composite section with respect to a
coordinate system with origin at the
centroid of the beam section.

« Apply the parallel axis theorem to

determine moments of inertia of beam
section and plate with respect to
composite section centroidal axis.

Calculate the radius of gyration from the
moment of inertia of the composite
section.



Sample Problem 9.4

SOLUTION:

» Determine location of the centroid of composite section
with respect to a coordinate system with origin at the
centroid of the beam section.

Section A, in? y,in. | yA,in®
Plate 6.75 7.425 | 50.12
Beam Section | 11.20 0 0
> A=17.95 > yA=50.12

¢ _ XA _50.12in°

= = 2.792in.
S>A  17.95in?

Y A= VA



Sample Problem 9.4

» Apply the parallel axis theorem to determine moments of
inertia of beam section and plate with respect to composite
section centroidal axis.

| beam section = Ix + AY 2 =385+ (11.20)(2.792)°
= 472.3in*
| plate = Ix + Ad® = %(9)(%)3 +(6.75)(7.425 - 2.792)
=145.2in*

Iy = Ix’,beam section T Ix’,plate =472.3+145.2

|, =618in*

 Calculate the radius of gyration from the moment of inertia
of the composite section.

. 4

k . IX’ _ 617.5 In k - 5.87 |n.

X' = - ) X
A 17.95in




Sample Problem 9.5

Determine the moment of inertia
of the shaded area with respect to
the x axis.

SOLUTION:

o Compute the moments of inertia of the
bounding rectangle and half-circle with
respect to the x axis.

* The moment of inertia of the shaded area is
obtained by subtracting the moment of
Inertia of the half-circle from the moment
of inertia of the rectangle.



Sample Problem 9.5

SOLUTION:
» Compute the moments of inertia of the bounding
rectangle and half-circle with respect to the x axis.

Rectangle:

=1bh® =1(240)(120)=138.2x10°mm"

1
3
Half-circle:

moment of inertia with respect to AA’,

| =3ar® =17(90)* = 25.76 x10° mm*

moment of inertia with respect to x’,

s (8)00) I = | an — Aa® = (25.76x10° J12.72x 10° )
=—= =38.2mm B 6. 4
3z 3 =7.20x10"mm

b=120-a=81.8mm

A=1nr? —7z(90)

moment of inertia with respect to X,
Iy = Iy + Ab? =7.20x10° + (12,72 x10% | 81.8)?
~12.72 x10°mm? —923%x10°mm?*



Sample Problem 9.5

» The moment of inertia of the shaded area is obtained by
subtracting the moment of inertia of the half-circle from
the moment of inertia of the rectangle.

Iy = 138.2x10°mm* - 92.3x10°mm*

l, =45.9x10°mm*




Product of Inertia

* Product of Inertia:
lyy =[xy dA

* When the x axis, the y axis, or both are an
axis of symmetry, the product of inertia is
Zero.

 Parallel axis theorem for products of inertia:
Ly = lyy +XYA



Principal Axes and Principal Moments of Inertia
* The change of axes yields

Given 1, =[y“dA 1, =[x"dA
Ly = | xy dA

we wish to determine moments
and product of inertia with
respect to new axes X’ and y’.

Note: x’'=xcosé+ysind
y'=ycosd—xsind

Iy + 1 I, —1
= X2 LA X2 Y.c0s20 -1, sin 26
ly = > T 5 C0s 260 + Iy sin 20
|, —
Ly =%sin 20+ 1, c0s 20

* The equations for I,. and I,.,. are the
parametric equations for a circle,

(e = Iave)2 * I)%’y’ =R?

|X+|y IX—Iy 5
Iave:T R:\/( 2 +|xy

* The equations for I,. and I,.,. lead to the
same circle.




Sample Problem 9.6

SOLUTION:

» Determine the product of inertia using
direct integration with the parallel axis
theorem on vertical differential area strips

» Apply the parallel axis theorem to
evaluate the product of inertia with respect
to the centroidal axes.

Determine the product of inertia of
the right triangle (a) with respect
to the x and y axes and

(b) with respect to centroidal axes
parallel to the x and y axes.



Sample Problem 9.6

SOLUTION:

» Determine the product of inertia using direct integration
with the parallel axis theorem on vertical differential

area strips
X X
=h1-—| dA=ydx=h[1-——|dx
! ( b) ! ( b]
Xe = X Yoy =Ly=1p1->
el Yel =5Y =75 0
Integrating dl, fromx =0 to x = b,
b 2
oo X
Ixy:Jdlxy:IXeIYeIdA:jX(%)}]Z(l_E] dx
0
b 2 3 2r 2 3 4P
=n2f| 22 2 dx=h [ B2
o2 b 2p 4 3b 8b° |,
ly = 2b%h?




Sample Problem 9.6

» Apply the parallel axis theorem to evaluate the
product of inertia with respect to the centroidal axes.

g1 vl
=3b y=3h

With the results from part a,

Ly = Tyryr + XYA

ey = 4b2h% ~ (Lb)Lh)Lbh)

r . _ 1pn2n2
Ixnyn_ 72b h




Sample Problem 9.7

For the section shown, the moments of
Inertia with respect to the x and y axes
are I, =10.38 in*and I, = 6.97 in“.

Determine (a) the orientation of the
principal axes of the section about O,
and (b) the values of the principal
moments of inertia about O.

SOLUTION:

o Compute the product of inertia with
respect to the xy axes by dividing the
section into three rectangles and applying
the parallel axis theorem to each.

« Determine the orientation of the
principal axes (Eg. 9.25) and the
principal moments of inertia (Eqg. 9. 27).



Sample Problem 9.7
SOLUTION:

« Compute the product of inertia with respect to the xy axes
by dividing the section into three rectangles.

Apply the parallel axis theorem to each rectangle,

Ixy :Z(I_x

y + XyA)

Note that the product of inertia with respect to centroidal
axes parallel to the xy axes is zero for each rectangle.

Rectangle | Area, in? | x,in. y,in. XYA, in
I 15| -125|+1.75 —-3.28

[l 1.5 0 0 0

1 15| +1.25|-1.75 —-3.28

> XyA=-6.56

ly => XyA=-6.56in"




Sample Problem 9.7

» Determine the orientation of the principal axes (Eg. 9.25)
and the principal moments of inertia (Eqg. 9. 27).

21 _
tan 20, = ———>— = — 2(-6.56) = +3.85
l,—1, 10.38-6.97

20,, = 75.4°and 255.4°

6y =37.7° and 6, =127.7°

2
IX:lO'SBin4 Imax,min:IX;Iyi\/(IX;ij +I>%y
|, =6.97in"
2
lyy =—6.56in _ 10'38; 097, \/(10'382_ 697) +(~6.56)2

|, =l =15.45in*
lp = | i, =1.897 in*
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